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PREFACE

T a1s book is intended to provide an introduction to those parts of Astronomy
which require dynamical treatment. To cover the whole of this wide sub-
ject, even in a preliminary way, within the limits of a single volume of
moderate size would be manifestly impossible. Thus the treatment of bodies
of definite shape and of deformable bodies is entirely excluded, and hence no
reference will be found to problems of geodesy or the many aspects of tidal
theory, Already the study of stellar motions is bringing the methods of
statistical mechanics into use for astronomical purposes, but this development‘
is both too recent and too distinet in its subject-matter to find a place here.

Nevertheless the book covers a wider range of subject than has been
usual in works of the kind. Thereby two advantages may be gained. For
the reader is spared the repetition of very much the same introductory matter
which would be necessary if the different branches of the subject were taken
up separately. But in the second place, and this is more important, he will
see these branches in due relation to one another and will realize better that
he is dealing not with several distinct problems but with different parts of
what is essentially a single problem. In an introductory work it therefore
seemed desirable to make the scope as wide as was compatible with a reason-
able unity of method, the more so on account of the almost complete absence
of similar works in the English language.

The first six chapters are devoted to preliminary matters, chiefly connected
with the undisturbed motion of two bodies. These are followed by five
chapters VII to XI dealing with the determination of orbits. This section is
intended to familiarize the reader with the properties of undisturbed motion
by explaining in general terms the most important and interesting applica-
tions. It is in no sense complete and is not intended to replace those works
which are entirely devoted to this subject. Otherwise it would have been
necessary to describe in detail such admirably effective methods as Professor
Leuschner’s and to include fully worked numerical examples. Here, as else-
where, the aim has been to give such an account of principles as will be
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instructive to the reader whose studies in this branch go no further, and at
the same time onc which will help the student to understand more easily
the technical details to be met with in more special treatises. Though the
actual details of practical computation are entirely excluded, the fact that all
such methods end in numerical application has by no means been overlooked.
A distinct effort has been made to leave no formulae in a shape unsuitable
for translation into numbers. The student who feels the need will have no
difficulty in finding forms of computation in other works. At the same time
the reader who will take the trouble to work out such forms for himself will
be rewarded with a much truer mastery of the subject, though he should not
disdain what is to be learnt from the tradition of practical computers.

An outline of the Planetary Theory is given in the seven chapters XII to
XVIIL. The first of these deals exclusively with the abstract dynamieal
principles which are subsequently employed. It is hoped that this synopsis
will prove useful in avoiding the necessity for frequent reference to works on
theoretical mechanics. The reader to whom the methods are unfamiliar and
who wishes to become more fully acquainted with them may be referred to
Professor Whittaker’s A nalytical Dynamics, where he will also find an intro-
duction to those more purely theoretical aspects of the Problem of Three
Bodies which find no place here. To those who are familiar with these
principles in their abstract form only the concrete applications in the follow-
ing chapters may prove interesting. A chapter on special perturbations is
included. Here, as in the determination of orbits, the need for numerical
examples may be felt. To have inserted them would have interfered too
much with the general plan of the book, and they will be found in the more
special treatises. But it was felt that the subject could not be omitted
altogether, and a concise and fairly complete account of the theory has there-
fore been given. It may seem curious that with the development of
analytical resources the need for these mechanical methods becomes greater
rather than less, but so it is.

Chapter XIX on the restricted problem of three bodies is intended as an
introduction to the Lunar Theory contained in Chapters XX and XXI. The
division of these two chapters is partly arbitrary, for the sake of preserving a
fair uniformity of length, but it coincides roughly with the distinction
between Hill’s researches and the subsequent development by Professor
Brown. In the second a low order of approximation is worked out, and it is
hoped that this will serve to some extent the double purpose of making the
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whole method clearer and of pointing out the nature of the principal terms,
which are apt to be entirely hidden by the complicated machinery of the
systematic development.

The rotation of the Earth and Moon is discussed in Chapters XXII and
XXIII. The treatment of precession and nutation is meant to be simple
and practical, and the opportunity is taken to add an account of the astro-
noinical methods of reckoning time in actual use. In the final chapter of the
book the theory of the ordinary methods of numerical calculation is explained.
This is necessary for the proper understanding of Chapter XVIII, but it also
bears on various points which occur elsewhere. Numerical applications find
no place in this work. But let the mathematical reader be under no mis-
apprehension. The ultimate aim of all theory in Astronomy is seldom
attained without comparison with the results of observation, and the medium
of comparison is numerical. Hence few parts of the theory can be regarded
as complete till they are reduced to a numerical form. This is a process
which often demands immense labour and in itself a quite special kind of
skill. It is just as essential as the manipulation of analytical forms.

Originality in the wider sense is not to be expected and indeed would
defeat the object of the book, which aims at making it easier for the student
to read with profit the larger and more technical treatises and to proceed
to the original memoirs. A certain freshness in the manner of treatment is
possible and, it is hoped, will not be found altogether wanting. Few direct
references have been given as a guide to further reading, and this may be
regretted. But the opinion may be expressed that for the reader who is
qualified to profit by a work like the present, and who wishes to go further,
the time has come when he should acquire, if he has not done so already, the
faculty of consulting the library for what he wants without an apparatus of
special directions. Sign-posts have their uses, and the experienced traveller
is the last to despise them, but they are not conducive to a spirit of original
adventure.

Since the main object in view has been to cover a wide extent of ground
in a tolerably adequate way rather than to delay over critical details, the
absence of mathematical rigour may sometimes be noticed. Very little
attention is given to such questions as the convergence of series. It is not
to be inferred that these pointsare unimportant or that the modern astronomer
can afford to disregard them. But apart from a few simple cases where the
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reader will either be able to supply what is necessary for himself, or would
not benefit even if a critical discussion were added, such questions are
extremely difficult and have not always found a solution as yet. It is pre-
cisely one of the aims of this book to increase the number of those who can
appreciate this side of the subject and will contribute to its elucidation.

The reader who wishes to proceed further in any parts of the subject to
which he is introduced in this book will soon find that the number of
systematic treatises available in all languages is by no means large. He
must turn at an early stage to the study of original memoirs. It is not
difficult to find assistance in such sources as the articles in the Encyklopdidie
der Mathematischen Wissenschaften, which render it unnecessary to give a
bibliography. The subject is one which has received the attention of the
majority of the greatest mathematicians during the last two centuries and in
which they have found a constant source of inspiration. Their works are

generally accessible in a convenient collected form.

For the benefit of any student who wishes to supplement his reading and
has no means of obtaining personal advice, the following works may be

specially mentioned : -

Determination of Orbits and Special Perturbations.

1. J. Bauschinger, Bahnbestimmung der Himmelskorper.
(A source of fully worked numerical applications.)

2. Publications of the Lick Observatory, Vol. VIL
(Contains an exposition of A. O. Leuschner’s methods.)

Planetary and Lunar Theories.

3. F. Tisserand, Traité de mécanique céleste.
(The most complete account of the classical theories.)

H. Poincaré, Lecons de mécanique céleste.
H. Poincaré, Méthodes nouvelles. de mécanique céleste.
C. V. L. Charlier, Die Mechanik des Himmels.

E. W. Brown, An introductory treatise on the lunar theory.

R D

(Gives full references to all the earlier work on the subject.)

The great examples of the classical methods in the form of practical
application to the theories of the planets are to be found in the works of
Le Verrier (Annales de I'Observatoire de Paris), Newcomb (Astronomical
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CHAPTER I

THE LAW OF GRAVITATION

1. The foundations of dynamical Astronomy were laid by Johann Kepler
at the beginning of the seventeenth century. His most important work,
Astronomia Nova (De Motibus Stellae Martis), published in 1609, contains
a profound discussion of the motion of the planet Mars, based on the obser-
vations of Tycho Brahe. In this work a real approximation to the true
kinematical relations of the solar system is for the first time revealed.
Kepler’s main results may be summarized thus:

(a¢) The heliocentric motions of the planets (i.e. their motions relative to
the Sun) take place in fixed planes passing through the actual position of the
Sun. ®

(b) The area of the sector traced by the radius vector from the Sun,
between any two positions of a planet in its orbit, is proportional to the time
occupied in passing from one position to the other.

(¢) The form of a planetary orbit is an ellipse, of which the Sun occupies
one focus.

These laws, which were found in the first instance to hold for the Earth
and for Mars, apply to the individual planets. In a later work, Harmonices
Munds, published in 1619, another law is given which connects the motions
of the different planets together. This is:

(d) The square of the periodic time is proportional to the cube of the
mean distance (i.e. the semi-axis major).

These deductions from observation are given here in the order in which
they were discovered. The third (c) is generally known as Kepler’s first law,
the second (b) as his second law, and the fourth (d) as his third law. But the
first statement is of equal importance. In the Ptolemaic system the “first
inequality ” of a planet, which represents its heliocentric motion, was assigned
to a plane passing through the mean position of the Sun. Even in the
Copernican system this “mean position ” becomes the centre of the Earth’s
orbit, not the actual eccentric position of the Sun. In consequence no
astronomer before Kepler had succeeded in representing the latitudes of the
planets with even tolerable success.

P. D. A. 1
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2. It is undeniable that in making his discoveries Kepler was aided by
a certain measure of good fortune. Thus his law of areas was in reality
founded on a lucky combination of errors. In the first place it was based on
the hypothesis of an eccentric circular orbit and was later adopted in the
elliptic theory. In the second place Kepler supposed (a) that the time in a
small arc was proportional to the radius vector, (b) that the time in a finite
arc was therefore proportional to the sum of the radii vectores to all the
points of the are, (¢) that this sum is represented by the area of the sector.
Both (a) and (¢) are erroneous, and indeed Kepler was aware that (c) was
not strictly accurate. Mathematically expressed, the argument would appear
thus:

hdt=rds, ht= [rds =2 (area of sector).

Both the supposed fact and the method of deduction are wrong, yet the
result is right. But if it should be supposed that Kepler owed his success
to good fortune it must be remembered that this fortune was simply the
reward of unparalleled industry in exhausting the possibilities of every
hypothesis that presented itself and in‘checking the value of any new principle
by direct comparison with good observations. It must also be remarked that
Tycho Brahe’s observations were of the proper order of accuracy for Kepler’s
purpose, being sufficiently accurate to discriminate between true and false
hypotheses and yet not so refined as to involve the problem in a maze of
unmanageable detail. Another factor in Kepler’s success was his knowledge
of the Greek mathematicians, in particular of the works of Apollonius.

3. Kepler had no conception of the property of inertia and he was
therefore unable to make any progress towards a correct dynamical view of
planetary motion. It is interesting to analyze his results and to see what is
implied by each of the above statements taken by itself.

According to the first statement the planets move in a field of force which -
is such that every trajectory is a plane curve. If we suppose that the
acceleration at each point is a function of the coordinates of the point, an
immediate deduction can be made as to the nature of the field of force. ~ For
let A, B be two points on a certain trajectory, and let I’ be a third point not
in the plane of this curve. Then P can be joined to 4 and to B by plane
trajectories. The planes in which 4B, P4 and PB lie meet in one point O
(which may be at infinity). The acceleration at A4 is in the plane OAB and
also in the plane OAP. Hence it is along 40. Similarly the acceleration
at B is along BO, and the acceleration at P is along PO. But the point O
is determined by the two points 4 and B. Therefore the acceleration at
every point of the field is directed towards the fixed point O, and the field of
force is central (or parallel). Now the planes of the orbits all pass through
the Sun. Hence the Sun is the centre of the field of force in which the
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planets move. For an analytical proof of the general theorem see Halphen
(Comptes Rendus, LXXXIV, p. 944).

4. To this the second statement adds nothing with regard to the nature
of the forces, and might indeed have been deduced from the first. For it
tells us that

fr2d0=f(xdy—ydz)=ht .

the Sun being the origin of coordinates and % being a constant. By differen-
tiation we have

zy — Y& = h
or

zip — yi = 0.
Thus jj/# = y/x, which proves that the, acceleration is towards the Sun at
every point, L.e. the field of force is central. Clearly the argument might be
reversed, and the law of areas deduced from the fact that the accelerations
are directed towards a fixed centre, which has already been obtained from the
first statement. Both this theorem and its converse are given in Newton’s,
Principia, Book 1, Props. 1 and 11.

5. We shall now investigate the law of acceleration towards a fixed point
under which elliptic motion is possible. In the first instance it will not bé
assumed that the fixed point is the focus of the ellipse. Apart from the
interest of the more general result, this is the more desirable because many
pairs of stars are known in the sky the components of which are observed to
revolve around one another in apparent ellipses; but the plane of the motion
being unknown it is only a matter of inference that either star is in the focus
of the relative orbit of the other. For it is the projection of the motion on
a plane perpendicular to the line of sight which is observed. Let then the
ellipse -

g %’2 1
be described freely under an acceleration to the fixed point (£, ¢). Any point
on the ellipse can be represented by (a cos E; bsin £). The angle E which ¥
is known in analytlcal geometry as the eccentric angle is called in Astronomy
the eccentric anomaly of the point. The accelerations being

—asmE’.L’-—acosE.E’?, beos E.E —bsin E.E*
along the two axes, we have

f-asfnE.E'—_acosE.E2_bcosE.E—bsinE.E”
acos B —f i3 bsmE-—g

whence X
g_ ag cos £ — bf sin K

i ab—agsan T T e i) SRRk it
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This is an integrable form, giving immediately
E=h(ab—agsin E—bfcos E)y ™ ....c..cooovuunnnen. (2)

or

abE +ag cos E — bf sin E = h (t —t,)
where h and ¢, are constants of integration. If we put A =abu,
E—gsinE+‘%cosE=n(t—to) ..................... 3)
and this may be considered a generalized form of what is known as Kepler’s
equation. By adding 27 to & it is evident that 27/n=T i the period of a
whole revolution. Kepler’s form applies when the motion is about a focus of
the ellipse, and can be obtained by putting f=a¢, g =0, so that

B =5 T =1 (G tg) -« ooinae o s S S 4)

This equation is of fundamental importance. The point for which £=0 is
the nearest point on the orbit to the attracting focus and is sometimes called
the pericentre. The corresponding time is ¢, and n is called the mean
MotLomn.

By (1) and (2) the components of the acceleration become
%psin e o7 L OGO Tl
- asinE.K—acos . E (aZy—ag sin 4 — bf cos E)
S5 ol n_ab(g—"Dbsin E) L2
becos . E—-bsin k. K —(ab—(lgslnE:bfcoTsES?*
so that the total acceleration is equal to

a

R=n*r (1 fcosE—‘gsin E>—3 ..................... (5)

where » is the distance of the point on the orbit from (£, g).

6. Before examining this result more closely, it may be noticed that the
method 1s quite general and may be applied to any central orbit. For if the
coordinates of a point (2, ) on the curve be expressed in terms of a single
parameter a, we have similarly

ri+2"at  ya+ y'ad
i y—9
or
i__@"(y-9)-y'@-f) ,
¢  F@y-g-y@-f)
where o/, y/'... denote derivatives with respect to a, and &, & derivatives with
respect to the time. Hence on integration,

d=—hi{d(y-9) -y (=-S)"
f(wdg/-—ydw)-—fy+gw=h(t—to).
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By taking the last integration over one revolution in a closed orbit it is
seen that h represents twice the area divided by the periodic time. The
components of the acceleration become

Ry —ay)@—f) 4 Py -2Y)(y—g)
W y-9)-y@=1)F @ @-9)-y @-f)f

and the total acceleration is therefore 7

B=kr(ay’ -&y) & (y—9) -y @I
= k*r/p’p

where p is the radius of curvature at the point and p is the perpendicular

from (f, g) to the tangent at the point. This of course is the well-known

expression for the acceleration towards the centre of attraction.

The same orbit will be described in the same periodic time under the
central attraction R’ to another point (f”, g') if
R’ =h'[pp
that is, if
R'[R = p*r'[p"r.

This result is equivalent to Principia, Book I, Prop. viI, Cor. 3.

7. We now return to equation (5) which may be written
z  gy\® '
R =n*r (1 - J‘% - .9_1) ST (g o et S R T (6)

where ¢ and ¢, are the perpendiculars on the polar of (f, g) from the point
(@, y) on the orbit and the centre of the ellipse respectively. Hence the
ellipse represented by the general equation ;

ax® + 2hay + byt + 292+ 2fy +1=0 ...l (7)

can be described under an acceleration directed towards the origin if the
acceleration follows the law

PR= i (T g Sy S ST — N OB N s (8)

where A and C have their usual meaning for the conic (7). Conversely, if the
law (8) is given, the trajectory is always a conic whatever the initial conditions
may be. For (7) is a possible orbit, and f and g are determined by the law,
while @, b and h are three arbitrary constants which can be chosen so as to
satisfy any given conditions, such as the initial velocity given in magnitude
and direction at a particular point. :

There now, arises the interesting question whether any other form of law
besides (8) exists, for which the trajectories are always conics (Bertrand’s
problem). Let

B =m?r[f(z, y)
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be such a law. Then if (7) is to be an orbit,
S, y)=(1+gz+fy)

must be satisfied by, the coordinates of every point on (7), i.e. this equation
must be equivalent to (7). But (7) can be written in either of the forms

1+go+fy =4 (1 - az* - 2hay — by?)
(1+gx+fy)2=(92—a)w2+2(fg—h)my+(f2_b)yg

and clearly in no other way which does not introduce a greater number of
independent constants on the right-hand side. The first of these forms gives
an expression for f (z, y) which is (like an infinite number of others) compatible
with (7), but only under restricted conditions. For it fixes the constants a, b
and % and leaves only f and g arbitrary ; and these are not in general sufficient
in number to satisfy the initial conditions. On the other hand, the second
form gives an expression for the acceleration which may be written

R = m?r (az*+ 2By + 73/2)‘% ..................... 9)
This only requires the constants in (7) to satisfy the two relations

g#-a_fg=h_f-b%
o B8 v

and thus three other relations can be satisfied which are required by the
initial conditions. Hence motion under a central acceleration given by (9)
is always in'a conic which by the two relations found touches the lines (real
or imaginary) .
ax® + 2Bxy + yy? = 0.

The laws (8) and (9) are the only ones under which a conic is always
described in a given plane whatever the initial conditions may be. Their
character was first established by Darboux and by Halphen (Comptes Rendus,
LXXXIV, pp. 760, 936 and 939).

8. A point on a central orbit at which the motion is at right angles to
dr
dé
vector is in general either a maximum or a minimum. Since the motion is
reversible the radius vector to an apse is an axis of symmetry in the orbit
and' the next apsidal distances on either side are equal. There can be there-
fore only two distinct apsidal distances recurring alternately and the angle
between any two consecutive apses is constant and is called the apsidal
angle. '

the radius vector is called an apse. At such a point - =0 and the radius

The differential equation of a central orbit is known to be

B
der T
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where uw=1/r and P is the force to the centre. If we write P =1w2U the
radius of a circular orbit is given by w= U/h. Let the circular orbit be
slightly disturbed, so that we may write u + 2 instead of u, where u is con-
stant and « is so small that only the first power of # need be retained. Then

d’x U’ wlU’ L
e wesTs Umae
If we put : —_—
1-ulU'|U=m*
the equation becomes
d 2,
W—l»m.ﬂ—O

and the solution is
‘w=qa cosm (0 — 90)

The apsidal angle is therefore

K=nm=a(1-ul'|O)"} .ccceeveernnnn. (10)
For example, if P = pr?, U= pu=?"? and
K=m@B+p) L

This result is given in the Principia, Book 1, Prop. xLv, Ex. 2.

9. Let us push the approximation further in order to see, if possible,
under what conditions the apsidal angle remains unchanged by a higher
order of the increment z. The equation of the disturbed circular orbit
becomes

30,+ miz = ——(J;U"qz}2 SRR 1) L A e b oo (11)
and we assuine a solution
x = @y + @, cos mf + a, cos 2mb + a, cos 3mb.
If a, is of the first order, a, and @, must be of the second order at least,
and 1t will become clear that a, is of the third order. Hence
a?=§a? + (20,0, + a,t,) cos mf + La,? cos 2mO + a,a, cos 3mb
= 2 a,? cos mb + Ja,® cos 3mé.
All terms of order higher than the third have been omitted and products
of the cosines have been changed into simple cosines of the multiple angles.
We now substitute in (11) and equate coefficients. Thus

s L5 0/
mdy, = Z U al
1L «U” el G0
0= 3 T . Qapa; + aya0) + 3 3T a}
— 3mla, = 411 g A2
— 8ma, = % % Ay + 2»14‘—.%—. a’.
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The last of these equations confirms the statement that a; is of the third
order, but will not be needed here. The first three after the elimination of
a, and a, give

g YLl 5 UU”+1uUW}a3
“12mU'12 U "8 U

or
Su U4 QU U ) =0 sy b o2 d (12)
This equatlon expresses a necessary condition which must be satisfied if
the apsidal angle is to remain constant when the displacement from a circular
orbit is considered finite.

10. Let us consider any closed orbit to be determined i)y a central
acceleration under a finite range of initial velocities. The number of apses
in a complete orbit must be finite and (10) shows that m must be a com-.
mensurable number. It must be a constant therefore, for otherwise it would
change discontinuously as u changes continuously. Hence

=1-uU'|U
is an equatlon giving the form of U, and the solution is
Ui=sukstt

But if all the orbits are to be re-entrant, so that K is constant, the
equation (12) must also be satisfied. Hence substituting the form just
found, we have

5mt (1 —m*? 4+ 3m*(l — m*) =0
or
2m* (4 — m?) (1 —m?) =0.
Since K is finite, m is not zero and we have

1—m?=0 or 1—-m*=-3
giving i
U= OrEMRIRE="17 =2
and

R=klr or R=kr

Thus we have Bertrand’s remarkable theorem (Comptes Rendus, LXXVII,
p- 849) that these are the only laws, expressible as functions of the distance,
which always give rise to closed orbits whatever the initial circumstances
may be (within a certain range). In these two cases m=1 or 2 and the
apsidal angle i == or {m

11. The results obtained can now be brought together. According to
Kepler’s law the planetary orbits are ellipses with the centre of attraction,
the Sun, situated in one focus. The polar of the focus being the corresponding
directrix, we have in (6) gs=a/e and q=r/e, so that the acceleration towards
the Sun is _

B a3 re TN AR X o M (13)

When the centre of attraction is an arbitrary point and it is merely
known that the orbits are ellipses, the acceleration towards the centre must
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follow one of the two laws expressed by (8) and (9). These are not in general
simple functions of the distance and it is only by induction that we should
infer from the apparent orbits of double stars that these bodies obey the law
given by (13). But the law (8) provides a simple function of the distance,
R =m?r, when f=g¢=0, in which case the centres of all possible orbits are
at the origin, i.e. coincide with the centre of attraction. Similarly the law (9) -
provides a simple function of the distance, R =m?/r?, when a=¢ and 8=0.
In this case every orbit touches the lines a* + y*= 0, showing that the centre
of attraction at the origin is the focus for every path. These are the only
two laws of central acceleration which give rise to elliptic orbits in general
and can be expressed in simple terms of the distance. But we have also
seen that the same restriction is imposed when it is merely required that the
paths shall be plane closed curves of any kind. It is moreover obvious that
the law of the direct distance, which makes the attraction of a distant body
more effective than that of a near one, cannot be the law of nature. The
only alternative is that the acceleration varies inversely as the square of the
distance, and this law can therefore be based upon these simple suppositions :
(a) the planets describe closed paths in planes passing through the Sun,
(b) the centripetal acceleration towards the Sun, required by (), is a simple
function of the distance and does not become infinite when the distance is
infinite.

12. We have now to consider Kepler’s law connecting the periodic times
of the planets with their mean distances from the Sun. This states that 1"
varies as @®. But 7= 27/n, so that n’a® is constant for all the planets. Hence
by (13) the acceleration of each planet towards the Sun is u/r* where u is
constant. The force of attraction acting on a planet is therefore mu/r* where
m is the mass of the planet. And observation shows that the same form ot
law holds for the satellites of any planet, %.g. the satellites of Jupiter. Thus
not only does the Sun attract the planets but the planets themselves appear
to attract their satellites in the same way. It is but natural to suppose that
the forces of attraction in either case arise from an inherent property of matter,
and that a stress exists between the Sun and a planet, or between a planet
and its satellite. Action and reaction being equal and opposite, we must
suppose the force proportiondl not only to the mass of the attracted body but
equally to the mass of the attracting body. We are thus led to Newton’s law
of gravitation that the mutual attraction between two masses m, m’ at
a distance 7 apart is measured by

Gmm/ [r?

where @ is an absolute constant, independent of the masses-or their distance.
It must be noticed that the law has been arrived at from the consideration of

cases in which the dimensions of the bodies are small in comparison with the
distances scparating them. But since the action in these cases is proportional
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to the total masses, it is to be supposed that it applies to the individual
elements of the matter composing them. This is the true form of the law of
universal gravitation. When it is a question of bodies whose dimensions are
not negligible in relation to the distances of surrounding bodies, a modification
of the simple statement must be expected. The examination of all conse-
quences of the law of gravitation, including a comparison with the results
of observation, practically constitutes the complete function of dynamieal
Astronomy.

13. Since the Earth possesses only one satellite, it is impossible to verify
Kepler’s third law in our own system. But it is of historic interest to calcu-
late from the observed motion of the Moon the acceleration towards the centre
of the Earth which a body would have at the Harth’s surface. The Moon’s
sidereal period is 27%7%43™ 11*'5 or 2360591°5 secs. Let a be the Moon’s
mean distance and b the radius of the Earth. The required acceleration is

n'a® 4o (al)a b

= =73 b
The ratio @/b is 602745 and b may be taken to be 6378 x 10°cm. The
result of substituting these numbers is to give for the acceleration 989 cm./sec.?
In point of fact the acceleration of a body at the Earth’s surface is in the
mean g =981 cm./sec.2 But the discrepancy is not surprising. The Moon
describes its orbit not only under the attraction of the Karth but also under
the disturbing influence of the Sun. Moreover g is a variable quantity over
the Earth’s surface, owing to the Earth’s rotation and figure. The above
calculation is altogether too rough to give really comparable results. But it
suffices to show that the quantity is quite of the same order as g, and to this
extent supports the identification of the force which retains the Moon in its
orbit with that which in the case of terrestrial objects is known as weight.
As stated, the point is of historical ‘interest because it presented a difficulty
to Newton who was long misled by adopting erroneous numerical data.

14. The numerical value of the constant G depends upon the units
adopted. Its dimensions are given by
G. M L2=MLT*
or
G =ML
In c.G.S. units it 1s the force between two particles each of 1 gramme
placed 1 em. apart. The first determination of the force in absolute units by
a laboratory experiment was made by Cavendish. Several determinations
have since been made, of which perhaps the two best, those of C. V. Boys and
K. Braun, agree in giving
G=6658 x10—*
corresponding to 5527 for the mean density of the Earth and 5985 x 107 gr.
for the total mass of the Earth.



CHAPTER 11
INTRODUCTORY PROPOSITIONS

16. As we have seen, the simple facts of observation lead us to assume
that between two particles of masses m and m' situated at the points
P(x, y, z) and P'(«, v/, Z) there exists a force Gmm’[r?, where r is the

distance PP’. Now the direction cosines of PP’ are
o oy -+

) )

r r r

and hence the components of the force acting on the particle m are

Gmm'wT 3 Gmm' ¢ r“’y 1 Gmm' 2 =2
or
ou oU oU
oz’ oy’ 0z
where

U=— Gmm/|r.

If m is attracted not by a single particle m’ but by any number typified
by m; at (z;, y;, z;) the components of the total force are similarly
oU oU oU
1 TR el
where
= — G'm Zmfr;.

It is evident that U is the work which the system of attracting particles
will do if the particle m is moved from its actual position by any path to
some standard position, except for a constant; it is the potential energy of m
due to its position relative to the attracting system. If we put

V=G2mi/ri, U==mV

V is called the potential of the attracting system at the point P. When
the potential is known it is evident that the components of the attraction
can be easily calculated.
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16. The case of a homogeneous spherical shell is of elementary im-
portance. Let m be the mass per unit area, a the radius and » the distance
of the point P from the centre. If O is the centre of the sphere, two cones
with semi-vertical angles ¢ and ¢ + d¢, each having its vertex at O and OP
as its axis, will contain between them an annulus on the surface of the
sphere. The potential of this annulus at P is

dV = Gm.2masin ¢.adg/p

where .
pi=r"+a*—2racos ¢
or
pdp =rasin ¢ .deo
so that
dV = Gm . 2wadp|r.
Hence

V =2wGma (p, — p,)/r

where p, and p, are the values of p at the ends of the diameter through P.
These values are
pe=r+a, p=|r—al.

If r>a, pp=r—a and p,—p,=2a; if r<a, py=a —7r and p,—p; = 2r.
Also the whole mass of the shell is M = 4mrma®. Hence when P is a point
outside the shell

V=GM|r
or the potential and the forces derived from it are the same as if the whole
mass of the shell were concentrated ‘at the centre. On the other hand, when
P is a point inside the shell,

V=GM|a

or the potential is constant and the forces derived from it are zero.

17. From this elementary proposition follow immediately two corollaries :

(1) A sphere of uniforin density, or one composed of concentric strata
of uniform density, may be treated, so far as its action at an external point
is concerned, as equivalent to a single particle of equal mass placed at its
centre.

(2) For a point within such a sphere, the sphere may be divided into
two parts by the concentric sphere passing through the point. The outer
part is inoperative and may be ignored, while the inner may be replaced by
a particle of equal mass situated at the centre.

The heavenly bodies are for the most part approximately spherical in
shape, and though not uniform in density their concentric strata are in
general fairly homogeneous. They may therefore be treated in most cases,
as regards their action on other bodies, as simple particles.

The motion of a body within a sphere may be illustrated by the motion
of a meteor within a spherical swarm, or of a star in a spherical cluster. If
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the swarm fills a sphere uniformly the mass operative at any point varies as
the cube of the distance from the centre. Hence the effective force towards
the centre varies directly as the distance. As another example it may be

proved that if the density of a globular cluster varies as (1 +12)~ % r being the
distance from the centre, each star moves under a central attraction varying
as 7 (1 +r2)_%

18. An approximate expression can be found for the potential of a body
of any shape at a distant point. Let the origin of coordinates, O, be taken
at the centre of gravity of the body and the axis of # be drawn through the
point P, the distance OF being r. Let dm be an element of mass at the
point (@, ¥, z). The corresponding element of the potential at P is

Gdm 2 Gdm
((r—ay +yr+ 2P (= 2o+ )

_ Gdm (1_28,”'3_,.&2)—%
r'p

dV =

r 7

de {1+”P ( ) (§)2P2(§)+...} |

where P,, P,, ... are the functions known as Legendre’s polynomials.

The first terms are easily obtained by expansion in the ordinary way, and

we have
2 _ 2
P] <é’v) =f, P, (§>=—‘3x 2P .
p/ P p 2p
Hence if the expansion is not carried to terms beyond the second order,

Vg "dm (1 +w+3x"’27—p).

But if 4, B, C are the principal moments of inertia at O, and [ is the
moment of inertia about Oz, since p? has been written for a? + y* + 2%,
A+ B+ C’=f2p2dm, I=f(p2—a:2) dm
and since O is the centre of gravity,

fxdm:O.

Hence

V—G7m+——(A+B+G 3I)

and we see that the potential of the body at P differs from the potential of a
particle of equal total mass placed at the centre of gravity by a quantity
depending only on 1/7%. Except in a few cases this quantity is negligible
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in astronomical problems not only by reason of the great distances which
separate the heavenly bodies in comparison with their linear dimensions,
but because they possess in general a symmetry of form which makes
A + B + O — 31 itself a small quantity.

19. We see then that in general a system of n bodies of finite dimen-
sions can be replaced by a system of » small particles of equal masses
occupying the positions of their centres of gravity. The total potential
energy of the system is

U= — GXmym[ry
where m;, m; are two of the masses and 7 their distance apart. For if we
start with any one of the particles this sum, which consists of {n(n—1)
terms, represents the potential emergy of a second in the presence of the
first, of a third in the presence of these two, and so on. The equations
of motion are 3n in number and, according to § 15, of the form

e a IR A 4 - N Sl
L Bwi 5 t:’/@ ayl 18t = 8zi
Now
— & o .
Ea—wl—§§ vt (¢ %)
Hence
Emi:lv'i = E'miyi = Em,z‘, =0
or
2mdi=ay, TMli= 0y, 2midi=ay
and

Smix;=T2m;=at + b,
Eﬂliyi = yﬁmi= ast + b2
Emiz,- = Emi = a,st cH b3
where (z, ¥, Z) is the centre of gravity of the system. Thus we have the six

integrals corresponding to the fact that the centre of gravity moves with
uniform velocity in a certain direction.

Again, we have

g( .@L]__Z.BU> Ezm,m]{yz : .Z’ Zigia:slj}

i i
821 ay@ i j 7y

Ic %? W:*LT) (—yizj+y52) =0, (%))
Hence
Sm; (yi%; — 2:3:) =0
or

2mi(Ysdi— 2 =
and similarly - {
Mg (Ziw,; = zviz',-) = Cy

Sm (i — Yidki) = Cs.
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These are called the three integrals of area and express the fact that the sum
of the areas described by the radius vector to each mass, each multiplied by
that mass and projected on any given plane, is constant. They also show that
the total angular momentum of the system about any fixed axis is constant.

Finally we have
oL pr i NN Pt et QU
Ezml (.%'!L,’ + iy + Z@Z,) = % (-’Ih 87,'-*-:% ayl'i' Z; 52@)— A
=—dU/dt
whence, on integration,
FEmi @i+ 9+ i) =h=U
i

where 4 is constant. This is the integral of energy.

There are then in all ten general integrals for the motion of a system of
particles moving under their mutual attractions: and it is known that no
others exist under certain limitations of analytical form (Bruns and Poincaré).
They are in fact simply those which apply in virtue of the absence of external
forces acting on the system.

20. Let the centre of gravity (%, 7, ) of the system be now taken as the
origin of coordinates. If (§;, n;, &;) are the new coordinates of m,
' =%+ &, yi=y+n, n=2+§

and
Zm,-’g‘,; = Emmi = .:m,;é]- = 0
The equations of motion become
Fos="3ia R i = a’h” A ot
where U is the same as before, but 7;; is now given by
it = (&= &) + (ni— )" + (L= G~
For the integrals of area we have
¢ = Zmq (yizi — 2:5)
=Zmi (7 +m:) G+ &) — (2 + £) (@ + )}
= Sm; (mii— Gom) + (% — 2) S
(since Zmim — Emié‘i = Emiﬁi = Emi&- = 0)
= Zm; (i€ — L) + (@abs — auby)/Zmy
or
E"ni (Th';i — &) = e+ (agby — (L3b2)/2m,: =c/’
and similarly

S'mi (§wft T Ei g@) =Cy + (a‘sbl T alba)/zmi = 02/
Son; (i — "Ii‘;’éi) =cs+ (a0, — a.0,)/Zm; = ¢
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The integral of energy becomés
h=U=§Sm; (@ + &)+ + 5 + (G + &)
= §Smi(E2 + 9+ ) + § (0 + a5 + 09/ Zm;
ySmiEr a2 +ED=K-U

=h—}(a?+ a?+ a?)/Zm;.

or

where

21. An interesting equation involving the mutual distances of the masses
can be deduced. We have

2 3 mym; (- £) = ?,Emimj (& + &7 — 28&)
s = Ejm,- £2. 3m;+ Zmy . SmyEP — 23mE; . SmyE;
= 23m; . Sm &2
with similar equations for the other coordinates. Hence

Smymjrg? = Zm;. Zmi (82 + 08 + &)
It follows that

dtz (Emlm]ry )/zmt v 2 {Em% (Eth a7 "h"h i EL gl)}

SR 2. il
e 22’”7'1: (Ef = 'lh'ﬁ+Ci) 22 (Es ag +77ta o Cz a§z>
=4 (W -U)+2U =4k —2U

since U is a homogeneous function of the coordinates of degree —1. The
form of the result is due to Jacobi. Now U is essentially negative. Hence
if /' be positive the second derivative of X Smymyr? will be always positive and
the first derivative will increase indefinitely with the time. Thus the first
derivative, even if negative initially, will become positive after a certain time
and therefore = m;myry? will increase without limit. This means that at least
one of the distances will tend to become infinite. We see therefore that
a necessary (but not sufficient) condition for the stablhty of the system is that
k' must be negative.

22. The angular momenta whose constant values are ¢, ¢,, ¢; are the
projections on the coordinate planes of a single quantity. They are there-
fore the components of a vector which represents the resultant angular
momentum about the axis

zfe, = Y, =20, EINMNTI. .. il 1)

For this axis, which is fixed in space, the angular momentum is a maximum.
The plane through the origin O which is perpendicular to this axis and
therefore fixed is called the nvariable plane at 0. About any line through O
in this plane the angular momentum is zero, and about any line through O
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making an angle § with the invariable axis (1) the angular momentum is
V(e? + ¢ + ¢?) cos 6. The position of the invariable plane is dependent on
the position of the chosen origin of reference.

Here we have considered the angular momentum as arising purely from
the translational motions of the bodies treated as particles. In reality the
total angular momentum of the system includes also that part which arises
from the rotations of the bodies about their axes. This part itself is constant
if the system consists of unconnected, rigid, spherical bodies whose concentric
layers are homogeneous. Under these conditions the invariable plane at a
point, as determined by the translational motions of the system alone,
remains permanently fixed. The conditions hold very approximately in a
planetary system. But precessional movements and the effects of tidal
friction cause an interchange between the rotational and translational parts
of the angular momentum, without disturbing the total amount, and to this
extent affect the position of the astronomical invariable plane as defined
above.

The centre of gravity of the system may be taken instead of an origin
fixed in space. The invariable plane is then

R RO L s (2)

and this is the invariable plane of Laplace. Its permanent fixity is subject
to the qualifications just mentioned.

A simple proposition applies to the motion of two bodies, namely that
the planes through a fixed point O and containing the tangents to the paths
of the two bodies intersect the invariable plane at O in one line. This is
easily seen to be true. For the first plane passes through the origin, the
position of the first body («;, v, 2,) and the consecutive point on its path
(@, + @y dt, v, + 3dt, 2z, + Z,dt). Hence its equation is

& (hé— $ha) +y(ad — 4H@) + 2 (0 — &) = 0.

a

Similarly the equation of the second plane is

% (Yals — Ya2o) + Y (2oiiy — 2,3) + 2 (@1 — aYs) = 0.

The equations of these planes together with that of the invariable plane
may therefore be written

=0, =0, my+mea=0

and these evidently meet in a common line of intersection.

23. When we deal with the motions in the solar system it is convenient
to refer them to the centre of the Sun as origin. Let M be the mass of the
Sun, m the mass of the planet specially considered and let there be n other

P. D. A. 2



18 Introductory Propositions [oH. 11

planets, of which the typical mass is m;. Then the total potential energy of

the system is

U=-— (Em——i?’lj+llf,§@ +m Eml.i.ﬂ.[) G
Tij pi A

where p; is the distance of m; from the Sun, A; the distance of m; from m
and r the distance of m from the Sun, so that

rift = (@i — o)l + (Y — y) + (2 = )
pd =@ —XP+(yi—-YP+(@-2)
Af=(2;—a) + (i = Yy + (2 —2)
r =(x-XyP+y—-Y)y +(E-2Z%

The equations of motion of the Sun are

VIR ol Bty e ot B el e
MX_—a—X, MY_—E_Y" MZ———aZ
and of the planet considered
m.&——aU e oU e CALD
gk - 7 y_—ay, g e vl

If (& 7, ¢) are the relative coordinates of the planet,
=X+ y=Y+9q z=7Z+¢
Hence, if (§;, 7, &;) are the coordinates of m; relative to the Sun,
10U 10U
f=~ma X .
v, { smi(z—x;) M(z— X 5 M (X — ) 4 (X — x)} a

AP s Pis ]
2 { (m+M)E_ mi(E-&) 2%} Q.
73 AP Pi.;
If then we put
R=G {z ATt (g)} .................. 3)
we have for the equations of relamve motion
E=-(m+M)G.5 E %R ........................ @)
7 13
and similarly
fj=—(m+M)QG.- +%R ........................ (5)
oR

E=—(m+M)G.2 +a: ........................ (6)
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The function R is called the disturbing function. When, as in the solar
system, the masses of the planets are small in comparison with that of the
central body, M, we see that the forces derived from this function are small.
in comparison with the attraction of M. Indeed a first approximation to the
. motion of the planet considered, which may now be called the disturbed
planet, is obtained by putting R = 0.

24. A double star, or system of two stars physically connected and at the
same time isolated from external influences, may be considered to gresent a
case of the problem of two bodies. In the solar system the disturbing effect
of the other planets is always operating. Since, however, this effect is small
in comparison with the attraction of the Sun it is useful to neglect R and to
consider the orbit which a particular planet would have if at a given instant
the disturbing forces were removed and the planet continued to move.as part
of the system formed by itself and the Sun alone, its velocity in direction and
amount at the given instant being that which it actually possesses. Such an
orbit is called the osculating orbit corresponding to the given instant. The
actual orbit from the beginning will depart more and more from the osculating
orbit, but for a short interval of time the divergence between the two will be
so small that an accurate ephemeris can be calculated from the elements of
the osculating orbit. The usefulness of the conception of the osculating orbit
goes much deeper than this, as will appear later.

Now the equations (4) to (6) show that in the problem of two bodies, since
R =0, the relative motion is that which is determined by an acceleration
(m + M) G/r* towards the body M which is considered fixed. But by § 11

(13) a law of this form leads to an elliptic orbit with mean distance a and

periodic time 7, where »
nl =2m, na®=(m+M)GQ.

We can now introduce the usual system of astronomical units. Provision-
ally they are taken to be:

Unit of time: one mean solar day.
Unit of length: the Earth’s mean distance from the Sun.
Unit of mass: the Sun’s mass.
Corresponding to this system @ is replaced by the constant %, so that
k=2w/1+m)} T
which differs little from the Earth’s mean motion. Here 7' is the sidereal
year expressed in mean solar days and m is the mass of the Earth expressed

as a fraction of that of the Sun. The numerical values adopted by Gauss
were :

T = 365256 3835
m =1/354710
22
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which lead to
k=0017 202098 95, log & =8'235 581 4414 — 10.
It may be useful to add that
180°. k/m = 3548718761, log (180°.%/w) = 3550 006 5746
which differs little from the Earth’s daily mean motion expressed in seconds.

The number k is called the Gaussian constant. The numerical values
of m and T on which it is based are no longer considered accurate. Never-
theless it would cause great practical inconvenience to adjust the value of &
to more modern values which themselves could not be regarded as final.
Hence it is agreed to adopt the above value of & as a definite, arbitrary
constant and to recognize that the corresponding unit of length is only an
approximation to the Earth’s mean distance from the Sun. According to
Newecomb the logarithm of this distance is 0000 000 013.

It is also possible to put the constant k=1 by adopting as the unit of
time 1/k = 58132 44087 mean solar days.

For brevity we may often put
p=Fk(1+m)=n?
in the case of a planetary orbit, and for a double star
p=k M +m)=na’

where M, m are the masses of the two components when the mass of the
Sun is taken as unity.



CHAPTER IIT
MOTION UNDER A CENTRAL ATTRACTION

25. If the attraction of the Sun alone is considered, the relative motion
of any other body of spherical shape is conditioned by the central acceleration
#r~% u being a constant the value of which has been explained. The equations
of motion expressed in polar coordinates are :

F 1= — p/r®
8+ 26 = 0.
The latter equation gives immediately
76 =h
where £ is the constant of areas. Let v be the velocity in the orbit, P the

perpendicular from the origin on the tangent and 4 the angle which the
tangent makes with the radius vector. Then

e . P
7 = sm\]r = Tr—
so that )
RyI=trEoI=v

or the velocity is inversely proportional to P. The result of eliminating 6
from the equations of motion is
7= h2rs — p/r®
whence
(R 1 T e RS 50 G e o O (1)

and from these again
d2
dt?

The equation of energy is

() =2 (r + 7%) = 2u/r + 2c.

P 2P =2u/r +Coeeeeeeniiiieeeen (2)

The geometrical meaning of the constant ¢ has yet to be found.
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26. From the second equation of motion

d , d
at="" ag
where u=1/r. Hence the first equation of motion becomes

d*u M

=R s A
the integral of which is
u=;:—2{1+ecos(9—fy)} ........................... (3)

where e and « are the two constants of integration. But this is the polar
equation of a conic section of which the eccentricity is e and the focus is at
the origin. The semi-latus rectum in this connexion is more usually called
the parameter and denoting it by p we have

p=h/p or h=(up).
Also

> 2 o o e .
r=—r2u=—kd—g=%sm(0—r~/).

But by (1) and (3)
2
1'"2=% {I—e*cos?(0—q)} +ec.
Hence ‘
bactt 1-e)+c¢
=5
or
c=—pu(l—e)/p.
Thus if 2a is the transverse axis of the orbit, ¢= — ufa for an ellipse, ¢ =0 for

a parabola and c¢=+p/a for an hyperbola. The equation of energy (2)
becomes therefore

P=fufr—ple,  (e<1)
v?=2ulr, (o= 1)md ey RARENEN (4)
v=2ulr + pla, (e>1)

Again, ¥ being the angle which the direction of motion at (r, ) makes
with the radius vector (drawn towards the origin),

vcos«,{w:—v’a=v—%€3sin(0—fy)

vsin\p=r6'=lzu=’;f{1 +eco§(9—ry)}

v

are the components of the velocity along the radius vector (inwards) and
perpendicular to it. The form of these expressions is to be noted. For they
evidently represent («) a constant velocity V = p/h = y/(u/p) perpendicular to
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the radius vector, and (b) a constant velocity eV in a direction making an
angle 17 48—~ with the radius vector, that is, perpendicular to the transverse
axis. Thus at perihelion the Velocity is V (1 + ¢) and at aphelion (in the case
of elliptic motion) the velocity is V(1 —e).
Since A = vr sin ¥, the preceding equations may be written
pesin (6 — ) = —v*r sin yr cos ¥
pecos (6 — y) =v*rsin®r — p
giving e and vy when v and +r are given at (r, §). Thus
w (e'2 —1)=v*r (v*r — 2u) sin® Y.
27. In ﬁnding the relations which subsist between positions in an orbit

and the time it is necessary to consider separately the three kinds of conic
section. The closed orbit, or ellipse, will be discussed first.

The line =1 is drawn from the pole (the Sun) in the direction of peri-
helion. The angle 6 —+v is measured from this line and is called the #rue
anomaly. Let it be denoted by w. Then, if ¢, is the time at perihelion,

£ty = b [ rdd

Y

hs
Efo (1+ecosw)’

The corresponding result in terms of the eccentric anomaly E has already
been found (§ 5). It will be convenient to write down the relations between
the radius vector and the true and eccentric anomalies in the forms which are
most frequently required. We have

x=rcosw=a/(cos I — e)

y=rsinw=a/(l—¢)sin L.
Hence
v P Ao
1+ecosw
reos?iw=a(l —e)cos’ i H

rsin’fw=a(l+e)sin®}

1+ '
tan Jw = \/(1 o Z) TSIl e 5L M L (6)

This last equation may be regarded as the standard form of the relation

between w and E. If we write e=sin ¢ (0°< ¢ < 90°), as is commonly done,
then

—a(l—ecos B 2 IR (5)

tan 4w = tan (45° + 3¢) tan L&
tan } £ = tan (45° — 1¢) tan §w
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where 4w and £ are always in the same quadrant. Also

P cos W—e cOSE__e+cosw

" 1—ecos E’ "1+ ecosw
. 1 et isInW Sl 1—e®)sinw
Slnw=)\/(—._)___ SlnE___\/(—__)__

l-ecosl °’ 1 +ecosw

and it readily follows that

Al =-e)dE

dule dE:‘_/ML@

l—ecosk ’ 1+ecosw
If now we employ (5) and (7) we obtain

t t—’—ﬁf -
T w1 +ecosw)

-0 s 555

=\/<%) (E — esin E).

But p=n%® where n is the mean -motion; the angle n(t —¢{,) is called the -
mean anomaly and may be denoted by M. We have therefore once more
obtained Kepler’s equation

M=n@—t)=E—esin /i #......ccc....coennen 3

the angles M and £ being expressed in circular measure ; or if M and E are
expressed in degrees, ¢ must also be converted to the same form by the
factor 180°/ar.

28. 'The complete solution of the problem of elliptic motion is contained
in the equations given above. No difficulty in numerical solution arises
except in the case of Kepler's equation when £ is to be found for given
values of e and M. The general method applicable in such cases may be
illustrated here. By some means an approximate solution X, is found. Let
E, + AE, be the exact solution, and

M,=FE,—esin E,.
Then
M =M+ (1 —ecos E,) AE, + ...

when E — esin E is expanded in a power series in AE, by Taylor’s theorem.
Neglecting higher powers of AE, we have

AE,=(M— M,)/(1 — e cos E,)
and hence a second approximation FK,=FE,+ AFE, If this value is not

sufficiently accurate the process may be repeated until a satisfactory result is
obtained.
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In order to obtain a good approximate solution at the outset a great
variety of methods have been devised. These depend upon (@) the use of
special tables, (b) an approximate formula or a series, or (¢) a graphical
method. Thus to the first order in e,

Ey=M+esin M
and to the second order in e .

tan K, = sec ¢ tan 2y
where

tan ¥ = tan (45° + §¢) tan § M
the verification of which may be left as an exercise.

Among graphical methods we can refer only to one, given by Newton
(Principia, Book 1, Prop. xxx1). Consider a circle of unit radius and centre C
rolling on a straight line OX. Let X be the point of contact and A the
point on the circumference initially coinciding with O. Let P be a point on
the radius CA such that CP =¢ and M and N the feet of the perpendiculars
from P on OX and CE. Then if E= £ ACE=arc AE=0F,

OM=0E—-ME=0E—-PN=FE—-e¢sink.

Fig. 1.

Hence if the circle is rolled (without slipping) along OX until the point
P is on the ordinate PM where OM = M, the point of contact gives O = E,
which can therefore be read off when M is given. The locus of P is evidently
a trochoid. It may also be noted that the ordinate

PU=CE—-CN=1—-¢cos K

which is the corresponding value of r/a or of dM/dE, and so gives the factor
required for the improvement of an approximate value K, For references
to practical applications of the above principle see Monthly Notices, R. 4. S.,
LXVII, p. 67.
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29. 1In the case of parabolic motion
R { T
T ), (1 + cos w)
p3
= «/<—) [ 3 (1 + tan® w) d (tan fw)
K/ 7o
=%~/<}7)») (tan yw + } tan® Ju)

and therefore a quantity M may be defined by the relation

A= 2\/(§3> (t—t)=tandw+ 3 tan*fw ............... 9)

A table, known as Barker’s Table, gives M (or M multiplied by a certain
numerical factor) with the argument w. An inverse table giving w with the
argument M will be found in Bauschinger’s Tafeln (No. Xv). Or w may be
deduced when ¢ — ¢, is given thus. The equation (9) may be compared with
the identity

Hence
tandw =N —=

if

1
Let

A=—tany, M=-—tanp.
Then
sM =3 \/(i‘s> (t— 1)) = cot 28
p
_ tan 8 = tan®ry

and '

tan Jw = 2 cot 2.

By these equations w can be calculated directly when ¢ is given.

30. Hyperbolic motion along the concave branch of the curve under °
attraction to the focus may be treated in an analogous way to elliptic motion
by using hyperbolic functions instead of circular functions of the eccentric
anomaly. Thus we have

x =1 cosw = a (e — cosh F)

y=rsinw=a(e?—1)sinh ¥
so that
_a(e—1)

=9 +ecosw=a'(e coghiFrE B e L (10)



2931 Motion under a Central Attraction 27

r cos® jw = a (e — 1) cosh? 1
rsin® w =a (e + 1) sinh*{F

tan Jw = \/<:i i) L0015 3 DS e e SO (11)
N, e—coslﬁ h e e+ cosw
R = R P 1’ e T i maaw
ot W+ Dsinh F o _A{e¢—1)sinw
Smw_>ecg.shF—1 by e 1+ ecosw
_W(E-1)dF _W(e—=1)dw
Ve e, aF =L (12)

By employing (10) and (12) we now obtain

4 t_h“[ dw
T w2 )o (1 + e cos w)?

A

= \// (‘/’7) (esinh Pe F) oovvciviccin (13)

which is the analogue of Kepler’s equation for this case.

Analogy suggests.the use of hyperbolic functions, but full and accurate
tables of these functions are not always available. Hence it is convenient to
introduce f, the Gudermannian function of F, where (Log denoting natural-

logarithin)
F =TLog tan (45° + 1 1)
or

sinh F=tanf, cosh # =secf, tanhi} =tanif.

We may also put e=secy. The principal formulae (10), (11‘) and (13) then
become

A~"0 (€RCC FESTOMDNEI " T L S eRERRSE S, (14)
3 tan fw=cot iy tandf ...oooiiiiiiiiinninnnne. (15)
g V(pa™?) (t — f)= e tan f — Log tan (45° + §£)............ (16)

The last equation may also be written
V(pa=®) A (t — t,) = Ae tan f — log tan (45° + 4 )
where log denotes common logarithm and log A = 9:6377843.

Comets moving in hyperbolic orbits are few in number, and in no case
does the eccentricity greatly exceed unity.

31. There are certain astronomical problems which require the con-
sideration of repulsive forces according to the law ur—? which are of the
same form as gravitational attraction but differ in sense. The small particles
which constitute a comet’s tail are apparently subject to such forces and
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finely divided meteoric matter in the solar system must move under the
pressure due to the Sun’s radiation. Hence we shall consider the effect of
replacing + u, the acceleration at unit distance, by —u'. The differential

equation of the orbit becomes
2

d(}‘,+u+ — ()

the integral of which is

?—{ecos (6 —q)—1}

= p L (eicof RN ¢ Ui PR (17)

If we restrict w to such a range of values that u (or 7) is positive, this
equation gives only the branch of the hyperbola convex to the centre of
repulsion at the focus, just as under the same restriction the equation (10)
gives only the branch concave to the centre of attraction. As compared
with § 26 the 51gns of p and e, as well as of u, have been changed Hence
the constant ¢ in the equation of energy becomes

c=—p (1-e)p=+pfa
so that the equation of energy is now

TR [ 15[t Bt iy e s Bsee e (18)
Also, if 4 is the angle which the direction of motion at (», §) makes with the
radius vector drawn towards the origin,

. d ‘enl
veosy=—1 =h3’g=—%esm(9—,ry)

vsiny= rd=hu = %{ecos(@—«y)—l}

are the components of the velocity along the inward radius vector and’
perpendicular to it. These are evidently equivalent to (a) a constant
velocity — V' = — u'/h = — v/(#/[/p) perpendicular to the radius vector, the
negative sign meaning that V' is drawn in the sense opposite to that in
which the radius vector is rotating, and (b) a constant velocity eV’ in a
direction making an angle 7 + 6 — ¢ with the radius vector, that is, perpen-
dicular to the transverse axis. Thus at perihelion the velocity is V' (e—1)
as compared with the velocity V (e + 1) at perihelion on the concave branch
under an attracting force.

If the circumstances of projection are given in the form of v and 4 at the

point (r, 6), we have
wp =k =v*r*sin’r

p'e sin (0 — ) = — v sin Y cos
wecos(@—q)= vrsin’+pu

which determine p, e and v in terms of given quantities. In particular
w2 (e = 1) = v (v¥r + 2u) sin® .
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32. Expressing the coordinates in terms of hyperbolic functions we now
have, since the centre is at (ae, 0),

x=rcosw=a(e+ cosh F)

y=rsinw=a +/(¢*— 1) sinh F.

Hence
g S Y AN ]
_e—cm_a(ecoshﬁ'+ 10) w5508 Al mdiiot 3L
rcos? y w=a(e+ 1) cosh® § F

rsin? Yw=a (e — 1) sinh* { F

fan fw= /\/(:—;—D g o RN | SRR (20)
_ e+cosh F .hF— e — cosw
COS W= cosh F+1’ ' - ecosw—1
o = gf(ef=1)sinh ¥~ . _W(e=T1)sinw
S W= cosh F+1 e ecosw — 1
_ W(e—1)dF _(e=1).dw
—fen ol aF="C" 2l e
It then follows that
72 h? dw
B =,(ﬁ (w:ﬁ _[O(e cos w— 1)
_\/ E)J dF _ecoshF_—l»_l
£ </L' V(=1 -1
a? ;
-/ (2) @SR T4 ) o (22)

which corresponds to Kepler’s equation for this case.

As in the case of an attracting force we may now put
tan }f=tanh }F, secf=cosh F, tanf=sinh F

and e=secy. With these transformations the principal formulae of the
solution become

=10 (EISBCH - 11).l0 i e s ottt s e (23)
tan fw=tan P tan § f ....cooiiiiiiiiiiiinnns (24)
V(Wa) (t—t) = e tan f+ Log tan (45° 4+ 4f) wvvvvevenes (25)

or, as the last may be written,
V(a3 (t—t,) = Ne tan f + log tan (45° + §f)

in the notation previously explained.
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33. The simple and important representation of the velocity in all cases
a8 the resultant of two vectors both constant in magnitude, and one constant
in direction also, may be illustrated by considering the hodograph of the
motion. This curve is clearly a circle of radius V and centre at a distance
eV from the origin.- The four figures given correspond with the four distinet
types of motion, (a) elliptic, (b) parabolic, (c) hyperbolic, under attraction to
the focus, and (d) hyperbolic, under repulsion from the focus. In all cases O
is the origin, C the centre, and OP represents the velocity at perihelion. If
@ is any point on the hodograph, OQ represents the velocity in the orbit at
one extremity of the focal chord which is at rlght angles to Q. The radius
CP being V, OC=¢eV and as the eccentricity increases O moves along the
radius opposite to CP from the position C for a circular orbit to a point on
the circumference for a parabolic orbit. As e increases beyond the value 1

P P
Q
c c
d A
(9]

(a) () Fig. 2. ‘

the point O passes outside the circle. But the hodograph corresponding to
hyperbolic motion is no longer a complete circle since the possible directions
of motion are limited by the asymptotes. If OA, OB are the tangents from O
to the circle the angles CO4, COB are each equal to sin™* ¢~* and it is easily
seen that OA, OB are parallel to the asymptotes of the orbit, that AOB is
equal to the exterior angle between the asymptotes, and that the arc A PB
constitutes the whole hodograph. When the attraction is changed to a
repulsion and motion takes place along the convex instead of the concave
branch of the hyperbola, OP = V' (¢—1), and the hodograph is confined to
that arc of the circle which is at all points convex to O, whereas in case (c)
it was everywhere concave to O.

34. From the point of view of practical calculation there are points con-
nected with orbits nearly parabolic in form which require special attention.
Kepler’s equation for elliptic motion may be written

M=FE—sin E+(1—e¢)sin E.
When 1—e is small the accurate calculation of M depends on that of
E —sin E. But if £ is small the latter expression is the difference of two
nearly equal quantities and cannot be calculated directly. unless each is
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expressed by a disproportionate number of significant figures. Hence the
need for special tables (e.g. Bauschinger’s Tafeln No. XL) or an app10x1mate
formula. Under the latter head may be mentioned the function

L3 (cos 5 Byt

which is so close an approximation to £ — sin £ over the range of E from
0° to 70° that the logarithms of the two expressions never differ by more than
2 in the seventh place. =

It is evident that in the parabola itself £ is evanescent and generally in
the ellipse of great eccentricity £ is small at all points near the attracting
focus. The method given by Gauss in the Theoria Motus for the treatment
of Kepler’s equation is a particularly instructive example of the construction
and use of special tables and as at the same time it brings out clearly the
relation to parabolic motion its principle will be explained here.

Kepler’s equation may be written in the form

' M= (1-e¢)(ak+ BsinE)+(B+ae)(k —sin k)
ifa+B8=1,o0r ‘
M= (1-¢).24}B+(B+ae). $4'B ..................... (26)
if
A =3 (E —sin E)/2(aF + B sin E)

and

B:= (aE + Bsin Ey/6 (E — sin E)

= (E°~3B.E°. . )/(E*—F5E"...)
which differs from unity by a quantity of the fourth order only in £ if
B=1/10, a=9/10. With these values it is readily found that

A=31E— B

Hence log B is a small quantity of the fourth order which is tabulated with 4,
itself of the second order, as argument.

We now put, in view of (26),

s ) 56)
A _«/<1+93 tan {u,

M=2y5(1—e)' (1+9¢) % B(tan Ju, + 1 tan® Juw,).

M= «/ Gl \/( )(l—e)%(t-—to)

where ¢ is the perihelion distance, in the present problem a more convenient
element than the mean distance a. Hence

«/(; - ;_096> : _P— = tan Jw, +} tan® jw,

so that

But
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the analogy of which with (9) of § 29 is evident. Here B is unknown, but
the supposition that B =1 will lead to a good first approximation to tan yw,
and hence to 4, and a nearer value for log B can then be taken from the table.
This in turn will lead to a second approximation to tan w,, and so on until
the correct value is reached. Now let

7=ta,n2%E=(%E+?ZIIE3 )2 ,LE‘:!_I_thE;

= A 444dr..
or

A=7(1+44..y'=7(1—-44+0)

where C is a function of the second order in A4, i.e. a small quantity of the
fourth order in %, which like log B can be tabulated with the argument 4.

Hence
= 1+ e\ 1+e
tan%w='s/"r.\/ ) \/1_6 1—1A+C>

=Lan%wl,\/(iige)(l_%fl+0)' 3

7 COSs® %w =a(l—e)cos* 4 =q/(1 +7)

Finally, by § 27,

or
1-44+0C

=i¥iaForeedie

so that the problem of finding w and r is solved by the aid of the tables
giving log B and C with the argument 4 without introducing E explicitly
into the calculation. The method with very little change is adapted equally
to hyperbolic orbits. The tables will be found in the Theoria Motus of Gauss,
or in an equivalent form in Bauschinger’s Tafeln, Nos. XvII and XVIII.



CHAPTER 1V
EXPANSIONS IN ELLIPTIC MOTION

35. The fundamental equations of elliptic motion found in the last
chapter, namely

L ) S T DA e A SO R i 1)
tan Jw = \/G +e) tan $ ' =tan (3¢ + }7) tan %E)
e e T L B SR (2)
1 Btan};]y, B =tan l¢
e e

a—m':l—eCOSE ................................. (3)

give at once the means of calculating the coordinates at any given time. But
for many purposes it is necessary to express them as periodic functions in the
form of series. Some of the more important forms of expansion will now be
investigated.

But certain changes in these equations are sometimes useful. Let

. w=logz, (K=logy, M=logz, &=-1.
Then from (2) ’

e—1_1+p y=~1

z+1 1-B'y+1
Py R A i ]
1-Ry’ 1+ Bz

Also by (1)
logz=logy —de(y—y™)
G=leRPRl=are (17— 1 ) | et sdeh ol s AT R (4)

_2tB [ -8 @-D(1-g)
% S [1+/32'(a:+6)(1+6w)}

=2(1+Ba?) (1 + Bz)" exp.[Beos ¢ (B +2) " = (B + 1) }]...(5)

P. D. A. 3
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The equation (3) gives
ey By M ol S )
a-'l 1_’_182(‘1/_]'?/ ) 1+/33(1 B.’/)(l B?/ ) i (6)
_ 1 1-F 2(-8) (=BF i gey|

o Wy o e (14 Bxy (14 Ba?) J
It is evident that some expansions will be made more simply in terms of
B than of e. Hence it will be useful to have the development of any positive

power of B in terms of e. Now

B+ B 1=tan}p + cot 3¢ = 2 cosec p = 2¢7

B=0+4e(l+p).
Hence by Lagrange’s theorem

L)

xq—l

o

=0

,, (%ge)q [d :; s ( ;) x2p+m_l] A

o (l_e)2p+m d2zptm—1 Zp +m e VS
s % 2p + m) 1| daprm—1 ( P ) 34 x=0

for the only terms which survive arise when q=2p+m. Hence

Zp+m-1)!

— 1 oY\t A 4 T B

T G m

7 e m m+3 . m (m+4)(m+5) )
=(}e) {1+E 2+@ N eé+43 e e Pt g J ()

and it is readily seen that this series is absolutely convergent.

36. Since

z=(y—B)(1 - By)™
it follows that @ )¢ 1 .

log #=1logy +log (1 — By™) —log (1 — By)
=logy+Bly =y )+3B(F—yH+....
w=KE+2(BsinE+38sin 2K + 1Bsin3E +...) ......... (8)

But # and y can be interchanged if the sign of 8 is changed at the same time.
Therefore

Hence

E=w—2(Bsinw—}B*sin 2w + }B*sin 3w — ...).
It is also easy to express M in terms of w. For, by (5),
log 2= log @ +log (1 + Ba~) = log (1 + B) + B cos & (& + B)* — (a= + B)]
=logz— B (@ —a=) + (@~ o) ~ 18 (@~ ..
+Bcosp{—(@—a)+B(@—a?)— (@ -z +...}
=logz - B(1+cosp)(z—az7")+ B (3 +cosp)(z*— 2 —...
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and therefore
M=w—2{B(1+cos$)sinw— B2(4 +cos ¢)sin 2w + B*(} +cos$p)sin3w—...}.

By this expansion the equation of the centre, w— M, is expressed as a series in
terms of the true anomaly.

37. We have now to consider the expansions in terms of M, -which are of
the greatest importance because they are required in order to express the
coordinates as periodic functions of the time. And first we take the case of
71, Now
& = f— —1 — Ei_E

(1—ecos E) FYE

r

This is an even periodic function of & and consequently of M. Hence

el [”(l—ecosE)“dM+EgcospM F (1 —ecos E) ' cos pMdM
% 0 ™ L0

L

1 2 " - . =
=;fo dE+7—Tzcospr0c0s(pE —pesin B)dk

=142 T, (pe) cSPM oo, R e S ©)
p=1

where

Jp(pe)= 1f"cos (pE — pesin B) d L.

m™J9

Jp(pe) is called the Bessel’s coefficient of order p and argument pe. We shall
briefly study the properties of these coefficients so far as they are required for
our immediate purpose.

Let
F ()= exp. [}z (t — )} =J§°aptp.
For ¢ write exp. (—«yr). Then o
exp. (— wsinr) =t2: dp exp. (— epr).

This is a Fourier expansion, showing that

2m
ap=—1—f exp. o (py — o sin ) dyr
2 0

and combining the parts of the integral which are due to ¢ and 27 — 4 we
have .

ap=7—1rf:cos (pyr —asiny)dyr



36 Ezxpansions in Elliptic Motion [cH. 1V

Thus the coefficients in the expansion of F(t) are precisely the coefficients
which we have to study. Now

F(t)=exp. (%wt) exp. (— s at™)
=3 (o). o 3-8 (yw)ﬂ G

— 33 (- 1P (b >

al 51
Hence J), () is the coefficient of those terms for which a=RB+p,or

(=4 3
Jp(w)'—‘zm!(%w)” 2
If p is positive, B takes the values 0, 1,2,... and the expansion becomes
axP 23 Y !
To (=5 pr{l T 2pr2) AP+ Cp+d) }

If p is negative, B takes the values — p, — p+1,..., because a cannot be negative.

38. The effect of changing the signs of # and ¢ is to leave F (¢) unaltered.
Hence

Iy (@) =(— LRJR(RT) | L et o0 S (12)
Similarly F (¢) is unchanged if — ¢~ is substituted for ¢. Hence
S () m (= 12 S G gt - v i ¥t o el (13)

Again, the result of differentiating F () with respect to ¢, gives
tz(l+ t‘Z)FE Jp (@) tP=Zp Jp (&) 771

Equating the coefficients of ¢! we have

12 { oy (2) ¥ Tppa (@)} = pJp (@) S0 0aL. LR LN (14)
On the other hand, if we differentiate # (¢) with re'spect to z, we have

T¢—t ) S, (@)tr=3J, (z)tr
or, equating the coefficients of ¢2,

1 (T () =i ) 1 E P i e I il (15)

These simple recurrence formulae show that, with any given argument, Bessel’s
coefficients of any order, and their derivatives, can be expressed as linear
functions of the coefficients of any two particular orders, or of any one
coefficient and its derivative, e.g. J; (#) and .J,'(z). In particular,

S @) =3 (J'p1 (2) = pps (@)}
=1 {Jp2(2) - 2J (%) + Jpya (2)}

=—J<w)+ —{(p- 1) Jpos (a) + (p +1) Tya (@)

=~ J,(2) +%Jp (2) - ;CJP' (@)
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or

" I P
Iy @)+ Iy @) + (1 -%>J,,<x)= 0.
This shows that J,(«) is a particular solution of the equation

dy 1d i )
d‘z2+—£+<l—£—)y=0 ..................... (16)

The general theory of Bessel’s functions, defined as solutions of this dif-
ferential equation, is not required for our purpose. We need only the
solutions of the first kind, with integral values of p, and the definition given
above is sufficient.

39. The desired expansions in M can now be resumed. We take
sin m/ which is an odd function of £ and M. Therefore

4

sinmk = sin pM ( " sin mE sin pMdM
Jo

lI

2 sin pM ‘-”}) sinmk . d {cos (pE — pe sin £}
-0

1l

SRS :]lw SEES)

S sin pM JO %'cos mE cos (pE — pesin B)dE
(by integration by parts, the integrated part vanishing at the limits)

= :—TEsianf: {cos (p — mE — pesmE) |
+ cos (p + mE — pe sin E)} dE

5w I T N (17)

In particular, when m =1, by (14)

sin E=§§".Slan.Jp (952 e XIE A0 36,0 60 e (18)
and therefore
E=M+2 E.S‘n;"v BB s g b (19)

Similarly, since cos m¥ is an even function of £ and M,

cosmb = a, + g > cospM} cos ml cos pM dM
=a,+ f—;z cos p[llj";) cosmk . d {sin (pE — pesin £)}
0

= a,,+gEcospM {"Tsin mkE sin (pE — pesin E)dE
m™ Jo P
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(integrating by parts as before)
=+ ;l—r % cosp]l[f: %z {cos(p—mE —pesin E)
—cos(p+mE —pesin K)} dE
=aq+mZ cosp_]l! o (PO S ) o it (20)

The constant term has not been determined. It is

a0=};frcosmEdM
0
=1fﬂcosmE(1—ecosE) dr
m™Jo

=7lrj"{cosmE—%ecos(m+ 1)E—%ecos(m—1) E}dE
0

and thus
= 1 ifm=0
—deifm=1
=" MORafigaaale
The particular case of m =1 is simplified by (15), so that
cos pM

cos E=—de + 22— (Pl) - LA (21)

40. From the last expansion it follows that

cos pM

%=1—ecosE=1+%eﬂ—262 Ty (P€) vevrnnn. (22)

Any positive power of » can be expanded by means of (20). For example
=(l—ecos E)

=1+34e* —2e cos B + 4e* cos 21/
cos pM
p

cos pM {

=1+3i+e2—4eX J) (pe) + e Jp—s (pe) —J 12 (pe)).

Now, by (14) and (15),

2D, (pey - 2D

Jp-2(pe) — Jp1e (pe) = » (pe)

4 4
=5 Jy' (pe) — pet Jy (pe).

Hence
7::' i 1 bt o 520 p]l[

pr & TBEBe) 5 s (23)
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The expansions of the rectangular coordinates can be written down at once
by means of (18) and (21). Thus, if #, ¥ have this meaning and not as in § 35,

z=acos K —ae

—a {— ge+23 % Ifﬂ J pe)} .................. (24)

y=+(1l—¢€)asin F

and

=‘)acot¢EsmpM

A e R A (25)

Other important expansions can be derived from those already obtained by
differentiation or integration. For instance, the equations of motion give

directly
_@ 14 a_sw =(
dMm: " s
dy @y _
: ai o =0
whence
DY D) ;
;:1:;22}7{]1, (pe) cos pM e (26)
YT 2 .
F=Ezcot¢2pJp §pe) st IR S e (27)

41. The expansion of functions of the true anomaly in terms of the
mean anomaly is in general more difficult. But sinw and cos w are readily
found. For (§ 27)

) nt O V(1—¢)sin &
1—ecos

d dE
=COt¢d_E(I—GCOSE)dTW

~cot 77 (3)

=2cospZJ, (pe)sinpM ..ol (28)

by (22). And

cos K —e

CoOS W= ———
1-¢ecos /¥

1—-¢ a
e

‘r
2(1—e ,
( : . T (0 GO B v it oo (29)

=—e—l+

=—e+
by (9).
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Hence also for the equation of the centre,
sin (w— M) =esin M — ~9SJ,(pe) [sin (p + 1) M —sin (p~ 1) M}

+ /(1 —¢e*) ZJ, (pe) {sin (p+1) M +sin(p—1) M}

ks {e+ ) 2120 + V(1 — &) J;(Qe)} sinM+ 5 a,sinpH...(30)

=2
where L
1 —¢?

Ay =

(Tpa(p—T.€) —Jp (p+1.¢)}

+yV(1 =) {Tpa(p=1.0)+ Jpu(p+1.0))
This expansion for the equation of the centre in terms of the mean

anomaly 1is important, although the coefficients are rather complicated.
Hence, as far as €, ‘ ! :

sin (w — M) =e (2 — 3¢) sin M + 3¢ sin 2M + 11¢* sin 3M
w—M=e(2—}e)sin M + 3e*sin 2M + 12¢* sin 3M
as can easily be verified. i

*42. For some purposes Laurent series in the exponentials , y, z of
§ 35 are more convenient than Fourier series in w, £, M. Clearly

etde=udw, y'dy=.dl, z7'dz=u1dM.
Let

S=a, + % (a, cos p8 + b, sin pé)
=a,+ = {§ (ap — tbyp) T + % (ap + tby) TP}
where log 7=1:6. By Fourier’s theorem

(2 2m
Ty =J0 S‘cospe dl, =b,= fo S sin pd dé

(g f sl e Ry < | " Srv 6.
Hence i ¢ i
S=% 4,7
where 1
274, =[:r St2 dé.
This well-known form, intermediate between Fourier’s and Laurent’s, is
general and includes the case p=0. It has been used already in § 37.

Formulae have been found which make it possible to pass from any
Fourier’s expansion in & to one in M. The general result may be expressed
in a slightly different way. For, since y has the same period as z,

Y =23 4,2m

* The reading of §§ 42—46 can quite conveniently be deferred till after Chapter XIII.
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where

D 2 é
2w Ay = f yz=™ dM = un™ [ yPd (z7™)
0 4

= [— i yPr "] — pm? f yP 2™ dy

2 .
= pm~? f Yz dE
0

= pm! f = exp. {pkE — wm (E—esin E)} dE
. 0

=27 pm =1y (me)
(m=0). But when m =0,

2w 2m
A, =f o dM:f 9 (1= ecos E)dE
0 0

2m
= (¥ —dey?* —fey*)dE
0

=2m(p=0); —me(p=11); 0(p*>1).
Hence generally, for any function of y,
S=3B,y#=S5 3 Byd,sm+3B,4,
p m==1 P

—B—le(Bi+B)+ S SpmiByJp_y (me)om

m=%1p

43. There is another form of calculation, due to Cauchy, in which Bessel’s
coefficients do not appear explicitly. Let S be any periodic function, such
that

S=24,2
Here, by (4),

2
oA, = j Sz dM
0
2
= Sy‘l’ exp. [%pe (y — y_l)] (1 — € CoS E) dFE
0

= f:ﬂsy-ﬂ {1 —tely + y_l)} exp. [%pe (y —y™)]dE

- f Uy L
0
where
U=8{1-1e(y+y D exp [pe(y—y™)] cvvvrvriinnin. (31)
= 2 prp
the coefficient B, of U expanded in powers of y*! being thus identical with
the coefficient 4, of S expanded in powers of z%%



42 FExpansions in Klliptic Motion [CcH. 1v

Again, ' ¥
2 ..
QW.AP=—Lf Sz»-? (;Zu dM = o~ f Sdlzﬂ;
0
o 2m dS
= —yp! “P——dM=— e =7
4 fnz M A M B
2 dS 2
= p! Py —— dF
[y
2w
= f lﬂ“‘j'—g exp. [{pe(y —y™]dE
oD dy
2 f Vi R
0
where
1d
V_:I—) % exp. |hpe (@i=crmll s AL T s R Ao (‘32)
= E Bp yl’

the coefficient B’,_, of V expanded in powers of y** being thus identical with
the coefficient 4, of S expanded in powers of z#. The form (32) becomes
illusory when p=0.

Now the exponential function occurring in (31), (32) can be expanded in
a series with Bessel’s coefficients having the argument pe. That returns to
the methods already considered. But another process is possible and has
advantages if S is of suitable form. This consists in developing first in
powers of y —y . Let

»

G+t (E—-t)= S N, 22
p=-o

where j and g are integers (not negative). The numerical coefficients N are
called Cauchy’s numbers and it is evident that a knowledge of them will be
required in this method. By comparing coefficients of ¢? in the identity

(t+ YR =t =1+ ) (= )+ E(E + 1) (¢ — £)

it 1s evident that
N pirg=Npjg+ Nopn,j o

From a double-entry table giving N_, , , with the arguments p, g, therefore,
similar tables giving N_, , ¢, N_p, 4 4, ... can be readily constructed. The
effect of interchanging ¢ and ¢~ shows that

N pig=(=1) Np,j g

The expansion is either even or odd and the highest term is t/*2. Hence
j+q—p is a positive even integer, and if p=j+4¢, N=1.
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It is now only necessary to consider the construction of the table for
N_, o when p is positive. But this is indicated by

!
shd e S (_ t—l)q——r

g iV =2 Moy o#=2 e =)

whence p = 2r — ¢, and

— (= 2(g—p) _ q!
S G TR HE TRl

The tabulation of Cauchy’s numbers, which are all positive or negative
integers, is therefore an extremely simple matter.

44. To consider an example, let

§=(5-1)" = (- ecos By = (- by g + 97"
Then
U={(—da™(y + y " +(— $e)™ " (y + y )"} exp. [$pe(y — y™)]
= (-t (y+y )™+ (— e (y + y )™} f (3pe)(y —y™)q!
=(—tey"(y +y)" § (4peyt(y—yYq!
Sl oy ) e b o L) e ? Gpe)(y—y ) (g—1)!
and
q
By oSO [y, N ]

is the coefficient of ¢? iny U, and therefore of z? in S.

When p =0 the exponential function disappears and the constant term is
given by :
L= de)™ (7 + 3+ (— de)" Ny + y)™

and 1s therefore the first or the second of the forms
(te)" m![(Im) 1] (ey**'(m + 1) H{[F (m + )]}~
according as m is even or odd. i
On the other hand,

dS i
dy =™ (—dey"y(y—yH@+yHm
and therefore

1ne)
V=2 @y 2 O g e
Hence

- m ns (3pe)?
Bya= 0 (A S0P, o,



44 Fxpansions in Klliptic Motion [on. 1v

is the coefficient of y*~* in V and therefore also the coefficient of z? in &S.
Comparison with the previous result shows that
MN _p, m-, g1 = PN_p, m, g = GN—p, mt1, g1
1s an identity. From this the recurrence formula
(m—p+q+ Q)N—pﬂ,m,q.— 2(m— Q) N_pmot+t(m+p+q+2)N_pom,
can be easily deduced.

45. The development in terms of M or z of the_functions

7\" sin AR et
~ mw, (=) @
a) cos a
is of special importance. Here n is any positive or negative integer, and if
m 1is also a positive or negative integer it is only necessary to consider the
second form. This involves Hansen's coefficients X" ™, where
TRy < ymmo g  yn,m SN ;
LN R =13 Xr2ieet 77 KA S = —) amz—tdM.
\& 5 2 0 \a

Now

dM = 2 dE = (552 sec pdw = ii-—g; <£)2 dw

of which the last form follows from the areal property of elliptic motion,
2dw = hdt = nhdM = ab.dM = a? cos pd M.

e=y(1=By ALy
and therefore X"™ can be expressed by a definite integral involving y and
E, or by one involving « and w, by means of (4), (5), (6), thus

Also

2 \
271’X?’m . .!0 (1 HE ﬁ2)——n—1ym—z (1 . By)n+1—-m (1 s By—1)11+1+m
exp. [Yie (y—y™)]dE

and
" 2
O X:,m — ‘0 (1 fuls B2)fm+s(1 A 32)—n—1 wm—i(l o Bw)—n—%i (1 Bt Bx—l)—n—2—i

exp. [1B cos ¢ (B + 27 — (B + z)7}] dw.
The first of these forms shows that (1.4 82"+ X "™ is the coefficient of yi—m
in the expanded product Y,Y,, where

¥y=(1 = Byy— exp. (§iey)
Y,=(1 = By )y»r1+m exp. (— Jiey™).
Similarly the second form shows that (1 + 82 (1 — 8)==3X"" is the
coefficient of '™ in the expanded product X, X,, where
X, =1 4+ Bxy™** exp. [t cos . Bz (1 + Bz)™]
Xo=(1+ Bx )yt exp. [ tcos p. Bz (1 + Bz )]
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The deduction of Hansen’s formulae in this way is not difficult, and has been
given by Tisserand (Méc. Cél., 1, ch. xv).

An obvious method consists in expanding the exponential function oc-
curring in the first of the two integral forms in a series with Bessel’s
coefficients. Thus

"2 !
2w X" = (14 ) B, (ie) | yrtmi (1= Byy+m (1 = By yrim d
P S0 :

iLp

=27 (1 + B "1 S J, (i) X"
4

where X" ™ is clearly the coefficient of y*=" in the expansion of
Y™ (B) = (1 — Byy+—m (1 — Bytyrt+m
and therefore equally the coefficient of y—"*#*™ in the expansion of

FZ,(8)=(1— By~y+i—m (1 — Byyrm

Now
) ; b ...(t—h4+1) §...(4—k
(1= Byy (L - Byy = 3 (= fykypd, Lo AH D g G2kt 1)

@G—p—Fk+1) j...(J—k+1)
(p+k)! T k!

where &= p + k, and if j is positive the coefficient of y? is

PGP+ 1) (G—p)...(i=p—k+1) j..(j—k+1)
=Br. ~p! 2 (p+1)...(p+k) w4

87 () F(p—i ~i p+ 1 B)

in the ordinary notation for a hypergeometric series. Hence there are two

LS 1ppriegpi
k

n, m

possible forms for X

vy,
byt n+1—m g L0 i 2 i
(— B)-? (i—p—m>F(z p—n=1 —m-n—-11—p-m+1, 8%
o e n+1+m) i 0 (i RAREe J
(- B)~it? (—i+p+m F(—i+p—-n—-1,m 'n 1, —e+p+m+1, 87

of which the first is available if 4—p—m> 0 and the second if 7 —p —m <0,
for then the third argument of -the series is positive and the binomial coeffi-
cient has a meaning. If ¢ — p =m both forms become

XZ’X‘:F(m—n— 1, —m—-n-1,1, B
When » is assumed to be positive, at least one of the first two arguments of

the series is always negative, and therefore the series is a polynomial in B
For in the first form with ¢—p —m > 0, the second argument is certainly
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negative if m is positive; if m is negative, n +1—m >0 and the binomial
coefficient shows that ¢ —p —m < n+ 1 —m, so that the first argument is
negative. Similarly when the second form is valid it also is a terminating
series. When n is negative one of the known transformations of the
hypergeometric series may be necessary to give a finite form. Hence
Hansen’s coefficients are reduced to the form /

XP"=A+ )12 J,(le) X7
V4

where X7™ represents, with a simple factor, a hypergeometric polynomial
in 8% This form was first given by Hill.

46. The periodic series in M found above are evidently legitimate
Fourier expansions, satisfying the necessary conditions with e<1, and as
such are convergent. The Bessel’s coefficients are given in explicit form by
the series (11) which also is at once seen to be absolutely convergent for
all values of e. But in practical applications the expansions are generally
ordered not as Fourier series in M but as power series in e. Under these
circumstances the question of convergence is altered and needs a special
investigation. Now

E=M-+esinE

considered as an equation in & has one root in the interior of a given contour,
and any regular function of this root can be expanded by Lagrange’s theorem
as a power series in ¢, provided that

lesin B |<|E - M|

at all points of the given contour®*. We have then to find a contour with the
required property, and to examine its limits.

We are to regard e and M as given real constants. The equation
E=M+pcosy+epsiny
where p is constant, defines a circular contour. At any point on it
-sin K = sin (M + p cos ) cosh (p sin ) + ¢ cos (M + p cos x) sinh (p sin )
so that
| sin E 2 = sin® (M + p cos ) cosh® (p sin x) + cos® (M + p cos x) sinh?® (p sin )

= cosh? (p sin x) — cos® (M + p cos x)
while
| E~ M|=p.
* Cf. Whittaker’s Modern Analysis, p. 106; Whittaker and Watson, p. 133.
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The most unfavourable point on the contour for the required condition is
that at which |sin £ | is greatest. And our series is to be valid for all real
values of M. Hence the condition is always fulfilled if it is fulfilled when

siny=%1, cos(M+pcosy)=0

or
x=tim, M=tjm

in which case . _—=
| sin £ | = cosh p.
Thus the required condition becomes '
' e < p/cosh p.
The greafest value of e is therefore. limited by the maximum value of

p/cosh p, which is given by
cosh p = p sinh p.

Inspection of a table of hyperbolic cosines shows at once that p/cosh p is
greatest when p is about 120 and that its value is then about 2. With
ordinary logarithmic tables an accurate value can be obtained -without
difficulty thus. Let tana be the greatest possible value of e, so that

tan a = p/cosh p=1/sinh p.
It easily follows that
exp. p=cot §a, coth p=seca
whence, by the equation giving p,
cos a Logcot fa=1
or, using common logarithms and taking logarithms once more,
log cos a + log log cot § a 4+ 0:362 215 69 = 0.
In this form it is easily verified that

a=233°32"3"0, tana=06627434....

This last number is then the limiting value of ¢, within which the expansion
of any regular function of £ in powers of ¢ is valid for all values of M. The
orbits of the members of the solar system have eccentricities which are much
below this limit, with the exception of some, but not all, of the periodic
comets.

47. In the form in which Bessel’s coefficients occur most frequently in
astronomical expansions,

A 2 A B v L
eJJ(Je)‘(z) (j—l)!{l Cirnt2.4.@0 )@Y }‘

2
hoo jeN1 1 e 1202 i+ 4 g4
2%(]6):(‘%) W{I_L__'z = +J_____ Al, % ) }'
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It may be convenient for reference to give the following table :

et et et
192 " 9216+

2 el et et
ng(Qe)_e<1 —§+-ﬂ—%+...)

D
;Jl(e) =il

2 9e? Qe  Slet
EJS(SQ)‘_< 1676w )

2 4e? 4@“
e—J4(4e)_—~(1—7’~ - )

2 625¢' /. 23¢* 6256
el (00)=ggr (1 B% CAIEal )
2 Sle* /. 9¢ 8let
;J‘*(Ge)-m(l Tt )
o7 01 3e2 5et : 796

2J7(e) =1—5+ 755 916+

By A e tnet o wet
2J2(26)-e(1—§v+§—9—0+...)

. 9e? 15¢2  189¢t
2J3(3e)=§( 16+64 2

2.7, (4e)= ¢ kl ¢ )
[y 625¢* 35¢2  375¢
81e? 12¢2  135¢¢
dle )‘—<1.“T+ 112 ~ )

These can easily be carried further if necessary, but they are often enough for
practical purposes.

Bessel’s coefficients oceur naturally in several physical problems discussed
by Euler and D. Bernoulli from 1732 onwards. In 1771 Lagrange* gave
the expression of the eccentric anomaly in terms of the mean anomaly, the
result (19) above, and found the expansions of the coefficients as power series,
thus anticipating Bessel’s work (1824) of more than half a century later.

* Qeuvres, 11, p. 130. This reference, which seems to have been overlooked, is due to
Prof. Whittaker.



CHAPTER V

RELATIONS BETWEEN TWO OR MORE POSITIONS IN AN ORBIT
AND THE TIME ’ ¢

48. Since a conic section can be chosen to satisfy any five conditions it is
evident that when the focus is given, and two points on the curve, an infinfte
number of orbits will pass through them. The orbit becomes determinate
when the length of the transverse axis is given, thongh in general the solution
is not unique. For let the points be P,, P, and the focal distances r,, r,.
In the first place we take an elliptic orbit with major axis 2a.  The second
focus lies on the circle with centre P, and radius 2a — 7, ; it also lies on the

. circle with radius P, and radius 2a —r,. These two circles intersect in two
points provided (¢ 'being the length of the chord P, P,)

20 —r +2a—1r,>¢
or
] T T IR G Ty Gt i < 86 SR s i s (1)

v

If this inequality be satisfied two orbits fulfil the given conditions; if not,
no such orbit exists. We notice that the two intersections lic on opposite
sides of the chord P, P,, so that in the one case the two foci lie on the same
side of the chord, in the other on opposite sides. In other words, in one
orbit the chord intersects the axis at some point between the foci, while
in the other orbit it does not. Ounly when 4a =7+ »,+ ¢ the two circles
mentioned touch one another in a single point on P, P, and the two orbits
coincide. In this case the chord passes through the second focus.

When the orbit is the concave branch of an hyperbola the second focus
lies on the circle with centre P, and radius 7, + 2¢ and also on the eircle
with centre P, and radius 7,4+ 2a. These circles always intersect in two
distinct real points since

Y re+2a 41,4 20> ¢

always. There are therefore always two hyperbolas which satisfy the con-
ditions. The second foci lie on opposite sides of the chord and hence in the
onc case the chord intersects the axis between the two foci and the difference

P. D. A. . 4
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between the true anomalies at the points P, P is less than 180° while in
the other case the chord intersects the axis beyond the attracting focus and
the difference between the anomalies is greater than 180°.

Under a repulsive force varying inversely as the square of the distance the
convex branch of an hyperbola can be described. The position of the second
focus is again given by the intersection of two circles, the one with centre P
and radius 7, — 2¢ and the other with centre P, and radius 7, — 2a¢. These
circles intersect in two points provided -

rn—2a+1r,—2a>c
or
dia <my =g LA R S (2)
There are then two hyperbolas and in the one case the chord intersects the
axis at a point between the two foci while in the other it cuts the axis at a
point beyond the second focus.

* It is easy to see similarly that it is always possible to draw four hyper-
bolas such that one branch passes through P, while the other branch passes
through P,. These have no interest from the kinematical point of view
since it is impossible for a particle to pass from one branch to the other.

The case of parabolic solutions, two of which always exist, can be inferred
from the foregoing by the principle of continuity. But it is otherwise clear
that the directrix touches the circles with centres P,, P, and radii r,,7,. These
circles, which intersect in the focus, have two real common 'tangents either of
which may be the directrix. The corresponding axes are the perpendiculars
from the focus to these tangents. In the case of the nearer tangent it is
evident that the part of the axis beyond the focus intersects the chord P, P,
and the difference of the anomalies is greater than 180°. In the case of the
opposite tangent, on the other hand, it is the part of the axis towards the
directrix which cuts the chord and the difference of the anomalies is less
than 180°.

These simple geometrical considerations show that, when the transverse
axis is given, two points on an orbit may be joined in general by four elliptic
arcs (of two ellipses), by two concave hyperbolic arcs, by two convex hyper-
bolic ares ; and in particular by two parabolic arcs. This conclusion is qualified
by the conditions (1) and (2) which of course cannot be satisfied simul-
taneously. All these different cases must present themselves when we seek
the time occupied in passing from one given point to another, as we shall
at once see.

49. Let E,, K, be the eccentric anomalies at two points I, P, on an
ellipse, and let
b : 20 =k, + E,, 29=FK,-E,.
Then
r=a(l—ecos £)), r,=a(l—ecos k)
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and
i+ 1y =2a {1 —ecos } (K, + E,) cos } (B, — E\)}

" =2a(1—ecos G cosg).
Again, ¢-being the chord P, P, :
¢* = a?(cos K, — cos K,)* +a*(1 — ¢?) (sin B, — sin K,)?
= 4a?sin® G'sin® g + 4a? (1 — ¢?) cos? G sing. =

Hence if we put
cos h=ecos G

then

¢ = 4a?sin? g (1 — cos?h)
or

¢ =2asingsinh
and

7y + 7, = 2a (1 — cos g cos h).
If further we now put
e=h+g, oé=h—yg

or
" e—8=E,—E, cosi(e+8)=ecos} (Bt E).ooinn... (3)
we have ) ¢
r+1+c=2a{l—cos(h+g)} =4asin® je.............. 4)
r+ry—c=2a{l—-cos(h—g)= Amsin?»%s ............... (5)

But on the other hand, if £, > E, and
p=k(1 +.m) = n*a?
the time ¢ of describing the arc P, P, is given by
nt = E,— E, — e (sin K, — sin E;)
=e—8—2sin}(e— &) cosi(e+d)
(el 0)) = (SNl el STNFS M Sl e o (6)

where e and & are given by (4) and (5) in terms of 7+, ¢ and a; and this
is Lambert’s theorem for elliptic motion.

50. It is evident that (4) and (5) do not give e and & without ambiguity,
and this point must be examined. We suppose always that &,— &, < 360°,
i.e. that the arc described is less than a single circuit of the orbit; and we
assume that the eccentric anomaly is reckoned from the pericentre in the
direction of motion. Now it is consistent with (3) to take } (e + 8) between
0 and 7 and we also have } (e — 8) between the same limits. Hence le lies
between 0 and 7 and 18 lies between — 7 and + {m. . But the equation of
the chord P, P, referred to the centre of the ellipse shows that it cuts the
axis of # in the point

z=acos}(l,— E)fcosi(E,+ E) y=0
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so that, if @ is this point, A the pericentre and F\F, the foci,

FQ_=x—ae_ 0037(6—3)-‘008%(6+3) g sm%esmls

A0 w—a cosk(E,— El) —eos § (B, + E)) - sin §E, sin } K,

FQ _xz+ae_ cosy(e—08)+cosd(e+3d) cos Jecos 46
A4Q z—a cosi(b —E)—cos} (B, + k) sinlE sinE,

Now sin fe and cos }8 are always positive. We may also take E, less than
27 and sin }E, positive; then sin }E, is negative or positive according as
the arc includes or does not include the pericentre. In the first equation
the left-hand side is negative when the chord intersects the axis between
the pericentre and the  first (attracting) focus; in the second when the
intersection falls between the pericentre and the second focus. Otherwise
both members are positive. Hence we see that sin }8 is positive if (1) the
arc contains the pericentre and the chord intersects F,4, or (2) the arc does
not contain the pericentre and the chord does not intersect F,4 ; and that
cos e is positive if (3) the arc contains the pericentre and the chord inter-
sects FL4, or (4) the arc does not contain the pericentre and the chord does
not intersect F,A. In other words, sin 8 is positive when the segment
formed b) the arc and the chord does -not contain the first foeus, and cos }e
is positive when the segment does not contain the second focus.

Let ¢ and §, be the smallest positive angles which satisfy (4) and (5).
The other possible values are 27 —¢, and — 8,. If we put
nty=¢ —sine, nt, =8 —sind,

there are four cases to be distingllisheci, namely :
(a) t=t,—1t

when the segment eontains neither focus;
() Lot=th+t

when the segment contains the attracting, but not the other focus;
(c) t=2wrn—t,— 1 :

when the segment contains the second, but not the attraeting focus;
(d) t=2m/n—t,+1

when the segment eontains both foci. It is easy to see from § 48 that when
the extreme points of the arc alone are. given these four cases are always
presented by the geometrical eonditions and can only be distinguished by
further knowledge of the circumstances. Usually it is known that the are is
comparatively short and hence that the solution () is the right one.
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51. The corresponding theorem for parabolic motion is easily deduced as
a limiting case. For when @ is very large ¢ and 8 are very small. Hence
(4) and (5) become ‘
aet=1r,+r;+c, ad=1r+r,—ec.

At the same time, if we replace n by #é/a%’ (6) becomes
pit = at (e — &) a
=3(r+r+ o FE(n+r—-o)t

*As this applies to the motion of a comet, and the mass of a comet may be
considered negligible, we may therefore write

Okt = (1, + 1o+ c)% Fr+r,— c)% ..................... (7)

which is the required equation. It was first found by Euler. As regards -
the ambiguous sign, the second focus is at an infinite distance and does not
come into consideration. But & is negative or positive according as the
segment formed by the arc described and the chord contains or does not
contain the focus of the parabola. Hence the lower (+) sign is to be used
when the angle described by the radius vector exceeds 180°, and ‘the upper
(=) sign is to be used:-when this angle is less than 180°, as it almost
always is in actual problems.

52. The solution of (7) as an equation in ¢ is facilitated by a trans-
" formation due to Encke. We put

c=(r+mr)siny, 0<y<90°
and

n = 2kt/(r, + 7"2)%.
Then (7) becomes -

3n=(1+sin ry)% FA1- siri«y)g !
=(cosfy+sindy) F(cosfy—sindyP ..coovenennn.. (8)
First we take the upper sign, in which case
"3n=6sinfycos?Ly+ 2sindly

=6 sin Ly — 4sin® Ly

If we put
sinly=V2sin 10, 0<10<30°

then

37 =2+2sinO, 0< O<90.c..ccorvvrriiriiineierinnnn. 9)
and . .

' siny = 2V/2sin 1@ y/(cos £O).
Hence
CE= (- T o)k 5 ¥ o vt LTI AR M L et (10)

where - '

p=siny/n=23sin 40 4/(cos $8)/sinO.................. 11)
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Since u and 5 are both functions of ©, u can be tabulated with the argument 7.
When such a table is available (cf. Bauschinger’s Tafeln No. xxi11) and 7 is
known, ¢ is immediately given by (10).

In the second place we take the lower sign in (8), so that
3n=2cos® Ly + 6 sin®Lycos iy
= 6 cos 1y — 4 cos® 3.
If now we put

cos Ly =¥2sin }0, 80° < }O < 45°
then '

Sn=2v2sin®, 90°< @ <185% .ceierrersrirsons a2y
and ;

sin y = 242 sin }© 4/(cos 20)

as before. Hence (10) and (11) apply equally to this case, with the difference
that © as given by (12) is an angle in the second quadrant instead of .the
first. Except for this the solution is formally the same in both cases, but
different tables would be necessary. The case of angular motion exceeding
180°, however, seldom demands consideration in practice.

53. For motion along the concave branch of an hyperbola under attraction
to the focus we-have (§ 30)

= a(ecosh &, — 1), ‘ ro=a (e cosh K, —1)
and we may suppose E,> E,. Hence
7 + 1, = 2a {e cosh 1 (K, — E,) cosh ] (E' + B) -1}

= 2a {cosh { (¢ — 8) cosh (¢ + &) — 1}
where
e—8=FE,—F, coshi(e+8)=ecosh} (K,+ E) ...... (13)

Again, the chord ¢ is given by
¢* = a* (cosh B, — cosh E,)* + a? (¢ — 1) (sinh £, — sinh E,)?
= 4a?sinh*§ (B, — E))sinh*} (&, + E,)
+ 4a?(e* — 1) sinh?§ (&, — £,) cosh*} (&, + E))
= 4a?sinh? § (e — 8) {— 1 + cosh®§ (e + 8)}
or
¢ = 2a sinh } (e — &) sinh 4 (e + §).

Hence-
7+ 71+ c=2a(coshe —1)=4asinh*fe ............... (14)

[ ]
7147, —c=2a(coshd — 1) =4a sinh?§6 ............... (15)
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But on the other hand if
p =k (1 +m) =n%?
nt = esinh K, — K, — (esinh £, — K))
= 2esinh § (K, — E,) cosh & (£, + E,) — (E,— £)
= 2sinh § (e — &) cosh § (¢ + &) — (e — 8)
=ginh e —SINh 8 —(€—=8).c.evvrrnrnrvinrennnnnnns e (16)

where e and 8 are given by (14) and (15). This is the form which Lambert’s
theorem takes in this case.

We may take § (e + 8) as defined by (13) positive ; and § (e — &) is positive
since £, > &,. Hence e is positive. Now the equation of the chord referred
to the centre of the hyperbola gives for the intercept on the axis

x=—acosh } (K, — E)/cosh } (K, + E,), y=0
or, (— ae, 0) being the attracting focus within this branch,
2+ ae= — a {cosh } (¢ — 8) — cosh § (¢ + 8)}/cosh § (&, + K))
=+ 2a sinh fesinh §8/cosh § (B + E)) wovvevnnennnnnnnnin. )

The left-hand side is negative or positive according as the intersection falls
beyond the focus or on the side of the focus towards the centre. Hence
sinh 48 is positive when the angular motion about the focus is less than 1807,
and negative when it exceeds 180°. Thus the sign of & is determined. If

we put
m? = (1 + 1o+ ¢)fda, mP=(r,+1r;—c)/da
then
sinh}e =+m,, sinh}d=1m,
or
exp. fe=+m, + Nmg?+ 1, exp. 38 =+ m, + Vg + 1

sinh €= 2m,¥Vm?2+1, sinh 8=+ 2m, Vg2 + 1.
Hence (16) can be written (Log denoting natural logarithm)
nt = 2m, Vm? + 1 F 2myVmg2 + 1 :
—2Log (77;1 + N/m) + 21 Log (m. + ’\/m)
where the upper or the lower sign is to be taken according as the angular

motion about the attracting focus is less or greater than 180°.°

54. The corresponding theorem for motion along the convex branch of
an hyperbola under a repulsive force from the focus can be proved similarly.
In this case (§ 32)

r=a(ecosh £;+1), r,=a(ecoshE,+1).

Hence
7y + 7, = 2a {cosh (e + &) cosh § (e — 8) + 1}
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where i
e—8=UFK,— L, cosh}(e+8)=ecoshi(H,+ E)......... (18)
and as in § 53 G,
0 = 2a sinh (e — &) sinh § (e + 8).
We have therefore .
r,+r9+c=2a(coshe +1)=4acosh®ie.......c...... (19)

n +ry—c= 2a (cosh &+ 1)=4acosh?$é ............ (20)
Then by § 32 (22), if u' = na?,
nt = esinh I, + K, — (e sinh B, 4 £))
= 2esinh § (¥, — E))cosh L (B, + E)) + E, — K,
=2sinh (e~ 8)cosh (e+ &) +e— &
= ginh ¢ ;= SIS AyEI=70] Ll Lbunbsain sl aibb kil P EEGaE (21)
where ¢ and 6 are given by (19) and (20). This is analogous to the other
forms of Lambert’s equation.
Putting as before
m2=(r, + 7, + c)/4q, my? = (r; + 1, — ¢)/4a
we have of necessity
coshie=+m,, cosh}8=+m,
but there is again an ambiguity in the values of e and 8. Now we may take
E,> E; and } (e —§) positive; and we may define }(e+ &) as the positive
value which satisfies (18). Hence e is positive and exp. (Je)>1. To the
equation (17) now corresponds

x—ae=—2a é_inh e sinh }8/cosh } (%, + Ey)

showing that & is positive if the chord intersects the axis at a point on the
side of the focus towards the centre. It must be noticed that this focus is,
as before, the focus within the branch and not the centre of force. Hence
exp. $8 > or < 1 according as the angular motion about this focus < or > 180°
It follows that

exp. (Je) =4 m +Vm? =1, exp. (48) = + my + Vm? — 1
sinh e =2m, ¥m2—1,  sinh 8= + 2m, V2 — 1
and hence that ‘
nt=2m Vn? — 1 F 2m, Vgt — 1
+ 2 Log (m, + ¥m? —1) F 2 Log (my + ¥mg? — 1)

where Log denotes natural logarithm and the upper or the lower sign is to be
taken ‘Lccordmg as the motion about the internal foecus (not the centre
of force) is less or greater than 180°.

In all cases, whether the motion is along a parabola or either branch of
an hyperbola, when two focal distances are given in position and nothing
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more is known about the circumstances, the discussion of § 48 shows that
the ambiguities in the expressions for the time of describing the arc corre-
spond to the distinct solutions of the geometrical problem. Hence they
cannot be decided without further information. In practice, however, .it
rarely happens that the angular motion about a focus exceeds 180° and
this limitation, by which the upper sign can be taken, will be generally
understood. _—

55. A quantity of great importance in the determination of orbits is the
ratio, denoted by , of the sector to the triangle. The case of elliptic motion
is taken first. Since n = %/ab, where L is the -constant of areas, twice the
area of the sector is, by (6),

ht=ab {e — & — (sin e — sin 3)}.
But if (2, v,), (#, 9.) are the extremities of the arc, twice the area of the
triangle is
24 = (21y,— 2,91) : _
= ab {sin K, (cos V', — e) — sin K, (cos K, — e)}-
= ab [sin (B — By) — 2¢ cos § (B, + By sin § (B, — B,)]

= ab {sin (e — 8) — (sin € — sin §)}

by (3). Hence

_ €—0—(sine—sind) 3
U= éin(T;-.S)——(sin 6‘—7- 51‘1 8) ..................... (22)
This expression contains « implicitly and this quantity is to be eliminated.
Let 2f be the angle between r, and 7, and let g, A have the meaning aSSIgned

to them in § 49. Then

16a? sin? Lesin®i8=(r, + r, + ¢) (ry+7r,—c)
= (1, + 1) — 1% — 12 + 217, cos 2f
= 47,7, cos® [
whence et
: 2a (cos g —cos h) = QCOSf’\/'r,’rg.
Also by (4) and (5) ! .
7 + 7y = 20 (sin® Le + sin® 1 5)
= 2a (1 —cos g cos h)
and therefore ' L
7y + 7, — 2 cos feos g Vryr, = 2a sin® g,
Again, by (22),
7 nt
sin 2g — 2 sin g cos h

y:

o - Vo i
_sing.2cosf«/7_'l—7:;‘



58 Relations between two or more Positions [em. v

Hence S Ty
Y2 (1, + 1y — 2 €08 fcos g V1) = 2ut/(2eos fVT ) . (23)
since n?a®=pu. On the other hand
1 €— 8 —sin (e — 9)
Y=~ Sn(e—9)— (sine —sind)
2g — sin 29

~ 2sin g (cos g — cos k)

a (29 —sin 2¢)

- sing. 2cosf~/7717';
and therefore

2 Dy — «
FU=D= c(;s;t o :&Sig‘g’_zg ............... (24)
In the notation of Gauss we write
r+r L
L M T
and then (23) and (24) become
y® = /(14 SR e Bt b L e o (25)
P —yr=mr(29 —sin29)/SI0® " oenvninininnnnnnn. (26)

The value of  is to be found by solving this pair of equations in y and g, the
solution being performed by some method of approximation.

56. The corresponding ratio in the case of a parabola can be expressed
in several forms. The simplest can be derived as a limiting case from the
ellipse when a is large and € and & are small. TFor (22) then gives

" e — 8 484 ed
I Te—op+e—&  Bes
But by § 51, 52
28 = (1) + 1,) — ¢ = (1 + 7,)? COS? .

Hence '
: 2 2(7‘1+7'2)+_(7'1+7"2) COS 1y
B 3(r,+1y)cosy
=11 +2secy)
where

¢=(r,+7,)siny.
Thus y, like 5 ‘and u, is a function of ¢ (or ®) and can therefore like p
be tabulated with the argument », where
: n = 2kt/(r, + 7"2)?r = 2sin v (2 + cos ).
(Cf. Bauschinger’s Tafeln, No. XXII a.)
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57. In the case of the branch of an hyperbola concave to the focus of
attraction, twice the area of the sector is by (16)
ht = ab {sinh e — sinh § — (e — d)}
since h = +/(up)=nab. And, if (z,, y,), (#, ¥,) are the extremities of the arc,
twice the area of the focal triangle is
248 = 20 — T, Ys
= ab {sinh %, (cosh £, — ¢) — sinh %, (cosh | — e)}
= ab {sinh (E, — E,) — e (sinh E, — sinh £,)}
= ab {sinh € — sinh & — sinh (e — 3)}
by (13). Hence
_ sinhe—sinhd —(e—3)
~ sinh e — sinh § — sinh (e — )
Now we have by (14) and (15)
16a?sinh? § e sinh? 16 = (r, + 7,) — ¢?
= 4rr,cost f

or
2 cos f V7,7, = 2a (cosh i — cosh g)

where 2k =¢+39, 29 =€—3. Also by addition of the same equations (14)
and (15)
7y, + rp, = 2a (cosh g cosh h—1)
and therefore A
7y + 1, — 2 cos feosh g Vr,r, = 2a sinh? g.
But by (27) :
y = nt/(2 sinh g cosh A — sinh 2¢)
= ant/sinh g (2 cos f Vr,ry)
and therefore
12 (r, 4 1y — 2 cos feosh g Vryry) = 2ut? (2 cos fNT) ... (28)
since n?a® = u. On the other hand
X sinh (e — 8) — (e — 8)
Y~ T sinh ¢ —sinh 8 — sinh (¢ — 3)

sinh 29 — 2¢
~ 2 sinh g (cosh & — cosh g)

iy a sinh 29 — 2g
" 2cosfVrr,  sinthg
Hence :
ut? sinh 2¢g — 2g
(Z2cosf Vrry  (sinhg)

As in the case of the ellipse we write

L

PRI pt?
1+2l_.._7~.2_ iy e T
2 cosf\/7 s (2 cos fNryr)
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and thus (28) and (29) become

PR (U S R (30)
y?— y*=m?(sinh 29 — 2¢g)/sinh®g ............... (31)
This pair of equations in y and g must be solved by some process of approxi-
mation so that the value of y may be found.

58. The case of the branch which is convex to a centre of repulsive
force at the focus (— ae, 0) needs slight modifications. Twice the area of the

sector is by (21)
ht= ab‘(smh e—sinh 6+ e — §)

while twice the area of the triangle is
24 = 2,9, — 2,0,
= ab {sinh &, (cosh £, + e) — sinh &, (cosh £, +¢)}
= ab {sinh (%, - £,) + 2e¢sinh | (£, ~ E,) cosh } (&, + E,)}
= ab {sinh (¢ — 8) + sinh € — sinh §}
by (18). Hence the ratio of sector to triangle is
K3 sinh e — sinh § 4+ ¢ — &
sinh (¢ — ) + sinh ¢ — sinh &
In this case we have by (19) and (20)
16a? cosh® J e cosh? & = (r, + 1‘2)2 — =408t f

or
2 cos f Vr,r, = 2a (cosh h + cosh g)
and
7y + 13 = 2a (1 + cosh % cosh g)

where 2h=¢+ 8, 29 = e~ 8. Hence
2 cosfcosh g9 \/r—l;'; —(n+r)=2a sinh?g.

But (32) may be written

. y = nt/(sinh 2g + 2 sinh ¢ cosh )

= ant/sinh g (2 cos fVr,1)

and therefore e

y*(2 cos f'cosh g Nrr, — 7 — ry)=2u"t*/(2 cos f \/9_'1_772)“ ......... (33)
since n2a®= u’. Also by (32) R

sinh (e — 8) — (e — &)

sinh (e — 8) + sinh e —sinh &

1—-y=

sinh 2¢g - 2¢g :
~ 2sinh g (cosh g + cosh &)

e a sinh 2¢g — 2¢
2cos fVrr,  sinhg
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Hence
: Wt sinh 2g — 2¢
l—y)= — e . . LA S ol 34
¥ (1—y) (@ cosf \/7117‘2)3 sinh® g (34)
If as before we write
+ 7 pt
By =1 i Tar, (S O
. ' 2 cos f v 7,7 (2cosf V)
then (33) and (34) become e
=] (3, T =) e 5 R A A PR (35)
y* — * = m2(sinh 29 — 2¢g)/sinh®g ..........c.... (36) .

and theso again, when solved by a method of approximation, give the value
of y in this case when r,, r, and f are known..

59. Some useful approximations can be obtained from a proposition
which is easily proved. Let X be any regular function of ¢, If we neglect
powers of ¢ beyond the fourth order we may write :

X =g+ ayt + at? + ast® + ayt!
X= ] 2a, + 6a,t + 12a,t2

Let X,, X,, X; be the values of X when t=—17;, 0 and 7,. Then we have
three pairs of equations, obtained by substituting these values in the above.

From phese six equations the coefficients ay, ..., @, can be eliminated and the
result expressed in determinant form is clearly
' Xyl =7 72 =7 7d =0

2 S0 S0 0 Q.0

P SIS S . T G

LA 0 2 —67; 1272

PN L) e W 0

PSSR ) O, 2 6r, 1272

The determinant can be calculated without difficulty, and the result after
dividing by 1277, (7,4 75) is

0= 12X171+X171(712“717'3—'7'32)
y 12X2 ('Tl = T.\s) - sz ('7'1 17 73) ('7'12 + 3115+ ‘Tsa)
+ 12X,7:+ "X'a-r3 (T8 = 7175 — T2). :

If we put 7,= 7, + 7, and write

)

12A1=7273_ T4 12A2= T T3 + T 12A3=7172‘-732 ...... (37)
this becomes ’ - _
X £ Aad, b 9.4
0=X,m, (1 = ‘le ‘) _‘\2‘7’2(1 + 5 2) D e (1 == 3) (38).



62 Relations between two or more Positions [on. v

+

60. Now in the case (;f the motion of two bodies in a plane we have

B=—pa|rs, §=—py/r.

Hence substituting # and y successively for X in the formula just obtained
we have, to the fourth order in the intervals of time,

0=z (1 + #Al/rla) — 2,7 (1 — pds/ 1) + @ (1 + ,“'As/"'33)
O=ym (1 + /J,Al/1‘13) — 47 (1 — ,u,A2/'1'23) + ys7s (1 + /AAS/Tas).'
The solution of these equations in the ordinary form gives

(1 + /‘LAI/TIS) e _7_2_(1 I ,U'Az/rz'g) T T3 (1 + MAa/"'ss)
Zo2Ys — X3Y2 — &Y+ 21 Y; 1Y — Loy x

But the denominators are respectively double the areas of the triangles whose
sides are pairs of ry, 7, 7;. Hence we have the formulae of Gibbs,

¢= . [Z'lﬁa] L [774]
(U +pd [rd) 1 (1= pdy)rd) T (L4 pdyfrg)

where, according to the customary notation, [r,7;] denotes double the area of
the triangle whose'sides are 7,, r;, and 4,, 4,, 4; have the values found
above (37). This expresses the ratio of the triangles correctly to the third
order of the time intervals.

A second interesting example is provided if we take X =72 In this case
we have (§§ 25 and 26)
d2

=2 ~0)
Hence the formula (38) gives
127 (1= 20 A,/ 1y®) — r27a (1 + 2uda[1®) + 12y (1 — 2ud, [ 1)

=— (4,7 + Ay + A575) 20/ a0
=—{n (=72 + 7 (T + 78) + 75 (1T — 7)) 1 /6
=—@B8nTrs -1+ 7 — 7)) u/6a
= — {83 Tems + 3715 (11 + )} /6
= A e A N R e U (40)

The form (40) applies to an ellipse and gives the means of calculating an
approximate value of @ when 7, 75, 7, are known. It must be adapted
to the hyperbola by changing the sign of «. For the parabola the right-hand
side vanishes and we have the relation between the three radii vectores

12T — Tt + 03y = 2u (A [y + Apmo 1 + A7y 75)

which holds provided we may neglect terms of the fifth order in the time.
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61. Returning to the formulat of Gibbs (39), in which the denominators
‘are correct to the fourth order, we have

m[rre] 14+ pd/rd 1 pds pd,

T3 l_'rzrs] x5 1 i #Al/ Ty T rg r®
'7'27[7'17'2] T 1+ ,“flfls/"'s.3 =1 % P‘As + li*iz
Ts[rirs] 1 — pd,/rsd 75 7 -
7y [7275) 3 1+ ud,/r? v wd, A pd,
Ty [Tl 7'3] 1~ /‘A2 / 75 e 7_'23
to the third order. But to the first order
e
e R
11 3
rd ord o org d
Hence
) T ['r G ,u,(A A,) 3“72(A371+ 42
T3 7'2"‘3] 7
Ty [7'17'2] e g w(dy+ Ay) i 3:“‘__i2AsT]
2 R | 75 7ol
Wl _14# (4, + 4,) " Suty iy '
Ty [1175] (A5 sy

For the coefficients we easily find from (37) .
124, + 4) =117+ 12+ e~ 12 =2 (7' — )
12(A,+ A) =11+ 12+ 1o — T2 =2 (T2 — 71%)
12 (s + i) = 1y (T — T + T3 (TaTs — 1) = TP + 75

and therefore

[7 T2] [ 2) _ ":‘2 T34 7.3
[rams] 11+ @_(Tl - ) 7'4( i 3)}

E::rﬂ {1 % W (e —7) = 4 " (rym— ) 71} ...... (41)

[rars) _ 7 o BT
L8 T ;: 1+ B (-7 + 4:_7“;24 (Tems— 1) T3
These formulae are correct to the third order and if the' terms involving
7, be omitted they express the ratios of the’ triangles in terms of the single
distance 7, to the second order. Hence their value for the determination of
orbits. b
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62. Without loss of accuracy the ratio$ can be expressed in terms of the
two distances 7, and 7, instead of 7, and #,. The forms found by Encke -
may be derived thus: we have to the first order

TI=To—TyT3, Fs=Ty+ 7."271
whence
Tg— Ty =1TeTs, T1+13=20+ F(1y— 1)
and therefore .

LB K S ! 37y
(ri+ 1) 8r@ 16 (=)
or
1 s 8 24«(7‘3—-71) 71—73.
(1 + 1) (ri+2)t 5l

In the terms of the third order we have simply
7y = 4f (rs — 71)
dogt 2 ()t
" Hence the ratios of the triangles to the required order become

[r7] o f]’f'ﬁ__ 2 _ 2\ _ i/“' (rs— 1)
[rars] ™ { 3(r+ 73)° (=) (ry +73)t A }
[rre] _ 7 o dp(rs—m)

.(42)

LB i
[7'17'3]—7;{1+m(72 ~aRRE (T1+7"§4 '7'1'1'3/’7'2Jj 5

[7-‘27‘3]_3{ by R
[l 7 G, £ o e

where, if ¢,, t,, £, are the times corresponding to the distances r,, 7,, 7,

]
ity Ts/ Taf J

T =1l =las TNl e T =R AN
Equivalent but rather simpler expressions in terms of the extreme distances
may be obtained by observing that
A 37"2 Teek Al "3

— = — T
3 7.2 2 7‘3" ,,.2.; ,,-24 1
whence !
T4 Ry R B 1 1
=2 = -,
r33 7-13 7-3-5 4 7‘24 7413 7‘33

By substitution in (41) it is easily found that

[mra] _ 3 o i
[7‘2’!‘3] -7-1 1= 12 3 (72 i ) T 127‘33 ('T] e ki )

[7:7] ) s gy 11 [ £ 733}

[rr) T T (i 7 S e iy e (43)
[rers] g T b ; E}

["'1""3] 51 > J%07 2 Ty + 12ry (Fims £ 1°) ig

From the method by which all the expressions of this kind have been derived
it is clear that the results apply equally to all undisturbed orbits, elliptic or
hyperbolic.



CHAPTER VI
THE ORBIT IN SPACE

63. Hitherto we have considered the relative motion of two. bodies only
as referred to axes in the plane in which the motion takes place. It is now
necessary to specify the manner.in which the motion in space is usually
expressed.

We take a sphere of arbitrary unit radius with the Sun at its centre.
The ecliptic for a given date is a great circle on this sphere. That hemi-
sphere which contains the North Pole of the Equator may be called the
northern hemisphere. On the ecliptic is a fixed point  which represents
the equinoctial point for the given date and from which longitudes are
reckoned in a certain direction. The plane of the orbit is also represented
by a great circle which intersects the ecliptic in two points. One of these
Q corresponds to the passage of the moving body from the southern to the
northern hemisphere and is called the ascending node; the other node is
called the descending node. The longitude of Q, or 4, may be denoted also
by Q: it is an angle which may have any value between 0° and 360°. The
angle between the direction of increasing longitudes along the ecliptic and
the direction of increasing true anomaly along the orbit is called the in-
clination and may be denoted by <. It is an angle which may lie between
0° and 180°.

Let P be the point on the great circle of the orbit which represents the
radius vector through the perihelion and @ any other point on the same
great circle representing a radius vector with the true anomaly w, so that
PQ=w, We may denote the arc QP lying between 0° and 360° by o, so
that QQ = & +w. This angle, reckoned from the ascending node to any
point on the plane of the orbit, is called the argument of the latitude. It is
possible to regard e as an element of the orbit, but it has been more usual
to define the element w, which is called the longitude of perihelion, as the
sum of the two angles ) + w although only one of these is measured along
the ecliptic. The angle = +w or Q + w + w is called the longitude in the
" orbit. We have thus defined the three elements, the longitude of the

P.D. A. 5
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ascending node, the inclination of the orbit and the longitude of perihelion,
required to fix the position of the orbit in space, and with these it 1is
necessary to mention the date of the ecliptic and equinox to which they
are referred.

64. The motion must now be definitely related to the time. Let ¢, be
an epoch arbitrarily chosen and 7' the time of perihelion passage. Then,
n being the mean motion, the mean anomaly corresponding to the epoch is

M,=n(ty—T).

Either M, or T might be regarded as an element of the orbit, but in the
case of a planetary orbit it is more usual to employ the mean longitude at
the epoch, €, which is defined as the sum =+ M,. Thus at any time ¢, if
u == +w Is the longitude in the orbit and % the eccentric anomaly, the.
position of the planet is given by

tan%(u—w)=\/(}i:) tan 4 &

E—esmE=M=n(@-1T)
=n({t—1t)+e—w.

where

The mean motion and the mean distance are connected by the relation (§ 24)
nat = /.L;j =k"(1+ m)%

where m is the mass of the planet (negligible in the case of minor planets).
The complete elements can now be enumerated and illustrated by the case of

the planet Mars :
Mars (m=1/3 093 500)

Epoch 7 1900 Jan. 0, O®* G.M.T.
Mean longitude € 293° 44/ 51”36
Longitude of perihelion = 334 13 6 88 | Equinox
Longitude of node ... Q 48 47 9 36| 1900.0
Inclination ] -5 S 39
Eccentricity ... ... e 0093 308 95

Mean motion ... ... n 1886"+51862

Log of mean distance loga 0 -182897 033

The number of independent elements is six, corresponding to the six con-
stants of integration which enter into the solution of the equations of motion,
these being in their general form three in number and of the second order.

When the orbit is parabolic the eccentricity is 1 and the mean distance
is infinite. The scale of the orbit is indicated by the perihelion distance ¢
and the time of perihelion passage 7' is given instead of the mean longitude
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at a chosen epoch. Thus preliminary parabolic elements of Comet a 1906
(Brooks) are shown as follows:

T 1905 Dec. 2229263 G.M.T.

® 89° 51’ 53”7

Q 286 24 22 1 r1906.0

v 126 26 73

q  1296318.

65. Ifaxes O (a4, y:, 2,) be taken such that Oz, passes through the node,
Oy, lies in the plane of the orbit, and Oz is in the direction of the N. pole of
the orbit, the coordinates of the planet (or comet) are

S m=rcos(w+w), y=rsin(e+w), z=0
when its true anomaly is w. Let the axes be turned about Oz, so that Oy,

takes the position Oy, in the plane of the ecliptic and Oz, is directed towards
the N. pole of the ecliptic. Then

Zy=21, Yp=1C08%—28In¢ 2,=2co8t+y,sin

Next let the axes be turned about 0z, so that Oz, passes through the equi-
noctial point and Oy, is in longitude 90°. Then

Zy=x,c08 Q2 — 1,80 Q, yYy=19,c08 2 +x,s8nQ, 2z3=2.

Hence the relations between (z3, ¥, 2;) and (2, ¥, ) are given by

2y 0 2
, cos — cos?sin Q) sin ¢ sin
Y5 ©  sinQ) cos ¢ cos {2 —sin ¢ cos )
A 0 sin ¢ oS 7.

This scheme will give the heliocentric ecliptic coordinates of the planet.

It is convenient to write
sing sin A =cos{), sina cos A =—cos?sin Q
sind’ sin B’ =sin &, sinbd’ cos B'’= cosicos

for then
zy=rsinasin(4d + o+ w)

Ys=rsinbd’ sin (B’ + o + w)
z;=rsint sin(w + w).
Hence, if R, L,, B, are the geocentric distance, longitude and latitude (the
last always a very small angle) of the Sun, which may be taken from the
Nautical Almanac, and A, N, B8 are the geocentric distance, longitude and
latitude of the planet,
A coshcos B =R cos L, cos B, + rsinasin (4’ + o + w)
Asin\cos B = Rsin L, cos B, + rsinb sin (B’ + o + w)
Asin B = Rsin B, + rsing sin (o + w)
whence the geocentric ecliptic coordinates of the planet.
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66. Were the elements given with reference to the equator instead of
the ecliptic, and this is sometimes done (though not often), the same
formulae would give equatorial coordinates with the substitution of R.A. and
declination for longitude and latitude. To obtain equatorial coordinates
from ecliptic elements another transformation is necessary. Let the last
system of axes be turned about Oa; so that Oy, comes into the plane of the
equator and the new axis Oz, is directed towards the N. pole of the equator.
Then the obliquity of the ecliptic being denoted by &,

@y=1@3, Yy=1;COS € — 23 SIN €, 2, =23 COS € + Y5 SIN €.

From the above relations between (a5, ¥s, 25) and (2, g, 2) 1t follows
that («,, ¥, z) and (2, %, 2,) are related by the scheme:

Ty Y1 2

x, sin a sin 4 sin @ cos A cos a

Ya sinb sin B sin b cos B cosd

Vb sin ¢ sin C sin ¢ cos O cos ¢
where 1t is easily seen that

sinasin A = cos{

sin @ cos 4 = — cos ¢ sin )

cosa = sinzsin

sinb sin B = cos ¢, sin )

sinb cos B= cos ¢ cos % cos ) — sin g, sin ¢

cosb = — €0S ¢, Sin 7 cos {) — sin ¢, cos 1

sinc sin C =  sin g, sin

sin¢ cos U = sineg, cos? cos () + cos e sinz

cos ¢ = — sin ¢; sin 7 cos  + cos €, cos 7.

The heliocentric equatorial coordinates of the planet now become
zy=rsinasin(4 + o + w)
Ys=7sin bsin (B + o +w)
z, =rsin¢sin(C + o + w).
Thus, for example, the above elements for Comet a 1906 lead to
@, = r [9:803389] sin (243° 29 42”3 + w)
¥, =7[9999830] sin (331 33 15 -1+ w)
2, =r[9887772]sin ( 60 14 19 5+ w)
referred to the equator of 1906-0.

Let («, y, z) be the geocentric equatorial coordinates of the planet and
(X, Y, Z) the corresponding geocentric coordinates of the Sun, which may
be taken directly from the Nautical Almanac or other ephemeris. Thus

v=X+a, y=Y+y, z2=72+z,
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But
z=Acosacosd, y=Asinacosd, z=Asind

where A, a, 8 are the geocentric' distance, right ascension and declination of
the planet. These coordinates can therefore be calculated from the equations

AcosacosS=X+rsinasin(A+w+w)‘
Asinacosd=Y +rsinbsin(B+o+w)
Asin é =Z +rsin¢ sin (C + o +w).

This form of equations, introduced by Gauss, is very convenient for the
systematic calculation of positions in an orbit.

67. The direct transformation of the elements from one plane of refer-
ence to any other may be made as follows. Let yAB represent the first
plane of reference, 4, AC the sccond plane and BCP the plane of the orbit.
The first set of elements are yB=Q, BP=o and 180°—~B=14 The new
elements are 4,C=Q', CP=o’, and C=47. Also the position of the new
plane of reference relative to the old may be defined by yA = Q,, 4 =¢, and

the arbitrary origin «, by v,4=Q,. Hence the sides and angles of the
triangle A BC are
R OE M N ) == ¥ Lo =10 ()
4.=7%,, B=180°-7, C=v¢.
Now the analogies of Delambre may be written in the single formula, easily
remembered,
sin {45° + (45° - 3D T )} _sin {45° F (45°—}B + A)}-
sin {45° + (45° — }c)} = cos |[45° F (45° - 10)]

where the ambiguities + ¥ must be read consistently but independently in
two sets of three. Hence taking (1) all lower signs, (2) all + signs, (3) all
— signs and (4) all upper signs in the above formula, we have

sin} (' —Qy+ o —o')sin ' =sin § (Q — Q,) sin § (¢ + )

cos (' — Q)+ 0 —o)sin? =cos 3 (2 — Q) sin (¢ —1)

sin (V' - Q,— w + ') cos ' =sin § (Q -~ Q) cos § (7 + 7,)

cos$ (' = Qy— 0+ w)cos i =cos 1 (Q — Q) cosd (2 —1,).
These formulae will serve directly if for example it is required to refer the
elements of a minor planet to the plane of Jupiter’s orbit instead of to the
ecliptic. Or again, if Q, @ and 7 are the clements referred to the ecliptic
and equinox at the date 7' and (’, o and ¢’ the elements for the equinox
T+t we may put Q,=II,,s = and Q,=1I, + Y, where 4, is the general
precession. Hence when these quantities are known the effect of precession
is given by

tan (" = II, — ¥, — Aw) =tan L (Q — 1II,) sin § (¢ + m,) /sin § (4 — 7,)
tan § (Q" — II, — ¥, + Aw) =tan 1 (Q — II,) cos L (¢ + m,)/cos § (+ — 7))
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where Aw = o’ — w, and (by Napier’s analogy involving B+ C and 4)

cos 3 (Q+ Q' — 211, — )
cos § (Q —Q ++)

tanl(v—7)= tan Lar,.

68. When the interval ¢ is moderately short, however, these rigorous
equations for the effect of precession are not required and it is more con-
venient to use differential formulae. We now consider yvAB as the fixed
ecliptic of 1850.0 and »,AC as a variable ecliptic. Since

cos 0 =sin A sin B cosc—cos 4 cos B
—sin C. d0 = (cos 4 sin B cos ¢ +sin 4 cos B)d4 —sin 4 sin Bsinc¢. de

=sin Ccosb.dA —sina sin B sin Cdc *

or
dC = —cos b'. dA 4+ sin‘asin' Biide o NN B e 1)

Also, since
sin C'sinb=sin Bsinc¢
sin Ccosb.db=sin Beosc.dc—cosCsinb.dC

=sin B (cos ¢ — cos U'sin a sin b) dc + cos C'sinbcosb.dA
or

sinC.db=cos Usinb.dA4 +sin Bcosa.dc ...ccoevvvenvunenennnnns (2)
Similarly, since

sin C'sin @ = sin 4 sin ¢
sin Ccosa.da=cos Asinc.dA4 +sin 4 cosc. dc—cos Csina.dC
= (cos A4 sin ¢ + cos U'sin a cos b) dA
+ (sin 4 cos ¢ — sin 4 cos C'sin a sin b) de

=cosasinb.dAd + sin 4 cosacosb. dc
or

sinC.da=sinb.d4 +sinAdcosb.dc .....oeeevvvnivnennnnnn. 3)

By a slight change of notation we now put Q,, w, and 7, for the elements
at I'=1850.0, Q, ® and 7 for the elements at time 7'+ ¢ (instead of Q’, »
and ¢) and define the position of the ecliptic and equinox at 7'+ ¢ relative to
those at 7' by Q, =11, ¢, = 7 and Q,=II + 4, so that

d=w—w, b=0Q-I—v, c=Q,—1II

A=m, B=180°—1, C=0%
Hence by-substitution in (1), (2) and (3)
di= —cos(Q2—1II—+)dr —sin(w, — »)sin 3. dII

sint.d (Q - —+p)=cosesin( — II — y) dmr — cos (w, — @) sin 7. A1
—sint.do= sin (Q —II —+r)dm — cos (Q — II — 4) sin 7. d11.
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But in the coefficients of dIl we may put ¢ =14,, @ = w, and 7 = 0, this being
the mutual inclination of the fixed and moving ecliptic. Hence we have
simply

di [dt=—cos(Q—11 —+)dm/dt

dQ/dt = dyr/dt + cotisin (Q — II — ) dar /dt

do [dt = — cosec @ sin (Q — II — ) dr/ dt.

These are to be integrated between t=¢, and t =t,, and the coefficients of
d [d¢ are variable with the time. Provided the interval is no more than a
few years, it is sufficiently accurate to proceed thus. Writing

B, =% — (&, — 1) cos (A =11 — ) dm/dt

Q,=0,+(t, - t,) {dyr/dt + cot i sin (Q — II — ) dr / dit}

w; = w, = (t, — t,) cosec ¢ sin (2 — I — ) dmr/dt
we take II + +, dw /dt and dyr/dt from appropriate tables (e.g. Bauschinger’s
Tafeln, No. xxX) with the argument T+1@+¢t). With Q=Q,and =1,
approximate values of Q,, 7, can be obtamed and the calculation is then

repeated with the corresponding values (Q + Q,), 1 (3, + 4;) substituted for
Q and <.

69. It is impossible to correct the first observations of a moving body
for parallax in the ordinary way because its distance is unknown. But the
line of observation intersects the plane of the ecliptic in a certain point,
called by Gauss the locus fictus, the position of which can be calculated. If
the observation is then treated as though made from this point the effect of
parallax is allowed for and also the latitude of the Sun.

Let the observation be made at sidereal time 7' at a place whose geo-
centric latitude is ¢. Let a, 8 be the observed R.A. and declination, reduced
to mean equinox. The geocentric equatorial coordinates of the place of
observation are (p cos ¢ cos T, p cos ¢ sin 7', p sin ¢), p being the Earth’s radius
at the place, and the corresponding ecliptic coordiniates (ph,, phs, phs), where

hy = coslcos b=cos¢cosT
hy,=sin [ cos b = cos ¢ sin 7’ cos ¢, + sin ¢ sin ¢,
hs =sin b =sin ¢ cos e, — cos p sin I'sin ¢,

€, being the obliquity of the ecliptic and /, b the longitude and latitude of
the Zenith. Similarly

H,=cosAcosfB =cosdcosa
H, = sin A cos B = cos & sin a cos ¢, + sin 6 sin ¢,
H,=sin B = sin & cos €, — cos O sin a sin ¢,
are the direction cosines of the line of observation, A, 8 being the geocentric

longitude and latitude of the observed object. The Nautical Almanac gives
R,, L, and B, the geocentric radius vector, longitude and latitude of the Sun.
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Hence in heliocentric ecliptic coordinates the equation of the line of obser-
vation is
x4+ Rycos Lycos B,—hp y+ R, sin L, cos B, — hyp
33 H, 432 H,
2+ R,sin B, —hsp
: ¥ H; s
where A is the distance from the place of observation to the point (z, y, 2)
positively in the direction away from the object. If then this line intersects
the plane of the ecliptic in the point (the locus fictus)
oe=—RecosL, y=—Rsind,, z=0
A = (hyp — R, sin B))| H,
— Rcos L =— R, cos L, cos B, + ph, — (hyp — R, sin B,) H, |H,
— Rsin L=— R, sin L, cos B, + ph, — (hsp — R, sin B)) H,/H,.
But these exact equations can be simplified, regard being had to the small
quantities involved. For B, <1”in general, so that sin B, =B, cos B,=1.
Also we may put p =pR, where p is the solar parallax, 880. Hence writing
R=R,+dR,, L=L,+dL,, we have
A=R,(hsp—B))/H,
—cosL,.dR, + R,sin L, .dL, = pR,h, — (hsp — B,) R, H, | H,
—sin L,.dR, — R,cos L, . dL,=pR,h,— (hsp— B,) R, H,| H,
whence
—dR,/R,=p (kycos L, + hysin L) — (hsp — B,) (H, cos L, + H,sin L))/ Hy
dLy=p(hysin L, — hycos L) — (hyp — B,) (H, sin L, — H,cos L,)| Hy -
or again
—dR,|R,=pcosbcos(L;—1)— (psinb— B,)cos (L, —\)cot B
dL,=pcosbsin(L,—{)—(psinb— B))sin (L, —\) cot B
A/R,=(psinb— B,)/sin B.
Here both p and B, are naturally expressed in seconds of arc. Thus dZ,, the
additive correction to the Sun’s longitude, is appropriately expressed in the
same unit. The Nautical Almanac gives log I,, to which the additive
correction 1s

A

dR, log,e
‘R, "206265”
Finally, had the observation actually been made from the locus fictus it
would have been made later in time by the interval required for light to
travel the distance A. But the light equation, or the time over the mean
distance from the Sun to the Earth, is 498*5. Hence the additive correction
to the time of observation is (in seconds)

dp = D GOOBHD By oo iagl
s

d.log B, = % [4:3234 — 10].
1

The reduction to the locus fictus is a refinement rarely employed in practice.



CHAPTER VII
CONDITIONS FOR THE DETERMINATION OF AN ELLIPTIC ORBIT

70. There are certain properties of the apparent motion of a planet or
comet on the celestial sphere which bear on the problem of determining the
true orbit and which can be considered with advantage apart from the details
of numerical calculation which are necessary for a practical solution. They
are closely connected with the direct method of solution devised by Laplace,
but they equally contain principles which are fundamental to all methods.

Let (2, y, z) be the heliocentric coordinates of the planet, (X, Y, Z) the
heliocentric coordinates of the Earth. Then

&= — paxfr}, ...
X=- X R
p=k0+m), p=~k(1+m,)
m and m, being the masses of the planet and the Earth. Let (a, b, ¢) be the
corresponding geocentric direction cosines of the planet, so that
z=X+ap, y=Y+bp, 2=Z4cp.eeceiniciun.... 1)

p being the geocentric distance of the planet. The observed position of the
planet is given in right ascension and declination (g, 8), and if the equatorial
system of axes be chosen,

a=cosacosd, b=sinacosd, c¢=sind.
Since

i=X + dp + 2ap + ap )
p|rt — po X [R? + dp + 2ap + ap =0
or
X (u/1* = po/ B) + dip + 2ap + a (p + pp/r*) =0

and similarly

Y (ufr = o] B2) + bp + 20+ b 5 + pp/r¥) = 0

Z (pfr* — po| B2) + p + 26p + ¢ (b + pp/r°) = 0.
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These are three equations in p, p and g+ up/r®, the solution of which can be
written down at once in the form

—p o <% U CuieEg. Y )
~—— s e s
b b ¥ RrA L A b b b
céZl ¢c ¢ Z @5 \Ge X3

the value of p not being required.

71. The determinants in (2) can be calculated when the first and second
derivatives of the three direction cosines are known. Now

= —SIinocosd.a—cosasino. o

G =—sinocos d.d—cosecosd.a 4 2sin asin d. ad—cos acos . 82— cos 4 sin 8.8

6= cos8.5—sind. &

The derivatives a, &, S, § are most simply calculated from a series of observed
values by Lagrange’s interpolation formulae. If the number of observations
is three, made at the times ¢,, £,, £;, we have according to this rule,

A (t > tz) (t i ts) (t;t:s) (t i tl), (t = tl) (t I tﬂ)
RO AT RN (RSP RY (5 T o e

a,+

whence
E Bt — 1 & L otle o i, diz,
= — Ot e Ot 0,
Gl =t ot Gty & e
2“1 2“2 2a3

B (R TR R (RS2 TNy Rl AT ATy

or, if we choose t=1,, the time of the middle observation,

a=a,
TiTeTs.d=— 72,0+ 7 (T, — T5) . G + 7. a= T2 (az—ay) + 7 (03— )
TTeTs. 0= 21.00—27,. 05+ 27;. 05 == 27, (0 — &) + 275 (a3 — )

where
Ti=t—t, T=4—-t, T=t—1t.

These formulae, which apply equally to the declinations, mutatis mutandis,
are only correct if the observations are made at very short intervals of time
and are ideally accurate. Since the accuracy of observations has practical
limitations, moderately long intervals must be used and a greater number
of observed places is necessary for satisfactory results. Our immediate
concern, however, is rather with general principles than practical methods
of calculation.
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72. It is now possible to calculate the quantity I given by
l=|la d d|+k|a a X
b b b biib B F
By O G (g4 1655 %
and we then have by (2)
lp=14+m)/R—(A+m)[r*.ccccviiiiiiinnini.. (3)

The mass of the planet, m, must be neglected in a first approximation to the
orbit and this is one relation between p and ». In essence it is fundamental
in all general methods of finding an approximate orbit. A second relation
is available because we know the angle ¥» between R and p, namely

r2 = RA-L o L O Roicos .l 4)
while the projection of R as a vector in the direction of p gives
Rcosy=aX +bY +cZ, (0<4<180°).

If 7 be eliminated between (3) and (4) an equation of the eighth degree in
p results, and it will be necessary to examine the nature of the possible roots.
For the moment we suppose that the appropriate value of p has been found.
Then the corresponding value of p is given by (2) and the components of the
velocity can be calculated, since by (1)

g=X+ap+ap, §=Y+bp+bp, 5=Z+ép+cp......... (5)

where X, ¥, Z must be found from the solar ephemeris by mechanical
differentiation. Thus when p and p are known, (1) and (5) give the three
heliocentric coordinates of the planet and the three corresponding components
of velocity at a given time ¢&. From these data the elements of the planet’s
orbit, assumed for the present purpose to be elliptic, can be calculated without
difficulty.

73. Since equatorial coordinates have been used hitherto, the elliptic
elements of the orbit will also be referred to the equatorial plane. If new
coordinates (£, n, £) be taken so that the axis of § passes through the node
and the axis of § through the N. pole of the orbit, the transformation scheme
is (cf. § 65):

x Y z

7 [

cos sin ' 0 |
. 7 .oy ] ’ .y . 2 l

7 | —~sm cose cos ) cos e sine’ |

& sin'sint’ | —cos{)sins’ | cos?’
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Hence in the plane of the orbit,
{=asin O'sin?’ —ycos Q'sint’ +2zcosz' =0
&= &sin O'sine’ — g cos Q'sine’ + scoss’ =0

giving for the determination of {’ and ¢’

sin Q’sin?’ cosQ’'sins’ cos 2’

Sy Rt T L L (6)
Y& —yz xi—dz  xy— &Y
Also, if  is the argument of latitude (or rather of declination),
E=rcosu=axcos 4+ ysin ciiivin... ARy Lo M)
and
n=—asinQ cost’ + ycos Q' cos ¢’ + zsins’
or
TSN 2% = 2 COSCCIE o e SRt o8 R et Tt et e s e T e S 8)

by the above equation for & Similarly, if ¥ is the velocity and x the angle
between V and the radius vector produced,

E=Vcos(u+y)=acosQ +gsinQ ........oervvennn 9)
%= Visin (u ) =% coseed L T (10)
Thus V and y, as well as r and u, are determined. Now if w is the true
anomaly at the point, the polar equation of the orbit gives
P = (LA COSIU NI RoetSAL% Ar s s e e (11)
P COb =R SIS o it A8 R vy il (12)

since tan y = rdw/dr. But the constant of areas is

h=Vrsiny = J(gp) SEAP L Soidoee. .. iul it (13)
giving p and hence ¢ and w. The mean distance @ can be deduced from the
known values of p and e, or directly from the relation

' V2 = Dl — 00 v s oo (14)
and the mean motion n frowi the equation u = k* =n%a®. Also the element =’

is given by =" = Q'+ u —w. 'F inally the epoch of perihelion passage is deter-
mined by the two equations

/
l1—e
tan%E:N/(l—_*_—-‘) tan 4w

n (= Ty=L — eisin £ .- 5SS S (15)

E being the eccentric anomaly at the point of the orbit observed.

74. We now return to the consideration of the solution of equations (3)
and (4), following the method of Charlier, which gives the clearest view of
the geometrical conditions of the problem. The first of these equations is
based on the assumption that the point of observation is moving under
gravity about the Sun. The point which so moves is in reality the centre
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of gravity of the Earth-Moon system and, strictly speaking, the observations
should be reduced to this point and not the centre of the Earth. But this is
a matter of detail which our immediate purpose does not require us to stop
and consider. Similarly we may neglect the mass of the Earth as well as that
of the planet and put R=1. Then the equations become simply

where [ and 4 are known. The position of the planet becomes known when
either p or » has been found, and it is simpler to eliminate p. Thus
Prs= 1206 + 2093 (r*— 1) cos Y + (r* — 1)
¥ Pra—(P+2lcosy+1)ri+2(lcosy+1)r*=1=0 ... (18)
Now the coefficient of 73 is
2 (1 eos ¥+ 1) = {(1 = 1/r%) (1% =1 — ) + 2%}
={A-1/r) (= 1)+ p* 1 + 1/r)}/p*

which is obviously positive, whether » is greater or less than 1. And the
coefficient of 7% is essentially negative. Hence, by Descartes’ rule of signs,
there are at most three positive roots and one negative root. The latter
certainly exists because the last term is negative (the equation being of
even degree), and two positive roots must satisfy the equation, namely +1
(corresponding to the Earth’s orbit) and the root required. There must
be a fourth real root, and therefore in all three real and positive roots, one
real and negative root and four imaginary roots. But the third positive
root may or may not satisfy the problem.

Now by (16) r is greater or less than 1 according as ! is positive or
negative. If then the two roots which are in question lie on opposite sides
of 1, the spurious root can be detected and a unique solution of the problem
can be found. But if they lie on the same side, they cannot be discriminated
between in this way, and an ambiguity exists. If we divide (18) by (r—1),
we obtain

f@)y=0r@+1)—rcosy+r-1)(*+r+1)=0.

SO =+1, f(+1)=21(—3cosv)
so that the roots are separated by +1, and a unique solution exists, if
I (I — 3 cos ) is negative.

Thus

75. The geometrical interpretation is instructive. The equation (16)
for different values of the parameter ! represents a family of curves in bipolar
coordinates, the poles being £ (the Earth) for p and S (the Sun) for ». The
planet lies at the, intersection of one of these curves with a straight line
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drawn through K in a given direction. But there may be two intersections,
and this will happen if f(+ 1) or

p(l—8cos ) = (1 —1/r) (1= 1/ + 3 (1 + p'— 19)]

is positive. This expression changes sign when we cross the circle 7=1 and
again when we cross the curve

1-1/P+3Q+p—1)=0. —
Putting p?=1+ 72— 2rcos ¢ we get for the polar equation of this curve with

the origin at S
4h = Gty Oy LW o MR O s 19)

or in rectangular coordinates,
r(4—3z)=1 -

showing that the curve has an asymptote 3z=4. Moving the origin to £
we find at once that & is a node, the tangents being" y=+ 22. The whole
curve consists of a loop crossing the SE axis at the point r ="5604, ¢ =, and
an asymptotic branch, and is shown as the “limiting ” curve in the figure.
The plane of the figure is that containing S, £ and P (the planet); it is
only necessary to show the curves on one side of the axis because this is one
of symmetry. .

A few curves of the family (16) are also shown in the figure, for values
of [ which indicate sufficiently the different forms. When =0 we have the
cirele =1, called here the “zero” circle. It is evident that when [ is
negative r <1 and the curve lies entirely within the zero circle, while when 1
is positive 7 >1 and the curve lies entirely outside this circle. When [ has
a large negative value, the curve consists of a simple loop surrounding S8 and
an 1solated conjugate point at £. As —1 decreases from w the loop increases
in size until, when [/=—3, the loop extends to X, where there is a cusp.
Afterwards as [ approaches 0 the loop, still passing through E, approximates
more and more closely to the zero circle.

When [ is positive the form of the curves is rather more complicated. It
must be remarked that [ cannot be greater than +3. For

l=(=1)rp=("+r*+r)(r~1)p.

But 7>1 and r—1<p. Hence the limit is established and we have only to
follow the values of { from +3 to 0. At first the curve consists of a small
loop passing through E. As the value of [ falls the loop expands, tending
to enfold the zero circle. Finally, when I = + 02959, it reaches the axis again
and forms a node on the further side of S. As the value of { falls still further
the curve breaks up into two distinct loops. The larger continues to expand
outwards at all points and recedes to infinity, while the inner, always passing
through Z, contracts until finally it becomes the zero circle. These features
in the development of the family of curves will be evident in the figure.
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It will now be apparent that the limiting curve and the zero circle divide
space into certain regions and that the solution of the problem of determining
an orbit by the method indicated is unique or not according to the region in
which the planet happens to be. Thus we distinguish four cases:

(1) If the planet is within the loop of the limiting curve there are two
solutions.

(2) In the space ‘between the loop and the zero circle the solution is
unique.

(3) Outside the zero circle and to the left of the asymptotic branch of
the limiting curve there are again two solutions.

(4) If the planet lies to the right of the asymptotic branch of the
limiting curve only one solution is possible. It happens that newly dis-
covered minor planets are usually observed near opposition and therefore
this is the case which most commonly occurs.

76. There is another curve which has considerable importance in the
problem of determining an orbit by a method of approximation and to which
Charlier has given the name of the “singular” curve. We may find it thus.
If we eliminate r between the equations (16) and*(17) we have

lp=1-(1+2pcosy+p?) %
which is an equation giving the values of p for a line drawn through ¥ in -
the direction . Two of the values become equal and the line touches the
curve (16) if
l=3(cosy+p)(1+2p cos«}r+p2)_%
=3 (cosYr + p)/r.
Hence the locus of the points of contact of the tangents from A to the family

of curves (16) is
(1=1/r%)/p = 3 (cos ¥ + p)}*

22 (P —1) =3 (p* + 7 — 1)

or again | oy
3 ! AR 1 g Spt =20 =512 3 TS N N (20)

or

This is the equation of the singular curve. If we change from bipolar
coordinates to the polar equation with the origin at S, we obtain

3(1 —2rcosd+1r?)=2r"—5r"+3
or
=4 —3CoSP/reciiiiiiiiiiiiiiiiiin (21)

Comparison of this form with the equation (19) of the limiting curve shows
at once that these two curves are the inverse of one another with respect to
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the zero circle. From this relation the form of the singular curve, which is
shown in figure 3, becomes apparent.

The importance of the singular curve arises thus. In general a line
through £ meets a curve of the family (16) either in one point (besides E)
or in two distinct points. In the latter case the coordinates of the planet
are regular functions of the time and can be expanded in powers of the time,
but each is expressed by two distinet series between which it is 1mposs1ble to
discriminate. When, however, the planet is situated at a point on the singular
curve, the two distinct series coalesce and each point of the singular curve
corresponds to a branch point where we may expect the coordinates of the
planet to be no longer regular functions of the time. This is in fact the
case. Charlier obtained the equation of the singular curve by noticing that
along this curve expansion of the coordinates as power series in the time
ceases to be possible.

77. If the masses of the Earth and of the planet be neglected, (2) may
be written in the form
—p_ % _kQ/r-1/R)
Ty oy, "3 T ERTTSPRY (22)

where A, A,, A, represent three determinants and = Ay /k*A,. It is clear,
as we have already noticed, that »< R if [/ is negative and r>R if I is
positive. Now the equation of the plane of the great circle tangent to the
apparent orbit at (a, b, ¢) is

@ o) B e O Cor R 1 s WS DRIy (23)
b b oy
CIMG I

The coordinates of the Sun on the celestial sphere are (— X/R, —Y/R, — Z/R)
and of a neighbouring point to (a, b, ¢) on the apparent orbit (a + @t + it
b+ ...,c+...). Hence the ratio of the perpendiculars from these points to
the above plane is —A,/R+ 1A, =— 2/li*t*R. Thus I is negative if the
Sun and the arc of the planet’s orbit lie on the same side of the great circle
touching the orbit, and positive if the Sun and the arc are on opposite sides.
In the first case r< R, in the second > R. Hence we have the theorem
due to Lambert, which may be expressed by saying that an arc of the orbit
of an inferior planet appears concave to the corresponding position of the
Sun, but the are described by a superior planet appears convex. This test
makes it immediately apparent whether a planet or the Earth is the ncarer
to the Sun.

It may happen that A, vanishes. It is then necessary to express
the coordinates of neighbouring points on the orbit to the third order

B DEA | v 6
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(a tat+Fdat*+ Lat®, b+ ..., c+...). The result of substituting in the left-
hand side of (23) is h
+it)la & «|

b b b

_ ¢ & ¢|

and the double sign shows that the curve crosses the tangent great circle. In
the language of plane geometry there is a point of inflexion on the apparent
orbit. Now if A, vanishes either r=R or A;=0. Thus such a point of
inflexion occurs either when a comet reaches the same distance from the Sun
as the Earth or when the great circle which touches the orbit of a planet
passes through the position of the Sun.

78. When the apparent orbit of a planet reaches a stationary point the
curve either crosses itself and forms a loop, or without crossing itself it pursues
a twisted path, passing through a point of inflexion. At such a point, as we
have just seen, the tangent in general passes through the Sun. There is a
related theorem, due to Klinkerfues, which applies to the case of a loop.
Let P,, P,, P; be three positions of the planet in space, #,, £,, F; the corre-
sponding positions of the Earth and S the position of the Sun. If the first
and third positions correspond to the double point on the loop, E, P, and E; P,
are parallel and lie in one plane. Let SP, meet the chord P, P;in p,and SE,
meet the chord £, F, in ¢,. Ift is the time taken to describe P, P, or K, E,
and ¢, the time along P,P or E,E;, t, : ¢, is the ratio of the sectors SP,P,,
SP,P, or very nearly the ratio of the triangles SP,p,, Sp.P;, that is
Pyp,: p.P,. But similarly ¢, :¢, is nearly equal to the ratio Ke,: e F,.
Hence P, P, and E\E; are divided by p, and e, in approximately the same
ratio and therefore e,p, is parallel to £\ P, and E,P;. Consequently the
three planes K,SP,, E,e,Sp,P,, E;SP; have a common line of intersection,
namely the line through S parallel to £, P, and £, P;. But on the geocentrie
sphere these three planes correspond to three intersecting great circles. The
first and third intersect in P, the double point on the apparent orbit. Hence
the great circle joining any intermediate point on the loop to the corre-
sponding position of the Sun also passes through the double point, at least
very approximately.

It may be inferred then that if any three points on such a loop be joined
to the corresponding positions of the Sun, the three great circles will meet in
one point which is also a point on the apparent orbit. 0

79. There is some interest in finding the geometrical meaning of the
three detcrminants A,, A,, A; in (2) or (22). DBruns has noticed that
Ay = V3, where k is the geodetic curvature of the apparent orbit on the
sphere and V the velocity in this orbit at the point («, b, ¢), so that

Vemit 4 i+ e
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But we shall now express these determinants in terms of the small circle
of closest contact or circle of curvature. This passes through the points
(a, b, ¢), (a+dt, b+bt,c+ét) and (a+ at' +4dt?, b+..., c+...), and the
equation of its plane is

le vy 2z 1]|=0
adaTh e
a b ¢ 0
b e R [
or 0 o s r
@ (b - bé) + y (6d — 6a) + 2 (ab — @by = By eevvnunnnnnnnn. (24)
Now !

@+ et =1
ad + bb 4 c¢ =0
wi +bb+ci=—V:?

by successive differentiation. Solving these as linear equations in a, b, ¢, we
obtain

aly = bi — bé — V' (bé — be)
_ and two similar equations. But (a/V, b/V, ¢/ V) are the direction cosines of
the point P, on the tangent 90° from (a, b, ¢), and the pole of the tangent is
(ay; by, o) Where
Vay=bé —be, Vb,=ca—éa, Ve, =ab- ab

so that : g

bé — b = alA;+ Viay, ...
and e

S (bé — bey =02+ Ve
The equation of the circle of curvature (24) becomes then
(ad;+ a V3 2+ (bA; + 0,V?) y+ (cA; + V) 2 = A,

Hence, if w is the angular radius of this circle,

cos® w = AZ/(A2 + V)
and therefore

A; = Vicot b.

This then is the geometrical meaning of the third determinant.

80. Next we take A,. If (4, B, C) are the geocentric dirvection cosines
of the Sun, X=— AR, Y=~ BR, Z=—CR and
A,=— R {4 (bé —be)+ B (ci — éa) + C (ab — db)}
5 —R% (4 8- A0y B = 60 + G (Ob=aB)}

=—R c% {V(4da, + Bb, + Cc,)}

=~ RV (Aa, + Bb, + Cc,) — RV (Ad, + Bb, + C5,).

6—2
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Here 4, B, C are of course constants. Now (a,, b,, ¢,) is the pole P, of the
tangent at P, (a, b, ¢). The arc PP, passes through the centre of the circle
of curvature and while P is initially describing a circle of angular radius o
about this centre P, is describing a circle of radius 90° —  about the same
centre. If the velocity of P,, which is in the direction of the pole of PP,
opposite P, is V7,

Vijecosw=V/sinw, dqf/V' ==a/V, b/V'==b/V, &/V'==¢/V.
Hence ) =

A,=A V|V + RV cot w (Aa+ Bb + C¢).

Again .
A=~ RV (Aa, + Bb,+ Cc,)

=— RV cosSP,=— RVsinr
S being the position of the Sun on the sphere, and = the perpendicular arc

from S to the tangent PP, at P to the apparent orbit (positive if drawn from
the same side of PP, as I, or the centre of curvature). Also

Ad+ Bb+ O = V eos SP, = V sin v
where v is the perpendicular arc from S to the normal PP, to the apparent
orbit at P (positive if drawn from the same side of PP, as P,). Hence
A,=— RV sint+ RV*cot w sin v.

Thus the geometrical significance of the three determinants has been
determined and we may write (2) in the form

P = —— ,,_2p.,A_.__ __.:/‘L//rs_#o/Ra
RVsint R(V?cotwsiny —VsinT) V3 cot w

which shows in the clearest way how this method of determining the orbit
depends on a knowledge of the simple quantities V, V, , » and @, which can
be specified without reference to any particular axes. To these must be joined
the equation (4), which enjoys the same property.
It has been remarked (§ 75) that { cannot be greater,than +3. Now
l=4;/k0,=—V*cot w/k*Rsin .
Hence for a superior planet,
V2 < 3k*R | tan @ sin 7 |
which sets a limit to the apparent velocity when w and 7 are known, or to the
curvature of the path when V and = are known. ?



CHAPTER VIII
DETERMINATION OF AN ORBIT. METHOD OF GAUSS

81. Since a planetary orbit requires for its complete specification six
elements, it is to be expected that three positions of the planet, i.e..three
pairs of coordinates, observed at known times, will suffice to determine its
path. And this is in general true, though there are exceptional circumstances
in which further observations may be necessary. The formulae are a little
simpler when ecliptic coordinates are employed, and though this is not
essential we shall take as the data of the problem:

the times of observation b b, b

the longitudes of the planet AL g, Ag

the latitudes of the planet BBt B

the longitudes of the Earth Uikl DS 8

the Earth’s radii vectores JER i
The angular coordinates are referred to a fixed equinox which will apply to
the resulting elements. The Earth’s longitude (which differs by 180° from
the Sun’s longitude) and radius vector can be derived from the Nautical
Almanac or other national ephemeris: the Earth’s latitude can be neglected,
or, if desired, allowed for by using the method of the locus fictus (§ 69).

At the time ¢; let 7; be the heliocentric distance of the planet and p; its
geocentric distance. Referred to a fixed system of rectangular axes through
the Sun let (2;, yi, ;) be the coordinates of the planet, (4;, B;, C;) the
direction cosines of R; and («;, b;, ¢;) the direction cosines of pi, so that

= wpi+ A:;Ri, yi=bipi+ B;R;, zi=cip;+C:R;.

82. Since the three positions of the planet lie in a plane passing through
the Sun ;

@' gy N =0
Ty Y2 Zp
T3 Ys 23

or
& (yzzs = ysza) — & (,%23 — .7/331) + x5 (.?/122 = y-zzl) =0.
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But (y.2;, — ¥:25), (4125 —s21) and (3,2, — y»2,) are the projections on the yz
plane of the areas [7,7s], [737,] and [r,7,]. Hence
@, [rars] — @ [1rs] + @5 [117:] = 0
or
[rers] (@ py + Ay Ry) — [1175] (aaps + 45 Ry) + [r75] (asps + Az Rs)=0...(1)

And similarly
[7a75] (bypr + B, R)) — (1] (bops + By Ro) + [1175] (bsps + By Bg) = 0..(2)
[rors] (erpy + Oy By) = [115] (caps + Co Bs) + [1y71,] (ips + Oy Ry) = 0...(3)
These are the fundamental equations expressing the condition for a plane
orbit. From them one pair of the six quantities p;, R; can be eliminated in
fifteen ways. The result immediately required is obtained by eliminating
p1 and p,, namely i
[7"27'3]R1|a1,A1 ;ual = [7'1 Ts] lean Ay, a3i—[r] "‘3] Rz} a;, Ay, as‘ o [7”17'2] Rs!al,An,a.‘;] =0
where the determinants are indicated by their first lines, from which the

second and third lines are to be obtained by changing the letters without
changing the suffixes, e.g.

by Ay s Y1 i1 Ay ey
§ I Ie 3,
‘ ¢ G ¢ i

We have now to notice that these determinants are proportional to the
perpendiculars to the plane

{ It Was i: 0
i b] K} b,
|| &6 2 G

or the plane passing through the points (a,, b5, ¢,), (as, bs, ¢;) and the origin,
from the points (4,, B,, (), (@4, bs, ¢.), (44, B,, C;) and (4,4, By, C;); and these
are the representative points of the directions of R,, p,, R,, R; on the sphere
of unit radius. The perpendiculars to the plane are therefore the sines of the
perpendicular arcs to the great circle through (a,, b,, ¢,), (s, bs, ¢;) and if these
arcs are B, By, B,, By respectively (due regard being paid to sign) our
equation becomes

[775] pesin By = [rers] By sin B, — [ry75] Ry sin By + [ry7,] Rysin BY.. .(4)

83. The points on the sphere just named are F%,, E,, I;, representing
the heliocentric directions of the Earth and lying on the ecliptic, and P,, P, P;,
representing the geocentric directions of the planet. The great circle men-
tioned is P, P;. Let this circle intersect the ecliptic in longitude H, and at
the inclination #,. -Then we have the same relation between any one of the
perpendicular arcs and the longitude (reckoned from H,) and latitude of the
point from which it is drawn as exists between the latitude of a point and its
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right ascension and declination, the obliquity of the ecliptic being replaced
by 7,. That is to say,

sin B, = cos n, sin B, — sin 7, cos B, sin (A, — H;)

sin B, = — sin g, sin (L, — Hy)
sin B, = — sin g, sin (L, — H,)
sin By = —sin gy sin (L;— H,) S

and as regards the points P,, P,
0 = cos 7, sin B, — sin 7, cos B, sin (A, — H,)
0 = cos 7, sin B; — sin 9, cos B; sin (A; — H,).
The latter give, by addition and subtraction,
2 tan n, sin {§ (A, + X)) — H,} =sin (B, + Bs)/cos B, cos By cos & (A; — \,)
2 tan m, cos {3 (A, + \,) — H,} =sin (B, — 8,)/cos B, cos B; sin § (A; — \,)
and determine 7, and /., We now put
¢,=— R, sin B/sin B,, c¢,=— R,sin B,//sin B,, ¢;=— Rysin By//sin 8y
and
= [rars){[rims], o= [rim:]{[7:7s)-
The equation (4) then takes the simple form
Pa=— CNy + Cp — C3Ns.

Now this is a purely geometrical relation involving the intersections of any
plane through the Sun with three lines drawn in given directions through
the positions of the Earth. If we imagine the plane to move into coincidence
with the ecliptic, ¢,, ¢;, ¢; remain unaltered while in the limit p,, p,, p; vanish
and 7, 75, 7, become coincident with R,, R,, R;. Hence if we put

N, =[R.R,]/[R, Ry] = R, sin (L, — L)/ R, sin (L, — L,)
W =R BB R = B Sint (Lo = LB, sin (L, — L;)

the equation
=—ca N +c—c NN,

must be an identity, and this can be verified. Hence by the elimination of c,

Pe=C (N — 1)+ (V3 —1g5)eviiriiiniinininannnnn. (3)

which is the required equation for p,.

84. Since B, is the perpendicular arc from P, to P, P; it is geometrically
evident that if the observed arcs of the planet’s orbit are of the first order of
small quantities (and we assume them to be small) 8, is a quantity of the
second order. Hence the equation (4) shows that if we are to obtain a value
of p, which is a real approximation and not merely illusory we must at the
outset employ values of the ratios of the triangles which are correct to the
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second order in the time intervals. Acecordingly we use (41) of § 61 and
neglect the terms of higher order than the second ; that is to say,

n,-—{ o (e -T,)} ........................ (6)
ns——“{1+ L -—T;)} ........................ (1)

where

Ti=l—t, T.=l—t, Ts=t—h.
It is necessary to neglect the mass of the planet and put w=1%%: this can
safely be done in calculating a preliminary orbit, for which the perturbations
are entirely neglected. The equation (5) for p, therefore becomes

——Cl(N——>+Ca(.N—';>
]‘727173 ( T Ty
~To 0 (1) e (143)

=i LI it 2l e pEn O o v L Aale S ., A

where &, [, are completely determined quantities. "~ But if 8, is the angle
(< 180°) between p, and R, produced,
r= R+ p? 4+ 2R,0,0088; ..ol 9)
where :
cos 8, = cos P, B, = cos B, cos (A, — L,).

If now p, be eliminated from (8), which corresponds to the definite form of
Lambert’s theorem (§ 77), and (9), an equation of the eighth degree in 7,
results. The nature of the roots of this form of equation has already been
discussed in § 74. But Gauss replaced the eliminant by a much simpler
equation which is easily found. We have

v, R SRR R '

S3 w2 G Ay ) ot N e
where z is the angle subtended by R, at the planet in its intermediate
observed position. Hence by (8)

Rgsiq @2_—_ 2) _ I l,sin®z

sin z T RAsind s,

or ;
lysint z/R$sind §, = — R, sin (8, — 2) + ky sin z
and therefore if we put
m, cos g =k, + R, cos &,
m, sin ¢ = R, sin &,
mm, = L,/ R, sin® 8, _
where m, is given the same sign as [,, we have the simple form

msintz =gin (z=g). ol nnin sl (11)
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and this is the equation of Gauss. This form of equation does not avoid the
possibility of an ambiguity arising from two distinct roots, which is inherent
in the problem. But when only one appropriate root exists, it is easily found
by successive approximation. In the most common case, that of a minor
planet observed near opposition, z— ¢ is small and a first approximate value is
given by ot

. zy=q+ msin'q. Y

When 2z is found the corresponding first approximations to p, and r, are given
by (10).

85. We have now to find the corresponding values of p, and p;. For
this purpose we return to the equations (1), (2) and (3), and eliminate
ps and R,. The result can be written down at once in the form
(2] oy | @, 5, A+ [rars] Ry L Ay, @y, Ag|=[r175) 0a] @s, s, A5 +[13 73] Ry| 4,05, 4,
or

Ny i Uy, Us, As} +n, R, | 4, a,, Asl= P2 | (g, a3, Ay : + R, i Ay a5, A, }

where the determinants as before are represented by their first lines, the -
other rows being obtained by change of letters without change of suffixes.
Since the same form of equation must remain true, the directions of p,, p,, p;
being preserved, when the plane of the orbit is made to coincide with the
ecliptic, in which case p, =p, =0 and », becomes N,, the equation

N, R, i A},as,As | =R, | Ay, ag, As,
_must be an identity. Hence

: L i Y
0, (11:(‘31A3'=P2"le;aa»A3j+(A1"‘nl) R\| 4,,a,, 4,
Now

t, @y, A5 | = | cos B,cos\; cosfBscosh, cos Ly
' cos B, sin\; cosB;sink, sin L
sin 3, sin B, 0 {
=cos 3, cos B; {— tan B, sin (\; — L;) + tan B sin (A, — L)}

the axis of z being drawn towards the pole of the ecliptic and the axis of
« towards the First Point of Aries. Similarly

| @y, ag, A5 | =cos B, cos B, {— tan B, sin (A; — L) + tan B, sin (A, — L)}

and
(A, a5, Ag| =sin Bysin (L, - L,).
Hence
mypycos By =M pycos Bo+ (Ny—n) My cooennnn.n.n, (12)
where

_tanp, sin (A; — L;) — tan By sin (A, — L;,)

'™ tan B, sin (A, — L) — tan By sin (A, — L)

= AatanBsin(ly—L)
~ tan B, sin (A\; — Ly) — tan Bysin (A, — L)’

MY
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Similarly the result of eliminating p, and R, from the original equations is
to give (interchanging the suffixes 1 and 3)

Nyp; 08 By = Myp,cos By + (Ny —n) My’ ............... (13)
where
tan B, sin (X, — L;) — tan B, sin (A, — L,)
tan B, sin (A, — 1) — tan By sin (A, — 1))

M= R, tan B sin (L, — Ly)
* T tan By sin (A, — L,) — tan B, sin (A, —
The coefficients M,, M), M,, My as well as N,, N, are constants throughout
the process of approximation, but n,, n, must be taken at this stage from the

approximate forms (6) and (7). Then (12) and (13) give values of p1 and p,
corresponding to the approximate value of p, already obtained.

M=

86. The heliocentric distances, longitudes and latitudes of the planet are
next deduced by the formulae
r;cos b; cos (I; — L;) = p; cos B; cos (A; — L;) + R;
7; COS bl sin (lz = _L,,) = p; COS Bl sin (7\1; = LI) ......... (14:)
r: sin bi =pi sin ﬁ,
(i =1, 2, 3), which are at once found by taking the axis of « successively along
R,, R, and R,, the axis of z being always directed towards the pole of the
ecliptic. But these coordinates give the position of the plane of the orbit, for
tan¢sin (f, — Q) =tan b,
tan ¢ sin (I; — Q) = tan b,
where 7 1s the inclination and Q the longitude of the node ; or in a form more
suitable for calculation

2 tanesin (§ (4, + I;) — O} = sin (b, + by)/cos b, cos by cos & (I, — 1)l
2tanvcos (§ (4 +{;) — Q] =sin (b;— b,)/cos b, cos by sin § (I, —ll)J

And now the three arguments of latitude u;, giving the differences of the true
anomalies, can be calculated, for

tan u;=tan (l; — Q)sect ......cocevviniiiinnnn. (16)

(1=1,2,3). In the case of a comet, it is the plactlce to take u; < or > 180°
accordlng as the latitude is positive or negative; in the case of a planet, u; is
placed in the same quadrant as [;— . If we calculate n,, n; from

_7o8in (g — uy) 7o S0 (Uy — %)
Yomsin (=)’ 0 rysin (uy—u,)
we shall not obtain improved values of these ratios, because these equations

have a purely geometrical basis and merely serve as a useful control on the
accuracy of the caleulation ; the values already obtained should be reproduced.
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87. We have now arrived at preliminary approximations to the values of
the geocentric distances p,, p,, ps, the heliocentric distances 7, r,, 7; and the
arguments of latitude u,, u, u;. From these quantities we might proceed to
deduce a complete set of elements. But our results are not accurate for two
reasons: (1) the effect of aberration has been ignored, and (2) the expressions
(6) and (7) employed for n, and n; were of necessity only approximate., The
effect of aberration may be stated thus. The light observed-at-time ¢ left the
source whose distance is p at the time ¢ — A¢, where

At =4985 p/1 day =[7-76116] p

in days, 498%5 being the light-time for unit astronomical distance. Had the
source moved in the interval A¢ uniformly with the velocity of the observer
at time ¢, its position at time ¢ would be correctly inferred from the observa-
tion, without correction, since in that case there is no relative motion between
the source and the observer. If now we correct the observation for stellar
aberration according to the ordinary rule the observer’s motion attributed to
the source is eliminated and we have the direction of the observed body at
time ¢ — A¢ from the observer’s position at time ¢. This is the most convenient
procedure in the present case, because it enables us to retain the Earth’s
coordinates (R, L) at the times of observation ¢ throughout, the calculation
and to make no subsequent change in the planet’s observed coordinates (A, )
supposing them to be corrected for stellar aberration at the outset. This
avoids many changes which would otherwise be necessary in the calculation of
subsidiary quantities. It only remains when approximate values of p become
known to correct the time ¢ by subtracting At in so far as these relate to
actual positions in the orbit. In particular, the corresponding corrections
must be applied to the time intervals 7, 7,, 7.

-

88. A better approximation to the values of n,, ny might now be made by
using the formulae of Gibbs or those of § 62 and with these values the whole
calculation might be repeated. But we proceed at once to introduce the
accurate formulae for the ratio of the sector to the triangle, (25) and (26) of
§ 55 in the case of an elliptic orbit. The sectors are

dnlrers), $welnrs),  $yalnoe]

.and are proportional to 7,, 7,, 7, (now corrected for aberration). Hence

- Yok T ?2 Ty
m=%2,—, R AR S YT A S Py 17
. Y1 Ta " Ys T, ( )
Here
L Yo' =my¥/(lo+ sin*} go) )

¥5' — 42 = m* (2g, — sin 2¢,)/sin® gzj
by the formulae quoted, and in the present notation

1420, =(r, +13)[2Vrr, cos (s —1w,),  mP= 1'2722/{2\/7‘_17; cos § (1 — ;)%
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The corresponding equations for ¥, y; can be written down by a symmetrical
interchange of suffixes. Various methods have been devised for the convenient
- solution of these equations, generally involving the use of special tables.

In the absence of such tables, and they are not necessary, we may proceed
thus.  Writing the cubic equation in the form

Y-y —4mQ(29)=0, Q(29)=3 (29~ sin2g)/4sin’g
where @ (2g) approaches the value 1 as g approaches the value 0, we compare
it with the identity ‘ 3
(A=A —3(A =1 — (A= AP =0.
Thus y =c¢/(A ~A ") if

N

¢ 4mQ
A=A 3 3
that is, if ¢ =2my/Q =1 (A*—A7%). Hence if A*=cot 183, 3ms/Q =cot B and if
A=cot}y, y=my/Qtany. But from the other equation 'in y we have
sin g =4/l tan § if y=m cos §/y/L .
Accordingly we throw the equations in y into the following form :
cot B =3mn/Q)
tan® 4y = tan 18 l
cos & = /(1Q) tan «
sinfg =4/l.tan & [
Then, calculating the function @ with an approximate value g’ of g, the result
of solving these equations in turn is to lead to a new and closer approximation
g”. With this new value the process is repeated until no change is found
between the initial and final values. The true value of g has then been
arrived at, and finally (the value of & being taken from the last repetition)

Y =1mcos S/Jl.

Since 2g is the difference between the eccentric anomalies, the first approxi-
mation to its value may be taken to be the difference between the true
anomalies, that is, between the arguments of latitude. When 2¢ is small, as
it usually 1s in the practical problem, the direct caleulation of the function
Q (29) is inaccurate (cf. § 34). But if we write

log Q (29) = %## log sec 19 — 1743 log sec 4
the error committed is practically negligible when 2¢ < 90°, and the direct
calculation only presents a difficulty when 2¢ is much smaller than this limit.
The verification of this approximate formula’may be left as an exercise.

It is unnecessary to repeat the solution of (19) until the value of ¢ is
exactly reproduced. This point may be explained in general terms as it is of
wide application. Suppose the equations to be solved are y=p (z), z = ¢ (y),
p and g being any functions. These correspond to two curves P and Q.
Starting with the approximate value z, we find y, = p () and hence (z,, ¥,)



8s, 89 Method of Gauss 93

the point P, on P. Next we find similarly («,, ;) the point @, on Q. This
gives the new value #, of @ and with this we find successively (,, y.) the
point P, on P and (w;, ¥,) the point @, on . But if the successive values
@, &, 3 do not differ greatly, the chords P,P;, @@, lie close to the curves
P and () and their intersection nearly eoincides with the intersection of the
curves. In this way we find for the correction to the third value ;

& — x5y = (@, — W)/ ({2 — @) — (03 — )}
In the above case two solutions of (19) with application of the correction just
indicated will generally suffice for the accurate determination of g and y.

89. When the values of v, 9, ¥, have been thus obtained we have new
values of #, and n, by (17). The next step is to recalculate p, by (5) and
p1, ps by (12) and (13). Hence 7y, 7, 75 and 1, L, [, by (14), new values of
Q and 7 by (15) and finally u,, u,, u; by (16). This brings us back onee more
to the equations (18) in y. If the result of solving them with the improved
values introduced is to leave n, and n, practically unaltered, our object is
attained. Otherwise it is necessary to repeat the above steps until a satis-
factory agreement is reached.

When this stage has been arrived at the problem has been solved, and it
only remains to calculate the other elements of the orbit, {2 and ¢ having
been obtained in the last approximation. The three equations

p=r;{l+ecos(u;— )}, (J=1,23)
are linear in p, ecos  and esin . The symmetrical solution gives

P =1y7,75 3810 (U — Us) /S a7y sin (u; — uy)
— €08 @ = 3 7,75 (SIN uy — SIN Uy)/3 7575 Sin (us — Us)

e sin @ = 3 75,775 (COS Uy — 08 u,)/Z, 77y sin (U — Uy)
whenee ¢ =sin ¢, o =w— Q and a=psee? ¢. This, however, is not the simplest
solution. The areal velocity & = ky/p (§ 26) and hence

S T R = T e (T ) ISR Rty s (20)

Thus, p being known, we have

g—)+£ —2=2ecos ¥ (U, + u; — 20) cos § (u; — 1)
1 3 3

ij—g . =2esin § (4, + u; — 2w) sin § (u; — u,)
1 3

which also give e and w. Finally, if the mass is neglected, the mean motion
is n=£"/a** and the mean longitude at the epoch ¢, is (§ 64)

e=u)+.Q+Ej—e'léin]5j—7’l(t;'—to) .................. (22)
where

. 1-— ;
tan%Ej=\/(—l+z>tan%(uj—w), (j=1,2 or 3).

The times ¢; are here corrected for aberration (§ 87).



CHAPTER IX
DETERMINATION OF PARABOLIC AND CIRCULAR ORBITS

90. The method explained in principle in the last chapter requires no
assumption as to the eccentricity of the orbit. Its practical convenience is
greatest, however, when the eccentricity is comparatively small. On the
other hand the majority of comets move in orbits almost strictly parabolic.
For these it is important to have approximate elements after the first
observations have been secured, in order that an ephemeris may be calculated
to guide observers as to the position of the object. For this purpose the
method of Olbers (published in 1797), which depends on the assumption of a
parabolic orbit, has continued in use to the present time. Although only
five elements have in this case to be determined we still use three complete
observations of the comet giving the longitude and latitude (A;, 8;) at the
three times ¢;. We again take (R;, L;) as the corresponding radius vector
and longitude of the Earth and p; the geocentric distance of the comet, so
that as before

zj=ajp;+ A; By, y;=bipj+ BiR;, 25 =cip;+ C;R;.
Here (z;, y;, 2;) are the heliocentric coordinates of the comet, (a;, b;, ¢;) the
direction cosines of p; and (4;, B;, C;) the direction cosines of R;. In the
ecliptic system of axes adopted,
@j=cos Ajcos B;, Dbj=sinr;jcos B;, ¢; = sinB;.

We shall express p; in terms of p, and for this purpose it is possible to
eliminate p, and R, from (1), (2) and (3) in § 82. The same result may,
however, be deduced from the condition that the orbit is plane in another way.

91. If S is the Sun, E,, E,, E; the three positions of the Earth, and
+ 0y, C,, C; the three positions of the comet, S, C;, C,, C; are coplanar. Hence

[r175] _ tetrahedron SE,C, C, [
[r,rs] tetrahedron SE,C,C;
0 0 0 1
| 4,R, B,R, CiRy i
mp+ ARy, b1P1+B1R1, am+CR,, 1
_lagpa+ A, R, bgp2+BzRg, Copat+CyR,, 11
X 1
1
1

0 0 0
4R, B, Ropr: {050
ayppt+ Ay Ry, bypo+ B R,, Csz+CzR2a
asps+ A3 Ry, bspst By Ry, cips+Cs Ry, 11
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=Sl A B, PG S B, c,
alp1+Ath b1P1+B1R1, CIP1+01R1 253 b, Cy
(023 b, Cy a3P3+AsRs: baPs'*‘Bst: C3ps+ C; R,

or, representing determinants by single rows,
[ri72] {Ps | ay, 4, ay |+ R, I 4,,4,,a, \Y} + [7273] {Pl ! ty, Ay 00| + R, ’ 4,,4,,a, }=0~

But if, leaving the directions of p,, p,, p; unaltered, we move the-plane of the
orbit into coincidence with the ecliptic, we see that in the limit

(R R;] B, | 4;, 45 az|+ [R.R;) B, | 4., 4,, ¢a|=0

must be an identity. Hence

AP AR A {[RzRi] o [7‘27'3]} 4., 4,, “sz
: [7'17'2] - s &y, A, @yl . [Rle] ['rlrz] [“3; 4,, azl 7
= Mp, + m. ‘
Now
| @y, 4y, @y =|cosAjcosfy, cos L;, cosA;cos B,
by, *9BIr = B sin\, cos B, sin L,, sin\,cos 8,
L6y, ‘0 e NG, S 00, sinf, |

= sin 3, cos Besin (A, — L,) —sin B, cos B, sin (A, — L)

and the other determinants can be written down by simple substitutions.
Thus

;P [')"27‘3] sin 3, cos B, sin (A, — L,) — sin B, cos B, sin (A, — Lz)

[717%) sin B3, cos B, sin (Ag — Ly) — sin B, cos Basin (Aa— Ly) 777 1)
and-
g 5 {[R?Rr,] = [7'27'3]} A sin B, sin (L; — L) i
" [R,R.] [ri7s]) sin B, cos By sin (As — Ly) — sin B cos Bysin (A, — L)

In the practical problem the time intervals are usually small and it is
possible to substitute the ratio of the sectors for the ratio of the triangles,
both for the comet and the Earth, so that

[rers] _[R.Ri] _t,—t

T I I TP 2
["“1 T, 2] [Rl R‘l] t,—t j ( )
Thus m = 0 and with sufficient accuracy we may write
ps=Mp, ......... B SR N (3)

where M has the value given by (1) and (2), unless the comet is near the
Sun and describes large arcs in comparatively short intervals. The effects of
parallax and aberration are entirely neglected. /

92. The next step is to express r,, r, and the chord ¢ joining the
extremities of these radii in terms of p,. We have
r?=23(mp + A, R =p2+ R+ 2p, B, cos Bycos (N — Ly)  eeeenee (4)
r?=3 (Mayp, + A; R;)*= M?*+ R+ 2Mp, R, cos B; cos (A\;— Ls) ...(5)
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and
¢=3 {(Ma;— a,) py + (4d: Ry — 4, R))}?
k

= B TA-t20, g cOB than ity . b e e B Be ity s TR - o (8 (6)
where
=3 (Maz— a,f = M?>+1—2M {sin 3, sin B, + cos B3, cos B; cos (A; — \,)}
=% (4;R,— A, R)’= R?+ R*— 2R, Rycos (L; - L,)
hgcos¢p =R, {MZa;4;— La,4;} — R, (M3 a;4,— 3 a,4,}
= M cos B, { Ry cos (A\; — L) — R, cos (A; — L)}
—cos B, {R; cos (A, — Lg) — B, cos (A, — L)}
If K,C is drawn equal and parallel to E;C; it is clear that CC,= K, E;=g,
CC,= hp,, C,Cy=c and C,CC;=180° — ¢.
But Euler’s equation gives
6k (t; — t,) = (r + 15 +¢)F = (n + 7, — o)}

and this must be satisfied by the appropriate value of p, in (4), (5) and (6).
This value must be found by a process of approximation and for a suitable
starting point we may consider ¢ small in comparison with », +7,, r,=mr;

and R, =1. Then
6k (t; —t,) = (ny +7‘3)% -Be/(r+ 1) =342.cny

or
2k* (t; — t,)2/h* = (ps* + 2py cos . g/h + g*[h?) {p:* + 2p, cos By cos (A, — L) + 1}%.
With approximate values of the numbers which occur in this equation it is
easy to find by trial a value of p, which is correct at least to one decimal
place. Then with this value of p, it is possible to calculate ¢ in two ways:
(1) directly by (6), (ii) through =, »; given by (4) and (5) and inserted in
Euler’s equation, which may be written (§ 52) in the form

8k (t,— t,)/W2 (1 + 1,)f =5in O, ¢ =242 (r, + r5)sin 1O y/ cos 10...(T)
or solved by special tables. Two values of ¢ thus correspond to a hypo-
thetical value of p,, and the latter must be varied until the diserepancy
between the former is made to disappear. A rule analogous to that given in
§ 88 leads quickly to the desired value of p;. For if the values p/, p,” lead
successively to the differences A;¢, Azc in ¢, it is easy to see that the value
of p, to be inferred is given by

pr=p" +(p" = p)') Boc/(Asc — Boo).
In ordinary cases the correct result is quickly obtained in this way.
93. When p, and p;= Mp, have been obtained it only remains to de-

termine the elements of the orbit. The formulae of § 86 are again
appropriate, namely

7; c0s bj cos (I; — Lj) = pj cos B; cos (N — L) + B;
rj cos b; sin (I; — I;) = p; cos By sin (A; — Lj)
7r; sin b; = p; sin B;
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(j=1, 3), for the heliocentric distances, longitudes and latitude of the comet.
Here r,, »; should reproduce the values finally arrived at in the course of
determining p;. Also

2 tan ¢ sin {§ (4, + ;) — Q} = sin (b; + bs)/cos b, cos b, cos & (I;—1,)...(8)

2 tan 1 cos {4 (l, + ;) — 2} =sin (b; — b,)/cos b, cos by sin & (I; - 1,)...(9)
(0<3<90° if I,> 1, 90° <i < 180° if ;<) give Q and &. The arguments
of latitude are given by :

tan u;=tan (l; — () sect
(j=1, 3), where in this case 0 < u; < 180° if ;> 0. By the equation of the
parabola

NG =arycosd (4 — o) = a/r;co8 § (U~ @) covenennnns (10)
whenee
Vrs = N7y _sin (s + uy — 20) sin § (45— )
Nrs+ 1 cos k(w4 us — 2w) cos § (us — u,)
or
tan 1 (u; +u; — 20) = Hi cot 3 (U —Uy) vevenvnnnnns (11)

which gives w = @ — Q and also ¢, the perihelion distance. Finally, T' being
the time of perihelion passage, we have (§ 29)

T=t;—q¢f {tan § (u; — w) + } tan® § (4j — @)} V2/k ......... 12)

(j=1, 3)." This completes the determination of the five elements.

94. It is to be noticed that while the first and third observations have
been completely used, the second observation has only entered partially into
the calculation. In fact the five elements have been determined from six
given coordinates in a unique way because X;, B, have not been used
independently but only in the form cot B,sin (A, — L,) in the equation (1)
for M. Conscquently it cannot be expected that the elements will satisfy
the second place exactly and the magnitude of the discordance is an im-
mediate test of the derived orbit. The second place is therefore calculated
by finding (§ 29) w,=u,— & from (12) (j = 2), 7, = g sec® Jw,, and hence the
coordinates of the comet by means of

p2 08 B cos (A, — Q) = 1, cos u, — B, cos (L, — )

P2 €08 B sin (A, — Q) = 7, sin u, cos ¢ — R, sin (L, — £2)

p2Sin B, = 7’y SIN U, SIN 7.
If the residuals are small the elements may be considered satisfactory. If
the residuals appear large, on the other hand, there are several possible
reasons for the fact. There may be an error in the calculation, there may be
an error in the observations, or the assnmption of a parabolic orbit may be
unjustified. The evidence of further observations must be the final test.
But without additional material it is possible to improve the orbit obtained

L. D. A. 7
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by reeonsidering the quantities which were ignored in the course of finding
the first elements. Parallax and aberration may be allowed: for. In the
place of (3) may now be written

ps=p1 (M + m/p,)

where M and m are given by (1) and the following equation. At this stage
an approximate value of p, is known and [r,r;]/[77,] can be calculated with
greater accuracy than by means of (2), for example by the application of the
formulae of Gibbs or by direct calculation of the areas, since the sides of the
triangles and the included angles are now approximately known. Thus the
approximate M in (3) can now be replaced by the improved value M + m/p,
and the remainder of the work can be repeated from this point. There are,
however, shorter practical methods of removing a discrepancy in the middle
place, which serve the purpose well enough since a provisional.orbit is in
general all that is required.

95. The eccentricities of planetary orbits are in general small and hence
a circular orbit may prove a useful approximation to the true path, just as a
parabolic orbit is a useful preliminary step towards the orbit of a periodic
comet. As the eccentricity vanishes and the position of perthelion ceases to
have a meaning, the number of elements to be determined is reduced to four
and two complete observations of position only are required. Thus if a
minor planet has been found on two photographs of the sky and no other
observations are immediately available, a search ephemeris based on a
circular orbit may be a useful guide in examining other plates which may
have been taken at the same or at other observatories.

To consider the problem in a general form let (X, Y;, Z,), (X,, Y., Z,)
be the geocentric coordinates of the Sun at the times of observation ¢, t,
and let (I}, m;, ny), (,, m,, ;) be the direction cosines of the observed
directions of the planet. The axes may be any fixed system with the Sun
at the origin. The planet is observed to lie on the lines
(@+ X)/h=(y+ Y)/m=(+ Z)[m=p
(@ + Xo)/ly=(y + Yo)/me = (2 + Zp)[na = ps
p1, p» being the geocentric distances. Hence, if a is the radius of the orbit,
a? = (lIPI - X2+ (mlPl - Y+ (nlpl = Zl)2 '
=p? =20, (LX,+m Vi +mZ)+ X2+ Y2+ 22
= Pz2 =i 2P2 (lzXz + m, Yz I nzzz) + X22 a7 Yz2 +* Zzz
and, if n is the mean motion and ta =1, =T,
a?cos nr = (I, p, — X)) (lp, — X)) + (mypy — Vo) (mapy— Yo) + (apr— 21) (ap.—2,)
=p1p2¢08 0 — p, (1L, Xy + 0, Yy + 0, Z) — po (LX, + m, ¥y + 0,2,)
+ 'X1X2 + }rl Y2 + ZIZ2
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where @ is the angle between the observed directions. Since 8 is a small

angle the equation ‘
: cos 0 = U1, + m,m, + nyn,

is unsuitable for its determination, but the proper modification depends on

the choice of coordinates. Similarly n cannot be accurately determined

from cosnr.

If we now put
A=LX +m, Y, +n,7Z, A,=LX,+m,Y,4+n,2Z,
B=LX,+mY.+nZ, B.=LX,+m 7Y, +n,2Z,

we have
a*=p — 24, + X2+ Y2+ 22
=ps’ — 2A2P2 + X2+ V2422
@ cos nt = p,p,cos 0 — Byp, — Byp,+ X, X, + YV, Y, + Z,Z,.
Hence

da?sin® Inr = p? + p— 2p,p.cos 0 —2 (4, — B) p,— 2 (4, — By) p,
ir (Xz“ Xl)z Vg ( Yi o Yl)2 + (Zz T Zl)2
= cos* 360 {ps— pr— 4 (Ad;— A, — B, + B,) sec? 36}
+sin?3 6 {p,+p.— 4 (4. + 4, — B,— B)) cosec® } 6}
+ (X, = X\ )+ (Y- Y ) +(Z— 2,
—1(As— A,— By+Bsec*} 8 — }(A,+ A, — B,— B,)? cosec? 16.

The equations, which must be solved by trial, can therefore be reduced to
the form

sinyr, = M,/a, p,=acosy,+ 4,
sinyr,=M/a, py=acosy+ 4, ...(13)
da? sin®* Int = cos* 40 (p, — py — b, +sin* §0(p, + p, — by + ¢
where (without the transformations-appropriate to the coordinate system)
Mp=Xp2+Y2+22—A2 MP=X2+Y}:+Z2— A7
by=(d,— A, — B, + B,)[2 cos* 0
b,=(A,+ A, — B, — B,)/2sin* 10
c=(X, - X))y +(YVo.— Y\ +(Z— Z,)
— (4, — B,— A, + B,*/4cos* $§ — (A, — B, + A, — B,)*/4 sin* } 6.
A trial value of @ gives, by (13), ¥, ¥, and hence p,, p,; these lead to a
value of n and the process is continued until values are obtained consistent
with the relation n%¢*=4% In the case of a minor planet loga =04 is
indicated as the appropriate initial value. With the above formulae the

calculation can be performed directly in equatorial coordinates, and little
will be gained by introducing the ecliptic system. . When a and n have been

7—2
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found, p,, p, are also known by (13) and hence the heliocentric coordinates of

the planet
o=lp - X,, 3/1=’m1P1—Yl, 31=n1P1_Z1

xz=l2P2_X2s Yo = MyPg — Yz; 22=772P2"‘Z2-

96. Gauss has given a method for finding a circular orbit, based on
ecliptic coordinates. Let (R,, L,), (R,, L) be the heliocentric distances and
longitudes of the Earth at the times ¢, t, and (A;, B1), (Xs, B;) the cor-
responding observed longitudes and latitudes of the planet. If in the plane
triangle SE,P, the angle at P, is denoted by 2 and the exterior angle
at K, by 8, P,SE, =3, — z and

asin z, = R, sip W o e A R 651371 (14)
Similarly in the triangle SE, P,, with similar notation,
'8 25 = TSI 8L DR S sl (15)

The .directions of the sides of the two triangles are now represented on a
sphere of unit radius, SE,, SE; being represented by £,, K, on the ecliptic,
SP,, SP, by two points P,, P,. If G,, G, represent E,P,, E,P,, these
points lie respectively on the great circles E,P;, K,P, and the arcs E,@,,
E,G, are 8, and §,. Let the circles E,G,, E,G, cut the ecliptic at the
angles v,, vo. Then the projections of the radius through G, on the radius
through E,, the radius through the point on the ecliptic 90° in advance
of £, and the radius through the pole of the ecliptic give

cos B, cos (A, = L,) = cos 3,

cos 3, sin (A, — L;) = sin 8, cos vy,

sin B, = sin 6, sin v,
and similarly

cos By cos (A, — L) = cos &,

¢os 3, sin (A, — L,) = sin 8, cos vy,

sin B, =sin 8, sin 1y,
whence 8, 8, and «,. ;. Let the circles &, P,, E, P, meet in D at an angle .
If DE,=¢, and DE,= ¢,, the analogies of Delambre applied to the triangle
DE, E, in which the side £, E, is L, — L, and the adjacent angles are w,, 7 — v,

give
™ E_d)lii? s (T = (T T—Yty
sm{4i<4 2 )}_sm{4+(4——————2 )}

= A T e _ (T ;
1 J@ T~ ‘z‘)} el {Z‘r (r Z)}
or more explicitly - .
sin 4 sin § (¢, + ¢,) = sin 4 (Ly— L;) sin § (v, + 71)
sin 47 cos § (¢, + ¢,) = cos § (L, — L) sin § (v, —
cos §msin § (¢, — @) =sin § (L, — L) cos & (s + 1)
cos §mcosd (P, — ¢y) = cos § (L — L) cos § (2 — v1)
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whence ¢,, ¢, and 7. But since the arc E,P,=8 -2z and DE,= ¢,
DP,=¢,—6,+2 and DP,=¢, — 8, + 2, while P, P,=n (t,— t,), n being the
mean motion. Hence

cosn (t,—1t,)=c08(p,— 8, +2,) o8 (py— 8, + 2,) + sin (¢, — 8, + 2, sin (¢, — 8, + 2,) cos 7

or better, since n (f, — t,) is a small angle,

sin? §n (t, — t,) = cos* $7 sin? & (), + 2, — 2,) + sin? dg sin? § (. + 254 2,)...(16)
where

‘ X1=¢2—82_(¢1'—51): X2=¢2—82+<¢1—81)-

The solution is conducted in the usual way. Since §,, 8, are known an
assumed value of a gives z,, 2z, by (14) and (15). Then y,, %, and n being
known, the value of n is deduced from (16), and the process is continued
until values are found which satisfy the relation n?a?=4%% When this has
been done, the values of 2, z, have also been found, and ‘hence the geo-
centric distances are given by

psinz, =R, sin (8, — z), pysinz, = R,sin (8, — z,)

but these distances are not actually required. Since the arc £, P, on the
sphere is 6,— 2, and makes the angle , with the ecliptic, we have the
heliocentric longitude and latitude of P, (as in the case of ;) given by

cos b, cos (I, — L,) = cos (8, — z,)
cos b, sin (I, — I,)=sin (8, — z,) cos vy,
sin b, =sin (8, — z;) sin ry,
with similar formulae for (l,, b,) the heliocentric longitude and latitude of
the planet in its second position.
97. If (4, b)), (ls, b.) have been thus obtained the remaining elements
are easily found. For by (15) of § 86 the node and inclination are given by
2tanesin {3 (I, + 1) — Q} = sin'(b, + b,)/cos b, cos b, cos L (1, — 1)
2 tan 2 cos {1 (I, + &) — Q] = sin (b, — b,)/cos b, cos b, sin § (I, — 1))
and then the arguments of latitude by
tan u, = tan ({, — Q) sect, tanu,=tan (l,— Q)sec?

with the check u,—u,=n (¢, —1%). As the fourth element the argument of
latitude 2, at a chosen epoch ¢, may be taken, and this is simply

=+ n(to—t)=u+n(t, — )
where t,, t, may be antedated for planetary aberration.

If, on the other hand, the heliocentric coordinates (z,, 11, z,) and (2, ¥,, 2,)
have been found as in § 95, and ¢’ is the inclination of the orbit to the
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plane z=0 and Q' is reckoned in this plane from the axis of  towards the
axis of y, the plane of the orbit is

zsin ' sin?’ — ycos Q' sin?’ + zcos?' =0
and as this is satisfied by the two points on the orbit we have

sin 'sin?’  cosQ)'sin? cos?’
e Sl 1 ] e - .
NZ2y— Y21 12— Xp2y N Yo — Xl

The solution can then be completed as before, the arguments. « being now
reckoned in the plane of the orbit from the node in the plane z=0.

The meaning of the quantities b;, b, and ¢ in §95 may be seen thus. Let an
axis of z be taken perpendicular to p, and p,, and an axis of # midway between
the directions of p, and p,, so that (I, m,, n,) become, (cos {6, —sin {6, 0),
(l,, m,, n,) become (cos 16, sin 16, 0), and (X,, V5, Z), (X,, Y., Z,) become
(X7, ¥ 20, (T8N Then :

b, =(X, = X, sec 40
b,= (Y, - Y)') cosec 16
¢ = (Zy —Z))

If the difficulties of reducing this apparently simple problem to a practical
form of calculation are carefully considered, in view of the small quantities
which occur, the merit of the method in § 96 will be better understood. The
reader must realize that the general problem of determining orbits from
observations close together in time is essentially a question of arithmetical
technique, and not of any particular mathematical difficulty. This is well
illustrated in the history of the problem, especially in the eighteenth century.

It is to be remarked that the problem of finding a circular orbit to
satisfy the given observations cannot always be solved. That a solution is
not necessarily to be expected with arbitrary data can be readily seen,
though the equations, not being algebraic, are too complicated to make a
general discussion of the conditions feasible. It is enough to say that cases
have occurred in practice in which a circular approximation to the orbit has
proved impossible. The number of minor planets already discovered is

approaching a thousand, and the most frequent eccentricity is in the neigh-
bourhood of 0-12.



CHAPTER X

ORBITS OF DOUBLE STARS

98. There exist in the sky pairs of stars the components of which are
separated by no more than a few seconds of arc, and frequently by less than
one second. So close are they that they can only be seen distinctly in
powerful telescopes, if indeed they can be clearly resolved at all. Such pairs
are so numerous that probability forbids the idea that the contiguity of the
stars can be explained by chance distribution in space. They must be
physically connected systems for the most part and it is to be expected that
the relative motion of the stars will reveal the effect of mutual gravitation.
That this is actually true was discovered by Sir W. Herschel.

The motion 1s referred to the brighter component as a fixed point. The
relative motion of the fainter component takes place in an ellipse of which
the principal star occupies the focus (§ 24), unless there are other bodies in
the system, or there proves to be no physical connexion between the pair.
The apparent orbit which is observed js the projection of the actnal orbit on
the tangent plane to the celestial sphere, to which the line of sight to the
principal star is normal, and since the point of observation is very distant
compared with the dimensions of the orbit the projection can be considered
orthogoral. Hence the law of areas holds also in the apparent orbit, which
is equally an ellipse. But in this orbit the brighter star does not occupy the
focus : its position gives the means of determining the relative situation of
the true orbit.

The observations give the polar coordinates,.p, 6, of the companion, the
principal star being at the origin. The distance p is expressed in seconds of
arc and the linear scale remains unknown unless the parallax of the system
has been determined. The position angle 8 is reckoned from the North
direction through 360° in the order N., E. or following, S., W. or preceding.
The planes of the actual and apparent orbits intersect in a line called the line
of nodes and passing through the principal star. The position angle of that
node which lies between 0° and 180° will be designated by . Thus if the
line of nodes is taken as the axis of £,

E=pcos(0—-Q), n=psin(f-Q).
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On the other hand, in the plane of the actual orbit, the longitude of periastron
A is the angle measured from this node to periastron in the direction of
orbital motion. Hence in this plane, if the line of nodes is taken as the axis
of z, 3
z=rcos(w+\), y=rsin(w+2N)
where 7 is the radius vector and w the true anomaly of the companion. But
if 7 is the inclination of .the two planes to one another, § =2 and 7=y cos ¢,
so that

pcos (6 —Q)=rcos(w+2A)

p sin (8 — Q) = »sin (w4 \) cos 7.
Here the limits contemplated for ¢ are 0° and 180°. If 0° <7< 90°, 8 and w
increase together with the time and the motion is direct. If 90° < ¢ < 180°,
0 decreases with the time and the motion is retrograde. This is a departure
from the more usual convention according to which 7 is always less than 90°.
It is then necessary to state whether the motion is direct or retrograde, and
in the latter case to reverse the sign of cos« Ordinary visual observations
of double stars, however, must leave the position of the orbital plane in one
respect ambiguous, since there is nothing to indicate whether the node as
defined is the approaching or receding node. The two possible planes intersect
in the line of nodes and are the images of one another in the tangent. plane
to the celestial sphere.

In addition to the three elements, Q, A, 7, now defined, four other elements
are required. These are a, the mean distance in the true orbit, expressed
like p in seconds of arc; e, the eccentricity of the true orbit; 7, the time of
periastron passage; and P, the period (or #=2m/P, the mean motion) ex-
pressed in years.

99. The méasurement of double stars is difficult and the early measures
were very rough indeed. As the accuracy of the observations is not high
refined methods of treatment are seldom justified and graphical processes
have been largely employed. The observed coordinates may be plotted on
paper and the apparent ellipse drawn through the points as well as may be.
Let C be the centre and S the position of the principal star. The problem
consists in finding the orthogonal projection by which the actual orbit is
projected into this ellipse and the focus F into the point S.

The direction of the line of nodes can be determined by the principles of
projective geometry. Conjugate lines throngh the focus ¥ form an orthogonal
involution. They project into an overlapping involution of conjugate lines
through S. Of this involution one pair is at right angles and as in this case
a right angle projects into a right angle it is clear that the line of nodes is
parallel to one of the pair. Let S4, SA’; SB, SB’ be two pairs of conjugate
lines through S. When the apparent ellipse has been drawn these can be
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found by drawing tangents at the extremities of chords through S; or by
inscribing quadrangles in the ellipse, for each of which S is a harmonic point.
On CS as diameter describe a circle, centre K. Let A,, A; B,, B, be the
points in which the conjugate lines intersect tlis circle and let 4,4, B, B,/
intersect in 0. Corresponding points of the same involution on the circle
are obtained by drawing chords through O, and if OK meets the circle in
N, N’, SN, SN’ are the orthogonal pair of the involution pencil required.
Let CABNA'B’ be a transversal of the pencil drawn parallel to SN’ so that
AA’, BB subtend obtuse angles at S. This is an involution range of which
N, since it corresponds to the point at infinity, is the centre, so that
AN.NA'=BN.NB'. On NS take the point F such' that NF* is equal to
this constant product. Then F is the intersection of circles on the diameters
AA’, BB" and AFA’, BFB’ are right angles. Hence if NF be rotated about

4
B
E
N S
0 / T )
\\ \\
(4] A/B IN A 8

B,

Fig. 4.

CN until FS is perpendicular to the plane CNS (the plane of the apparent
orbit) right angles at F will be orthogonally projected into the involution of
conjugate lines at S. The position of the focus F of the actual orbit has
therefore been found, and the orthogonal projection by which the true and
the apparent orbits are related.

The true orbit may be plotted point by point on the plane of the paper,
with its centre ' and focus F. For if P’ is a point on the apparent orbit and
P the corresponding point on the true orbit PP’ is perpendicular to CN and
PF, P’S meet on CN. In particular, if X' (fig. 5) is a point where C'S meets
the apparent orbit, the corresponding point X in which the perpendicular
through X' to CN meets CF is a vertex of the true orbit and CX =a. The
eccentricity is given by

CS CF

5 o> &
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-

and the inclination by

S !
N |'cos % |

where 0 <i<}m if the motion is direct and Jw <7< if the motion is
retrograde. Also Q (<) is the position angle of CN and A is the angle
between CN and CF measured in the direction in which the motion takes
place. ~ The five geometrical elements of the orbit have therefore been found.

100. It is to be noticed that this method does not require the ellipse
which represents the apparent orbit to be actually drawn. When the observed
positions have been plotted five points may be chosen to define the ellipse.
These points need not be actual points of observation: it is better if they are
graphically interpolated among the observed positions. Let them be denoted

FI
180°

270° : 90°

r~lpe
Fig. 5.
by 1,2, 8,4, 5. Draw a liné through 1 parallel to 23. The second point in
which this line meets the ellipse can then be found by Pascal’s theorem with
the ruler only. This gives two parallel chords and hence a diameter.
Similarly a second diameter is drawn and the two intersect in the centre C
of the apparent ellipse. Again, by a similar use of Pascal’s theorem, the points
in which the lines 18, 28, 3S meet the cllipse again are determined. This
gives three pairs of lines each of which determines a quadrangle inscribed in
the ellipse. If two of these be completed the sides of the harmonic triangles
which meet in S determine two pairs of conjugate lines. From this point
the construction follows as before. The point X’ in which C'S meets the
apparent cllipse can be constructed by projective geometry. But it is
unnecessary. If F’ is the second focus of the real orbit and P the point
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corresponding to any one of the assumed points on the apparent orbit,
FP + PF’' =2q and CF = qe. Hence a and e. ‘

101. When the apparent ellipse has been drawn the eccentricity is
known, for if C'S meets the ellipse in X’, the projection of the vertex of the
true orbit, CS/CX’=e since the ratio of segments of a line is unaltered by
orthogonal projection. Let CY’ be the conjugate diameter to CX’ and
therefore the projection of the minor axis of the true orbit. If the oblique
ordinates parallel to CY’ are produced in the ratio 1:4/(1 —e*) an auxiliary
ellipse will be constructed which is clearly the projection of the auxiliary
circle to the true orbit and has double contact with the apparent orbit, CS
being the common chord. But the orthogonal projection of a circle is an
ellipse of which the major axis is equal to the diameter and is parallel to the
line of nodes, while the minor axis is- the direct projection of the diameter.
Hence the major axis of the auxiliary ellipse is 2«, the minor axis 2a cos 1,
the eccentricity sin¢ and Q is the angle which the transverse axis makes
with the N. direction. The ecircle on the major axis as diameter is the
auxiliary circle of the true orbit turned into the plane of the apparent orbit.
Let X be the point in which this circle is cut by a perpendicular from X’ to
the major axis of the auxiliary ellipse. The point X will project into the
point X’ and therefore represents the position of periastron on the auxiliary
circle. Hence the angle (taken in the right sense) which CX makes with the
major axis of the auxiliary ellipse, or line of nodes, is the angle A. This is
the graphical method of Zwiers.

It is evident that the line of nodes and the inclination will be equally
indicated by constructing the projection of any circle in the plane of the true
orbit. Now the parameter p (or semi-latus rectum) js a harmonic -mean
between the segments of any focal chord. Hence the circle on the latus
rectum as diameter has radii along any focal chord which are equal to the
harmonic mean of the focal segments. The projection of this cirele is an
ellipse with its centre at S, its major axis equal to 2p and lying in the
direction of the line of nodes, and its eccentricity equal to sin¢. This ellipse
can be actually derived from the apparent orbit by laying off on radii through
S lengths equal to the harmmonic mean of the intercepts on the same chord
between S and the curve, since the ratios are unaltered by projection. This
prineiple, of which another use will be made, is due to Thiele.

102. Such graphical methods are tedious and may be avoided by a slight
calculation when the apparent orbit has been drawn. Since the eccentricity
is known when this has been done, there remain four geometrical elements,
a, %, , A, to be determined. Four independent quantities are required and
the four chosen by Sir John Herschel and others are 24, the diameter through
S, 28 the conjugate diameter, and y,, i, the position angles of these diameters.
The length of the chord through S parallel to 3, or the projection of the latus
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rectura of the true orbit, is therefore 2B#(1 —¢%). Hence the relations
between the positions in the true and apparent orbits (§98) give:
a(l—e) cos(y—N2)=a(l —e)cosr
a(l—e) sin(x;—Q)=a(l —e)sin\cos?
BV —é)cos(y,— 2)=—a(l —e)sin\
BV —e)sin(y— Q) =a (1 —e*)cos A cost
since w=0° at periastron and 90° at the extremity of the latus rectum.
Hence () is given by

(1 —e)sin2(y, — Q)+ Bsin 2(x, —2) =0
or
tan (x, + x. — 202) = tan (y, — x2) cos 2

tan oy =+/(1 —¢*)a/B.
This equation in £ is satisfied by Q + 37 as well as Q. But
cos? 7 = — tan (y, — ) tan (y. — Q)

where

and this rejects Q) + {7 since cos ¢ <1 and determines 7. The first and third
of the above set of four equations give both @ and X with its proper quadrant
and the second or fourth gives also the proper sign of cost (according to the
convention of § 98). The solution is then free from ambiguity, understanding
that , is the position angle corresponding to periastron and y, the position
angle when the companion has moved through one gnadrant in its plane
beyond this point.

103. Another method employs the general equation

. az® + 2hay + by® + 292 4+ 2fy +¢ =0
of the apparent orbit referred to the principal star as origin. Withont loss of
generality ¢ may be put equal to 1. The other coefficients are to be chosen
to satisfy the observations as well as may be. But an elaborate solution is
not justified because the one accurate element in the observation, the time,
is not involved in this stage. The intersections of the ellipse with the axes
and any fifth point give the result in the simplest way. The elements of the
true orbit can then be derived in a variety of forms. ILet us find the pro-
jection of the circle on the latus rectum. The above equation may be written

acos20+2hcosesin6+bsin20+%(gcos€+fsin 0)+§2=0.

For a particular value of 6, p has two values, p, and — p,, one positive and
one negative since the origin is inside the curve. Hence, if p represents the

harmonic mean,
) N E e P v e B
;ﬁz(;ﬁ;;) =a<;;,‘;;) T o
= {(g cos @ + fsin 6)*— ¢(a cos® @ + 2k cos @ sin 8 + b sin? @)} /c*
=(—Bcos? 0+ 2H sin 0 cos 6 — A sin? 6)/c?
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where, in the usual notation,
A=bc—f: H=fg—ch, B=ac-g

Hence the equation
B —2Hay + Ay + ¢*=0

represents the projection of the circle on the latus rectum (§ 101), or an
ellipse with axes 2p and 2p cost and its transverse axis coinciding with the
line of nodes. It is therefore identical with the equation

(2 cos Q + y sin Q) ok (ycos Q —zsin D) _

2 : 1
P° Pt cos®r
and thus
— B/c*= p~cos?  + p~?sec? i sin?
H/e¢?=(p~2— p~?sec’7)sin O cos O
—Ajct=p~2sin® Q +p—2 sec? 7 cos? ()
or

ptan®isin 2Q = — 2H/¢?

p~?tan® ¢ cos 20 = (B~ 4)/c?

2p+pttan?i=— (B + 4)/c*
which determine Q, p and <.

Again, the perpendicular from the focus on the directrix is a (¢7* — ) = pe~.
Hence the intercepts on the line of nodes and on the line perpendicular to it
between the focus and the directrix are p/ecos A, p/esinX. The projections
of these intercepts, also at right angles, are p/e cos A, p cosi/esin A. But the

projection of the directrix is the polar of the origin, or the line g +fy+c=0. .

Hence
(g cos @+ fsin Q) plecos A +¢=0

(—gsinQ + feos D) pcosifesinh+c=0
so that e and A are given by the equations
esinA=—pcost(fcos Q—gsin Q)/c
ecos A= —p(fsin Q+ g cos Q)/c.
Equations for the five geometrical elements in the above form were first given
by Kowalsky.

The form of the equation which represents the projection of a circle is
definéd by the fact that the asymptotes of the projected ellipse are parallel
to the projection of the circular lines and therefore to the tangents from S to
the apparent orbit. It will be found that the projection of the auxiliary
circle, referred to its centre, is m the usual notation

2 (Ba? — 2Hay + Ay + A2 =0
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and that of the director circle

C*(Ba*=2Hzy+ Ay) + A(A+Cc)=0
while the eccentricity of the true orbit is given by

- 1—et=(c/A.

104. In some few cases a double star has been observed over more than
one complete revolution. The period P is then known approximately and
the date 7' of ‘periastron passage, when the companion is situated on the
diameter of the apparent orbit through S. Otherwise, when the geometrical
elements have been determined, two dated observations suffice to determine
these two additional elements. For two observed position angles 6,, 6, give

the corresponding true anomalies w,, w, and hence the eccentric anomalies
E,, E,, since

tan (0 - Q)= tan (w + A)cost, tan}l = \/Gi—z) tan Sw.
Then

nt—T)=E —-esink,, n(t,—T)=FE,—esink,

determine n = 27/P and 7. In practice a larger number of such equations
will be employed in order to reduce the effect of errors in the observations.
The law of areas can also be applied directly to the apparent orbit, for if «,
is the arca described by the radius vector between the dates ¢,, t,, and 4, is
‘the area of the ellipse, P’ = (t,—t,) 4,/a,, and similarly 7' can be determined.
A primitive method which has been used for measuring the areas consists in
cutting out the areas in cardboard and weighing them.

When the parallax @ of a double star is known, a/= is the mean distance
in the system expressed in terms of the astronomical unit. Hence (§ 24), if
m, m’ are the masses of the components,

k2 (m + m') = dar?a?/ o

while &? =47 if the mass of the Sun-Earth system and the sidereal year are
taken as units. For this purpose the mass of the Earth is negligible and
thus, P being expressed in years,

m+m' = a?/e P

is the combined mass of the system, compared with that of the Sun.

105. The apparent orbit can be reconstructed, on an arbitrary scale,
from observed position angles alone. This course was advocated by Sir J.
Herschel, who considered the measured distances of his day very inferior in
accuracy. With this object the position angles are plotted as ordinates with
the time as abscissa. Owing to inaccuracies the points will not lie exactly
on a smooth curve, but such a curve must be drawn through them as well as
possible. Let 4 be the angle which the tangent to the curve at the point
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(t, @) makes with the axis of ¢, so that df/dt=tan+. But since Kepler's
law of areas is preserved in the apparent orbit, p*# =4, an undetermined
constant. Hence p =4/(k cot 4) and the apparent orbit can thus be derived
graphically from the (¢, ) curve. The elements with the exception of a can
then be obtained and finally @ is determined by the méasured distances, of
which no other use is made in the calculation.

The opposite case may’ arise, and is illustrated by the star 42 Comae
Berenices, in which the determination of the elements must be based on the
distances. Here the plane of the orbif passes through the point of observa-
tion, ¢ = 90° (or practically so) and the position angles serve only to determine
Q. If the star has been observed over more than one revolution the period £
may be considered known. Corresponding to the point (« cos E, bsin E) on
the orbit, the observed distance is

p=acos E cos A —bsin £ sin X — ae cos A

=Rcos (& + B)—aecos A
while

n(t—T)=FE—esin E.

If the observations are plotted for a singlé period, from maximum to
maximum, the result is to give the curve

g=nt=nT+FE—esin K/
y=p=Ecos (L+B)—aecosr

which is a distorted cosine curve. Maximum and minimuin correspond to

E=-p,7—f and give
nt,=n‘T-—B+esin,8, Y =R —aecosA
nby=nl+m—B—esinB, y,=-— R —aecos\
whence R and ae cos A, while in addition
n(t,— t,)=m—2¢esin B.
These equations may be supplemented by a simple device. Taking the
origin of # at the first maximum let the curve

y =R cos x — ue cos A

also be drawn. Let P be a point on this curve and Q the corresponding
point on the first curve such that the ordinates at P’ and @ are equal. Then
at P, z= K + 3, so that

QP=E+B—-n(t—t)=esm E+B—n(T—t).

Hence the curve
y=esin(z—B)+B—n(T-t)

can be constructed by laying off on each ordinate through P a length equal
to Q. This is a simple sine curve, the form of which will serve to show
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any irregularities in the (nt, p) curve from which it is derived. The ampli-
tude is 2e¢, represented on the scale by which 27 corresponds to the period in
2. The value of e being thus known gives 8 from (¢, —¢,) and hence ¢ and A,
since
acosh=1L cos B, asini= Rsin B//(1 —¢).

T is then given by the maximum and wminimum of the original curve. But
the sine curve has its maximum at o=+ {7 and its central line is
y=B-n(T—t). These conditions must also be fairly satisfied by the
adopted solution.

106. Graphical mnethods, such as those sketched above, only provide a
first approximation to the solution of a problem. Here in general the obser-
vations are too rough to make a closer approximation feasible. But if it is
necessary to improve the elements thus found, each .observation gives one
equation in the following way. Let da, d), ... be the required corrections
to the approximate elements, a, Q, .... For the time ¢ of an observation
@ (or p) can be calculated. Its value is

0= v/ (LR B S

But the observed Valile is
0,=f(t, a+da, Q+dQ,...).

If then the elements have been found with such an accuracy that squares,
products and higher powers of da, df, ... can be neglected,

o0 00
9"—9°=E‘d“+m’dﬂ+”'
a linear equation in da, df2, .... And similarly with p. The coefticients are
8_0=0 dp_p
DA da a
00 9 _
m—l, a—Q—O
g)g——1sin2(0—(2)tami 4t sin® (0 — Q) tan ¢
x ’ - P ’
PR 4 : kil
a—)\—,—)zcosz, : éx——fpst(H—Q)smztanz
88 silp et ) 4 8 op _ na? . . 0p
87'__?008“/(1_(3)’ 7= " {eps1nE+\/(1—e)a—k}
00 t—T 09 op_ t—=T op
on w01 on~  n oT
00 1 (a 1 o b . Op_ Opa : ap
P —;2(; S | —eﬁ) sin w cos 1, aé—ﬁ(? -}-“1 —e?> sin w — =% cos w

the verification of which may be left as an exercise.
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107. 1In some cases the position of a binary system has been measured
relatively to some neighbouring star C which is independent of the system.
Let 4 be the principal star, m, its mass, (#,, ;) its coordinates at the time ¢;
and similarly let B be the companion, m, its mass, (z,, ¥,) its coordinates.
‘A series of measures of AB gives

Zy—zy=pcos b, y,—y,=psind
while the measures of AC give @y — 2, ys— y1, (43, ¥5) being the position of C.
Let (&, ») be the c.c. of AB, so that
(my + mo) E = my@, + muzy,  (my + mg) = MYy + My Ye.

But the motions of C and of the c.6. of 4B are uniform and independent.
Hence '

E=mztatBt, n=y+d +p1
where 3, 8’ are the proper motions of the c.G. relative to C, and (a, &) is its
position relative to C' at the chosen epoch to which ¢ refers. Thus

(my + my) (25 + a + Bt) = myx, + Mo,

or

a+Bt—f(e—a)+ay—a, =0

&+ Bt —f (=) +Ys— =0

S =m/(my 4 my).
From a series of such equations a, «, 8, 8’ and f can be determined and
therefore the ratio of the masses of 4 and B. But if o is the mean distance,
P the period and = the parallax of the system 4B,

and

similarly, where

m, + m, = &*[w*P?

and the masses of the individual stars, expressed in terms of the Sun, become
known.

108. In certain cases the absolute coordinates of stars apparently single
have exhibited a variable proper motion. It is then assumed that the varia-
tion is periodic and due to orbital motion in conjunction with an undetected
body. The motion to be investigated is relative to the c.G. of the system,
which itself is supposed to move uniformly. In the plane of the orbit the
coordinates are o’ (cos £ — ¢), I’ sin E, and therefore in the plane of projection,
when referred to the line of nodes and the line at right angles, they become

z=a'(cos B —e¢) cos A — b’ sin K sin A
y=1{d'(cos E —e¢)sin A + 1’ sin E cos A} cos <.
Hence the orbital displacement in the direction of the position angle @ is
£=agos (Q—Q)—ysin (2—Q)
=gcos E+hsin E—ge
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where
g=d {cos A cos ({2 —Q)—sin A sin (Q — @) cos ¢}

h=—=b {sin X cos (Q — Q) + cos A sin (Q — Q) cos ¢}

and @ =90° for displacementsin R.A., @ =0° for displacements in declination.

The observations of one coordinate, say &, therefore give a series of equations

of the form

A 8=28+ ust+g cos E +hsin K —ge

with
E-esinE=n(t-1T).

From these e, n (or P), T, ps, 8, g and h can be determined. Since g and &

are functions of a’, , A and 7, these four elements cannot be derived from

observations of one coordinate alone. But from observations of the other

coordinate, say a, the corresponding quantities ¢" and 2’ can be found and the

elements of the motion are then completely determinate, including «’, the

mean distance from the ¢.G. of the system.

In the two notable examples of this kind, Sirius and Procyon, the
companion was discovered afterwards. It thus became possible to find the
relative mean distance @ and hence the ratio of the masses, since

ma’ =m,(a—a).

Hence, the parallax being known, the individual masses of the components
have been determined. It is to be noticed that, when the companion cannot
be observed, the function of the masses which can be found is m,* (m; + m.)™%
.For this is equal to a%/=*P.



CHAPTER XI
ORBITS OF SPECTROSCOPIC BINARIES

109. Another class of orbits which are based on pure elliptic motion is
presented by those systems which are known as spectroscopic binaries. It
is now possible to determine the radial velocities of the stars in absolute
measure with high accuracy. This follows from the application of Doppler’s
principle to the interpretation of stellar spectra. On the simple wave theory
of light this principle is easily explained. A light disturbance travels out-
“wards from its source in a spherical wave front which expands in the free
ether of space with the uniform velocity U. Let a fixed set of rectangular
axes be taken in this space, and let (@, ¥, 2,) be the position of the source
at the origin of time. Let (u,, v;, w,) be the velocity components of the
source, supposed to be in uniform motion, and ¢ the time at which a light
disturbance is emitted. Similarly let (z;, v., 2z;) be the position of the
observer, also supposed to be moving uniformly, (u,, v,, w,) the velocity
components, and 7 the time at which the specified disturbance reaches him.
For simplicity the motions have been considered uniform, but obviously they
are immaterial except as regards the source at the instant ¢ and the observer
at the instant 7. Let the corresponding positions be 4, B respectively and
let the distance AB=R. Then

R =3 (&, + uym — (2, + w8)}?

‘i’i_ga( dr dr _
dat -\ dt

where (o, 8, ) are the direction cosines of AB and V,, V, are the projections ‘
of the velocities (u,, v;, w,), (4s, vs, w,) on this line. But since the wave
reaches B from A in the time (1 —¢),

BTl “Blm@—g.

— ul) =P Vi

. i@ i\t

Hence ‘
g g Unilfoopi Vo= W V¥t ¥
dt - U=V, U uu-Vvy, -
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Now (V,— V) is the component of relative velocity of A and B, measured
in the direction of separation of the two points. This is a definite quantity.
But V, is a component of the observer’s absolute motion in free ether, and
this is unknown. Presumably it is small in comparison with U, and the last
term can be rejected as a negligible cffect of the second order. Or, on the
theory of relativity, ¥, is not only unknown but unknowable, and the effect
is conipletely compensated by a transformation of the ideal coordinates of
space and time into another set which is the subject of observation. All
this has its counterpart in the theory of aberration, with which it is intimately
related. Whether the limitation is imposed by the imperfection of practical
observations or by the ultimate nature of things, it is necessary to be content
with the effect of the first order.

If the light emitted at A has the wave length A, the frequency of a
particular phase in the wave train at 4 is U/A. But the number of waves
emitted in a time d¢is received at B in the time dr. If then the apparent
wave length of the light received at B is A’ and the apparent frequency
Uu/w,

Ux—dt = UONdr

and therefore

¥ _dr_, ¥
N _ Aoodt U
where V is the relative radial velocity of 4 from B. Thus the application
of Doppler’s principle gives

b V=U.A\M

where A\ is the increase of wave length (or displacement measured positively
towards the red end of the spectrum) of a spectral line, of which the natural
‘wave length in the star is supposed known. Further details on the practical
methods of reduction would be out of place here, and this explanation must
suffice. It is usual to express ¥ in km./sec., and the velocity of light may be
taken to be U= 299860 km./sec.

110. From the measured radial velocity must be deduced the radial
velocity of the star relative to the Sun, or rather relative to the centre
of gravity of the solar system. This requires the calculation of certain
_ corrections, of ‘which the most important are due to (1) the diurnal rotation
of the observer, and (2) the annual elliptic motion of the Earth relative to
the Sun. The effects of perturbations of the Earth and Sun are compara-
tively small.

An observer situated on the equator is carried by the Earth’s rotation
over 40,000 km. in a sidereal day. This means a velocity of 046 km./sec.
Hence the velocity of an observer in latitude ¢ is 046 cos ¢ km. /sec. always
directed towards the E. point. If # is the angular distance of the star from
this point at the time of observation, cos 8 = cos & cos (h + 90°), where & is the
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declination and & the W. hour angle of the star. Hence the additive
correction corresponding to (1) is

vg =+ 046 cos ¢ cos § = — 0-46 cos ¢ cos & sin k.

Again, the Earth’s elliptic velocity is compounded (§ 26) of one constant
velocity V, perpendicular to the radius vector and another eV, perpendicular
to the major axis, e being the eccentricity of the orbit. These vectors are
directed to points in the ecliptic of which the longitudes are ® —90° and
I'—90°, where © is the longitude of the Sun and I' the longitude of the -
solar perigee. Let (I, 8) be the star’s longitude and latitude. Hence the
required correction for the Earth’s orbital motion is

va=+ V;cos B cos (I — O +90°) +ecos (I — I' +90°)}.

Now 7, is precisely that vector on which the constant of stellar aberration
depends, so that if £” is this constant,

V,=k"U[206265" = 29'76 km./sec.

when the standard value of k, 20747, i1s adopted with the value of U given
above. Hence the correction for (2) is

Vg =+ 29776 cos B {sin (@ — ) + esin (I' - )}.

It is evident that the process might be reversed and the value of & deter-
mined by observing the apparent radial motion of one or more stars at
different times of year. This has been done at the Cape Observatory, with
the result that the standard value of % was reproduced very exactly, an
excellent test of the theory. Indeed this is probably the best available
method of finding the constant of aberration: it will be noticed that the
adopted value of U, being a factor of both V, and V, will scarcely affect the
resulting value of %.

When the necessary corrections have been applied to the apparent radial
velocity of a star, the star’s radial velocity is obtained relative to the solar
system. This 1s affected by the motion of the latter relative to the stellar
system as a whole. Hence conversely when the radial velocities of a number
of stars scattered over the sky are known, it becomes possible to deduce the
motion of the solar system relative to the average of those stars in absolute
measure. If, further, = is the parallax of a star, and u its total annual
proper motion, its transverse velocity is u/= when expressed in astronomical
units per year. Now with the solar parallax 8”'80 and the Earth’s equatorial
radius 6378249 km., the astronomical unit (or Earth’s mean distance from
the Sun) is 149,500,000 km. Hence this unit of velocity is equivalent to
4737 km. /sec. and the star’s transverse velocityis 4737 u/@ km./sec. Thus
the velocity of a star relative to the Sun can be completely determined in
absolute measure. This concerns questions of stellar kinematics which are
now entering the region of dynamics but lie outside our present scope.
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111. Repeated determinations of the radial velocity of a star yield values
which in the majority of cases are constant within the errors of observation.
The motion of the star is apparently uniform. But in other cases, perhaps
a third of all the brighter stars, changes are observed which prove to be
regular and periodic. These are attributed plausibly to the motion of one
component in a binary system. Such spectroscopic binaries differ from
visual doubles only in the scale of their orbits, which prevents them from
being resolved even in the most powerful telescopes, while their periods are
" to be reckoned in days instead of years or even centuries. It may appear
that the spectrum of the second component should also be seen. When the
compounents are fairly equal in brightness, as in 8 Aurigae, this is so; the
lines of the spectrum are seen periodically doubled. But with other stars,
and this is the more common type, the companion is relatively so faint that
only one spectrum is shown: it is quite unnecessary to suppose that the
companion is then an absolutely dark body. Even when both spectra are
visible the secondary spectrum is often difficult to detect and usually difficult
to measure. As a particularly interesting example Castor (a Geminorum)
may be quoted. 'The telescope reveals this star as a visual double, and the
spectroscope shows that both components are themselves binary systems.
More complex systems can be inferred from spectroscopic measures alone.
Thus Polaris, which appears in the telescope as a single star, has been shown
to be a triple system, consisting of a close pair revolving round a more
distant third body. Here the motion will be considered in the first instance
of one component of a binary system about the common centre of gravity,
and it will be seen how far the elements of an elliptic orbit can be deduced
from the measured radial velocities, these being based on the comparison of
the star’s spectrum with that from a terrestrial source (usually the spark
spectrum of iron or titanium).

112. Since the period is generally short, the observations extend over
several revolutions and the period P is determined by obvious considerations
with fair exactness. This being known, the observed velocities can be
referred to a single period with arbitrary epoch and plotted as ordinates
with the time as abscissa in a diagram called the radial velocity curve. Such
a curve is illustrated in fig. a, while the relative orbit is shown in fig. b,
corresponding points being indicated by the same letters. The focus of this
orbit is G, the centre of gravity of the system. The line of nodes AGB,
passing through A the receding node and B the approaching node, is the
line drawn through G in the plane of the orbit at right angles to the line of
sight. The points P,, P, mark the position of periastron and apastron, and
the angle from GA to GP,, measured in the direction of motion, is the longi-
tude of periastron, w. The true anomaly at any point of the orbit being w,
the longitude of this point from 4 is u=w +w. Let 7(0° <7< 90°) be the
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inclination of the orbit, this being the angle between its plane and the plane
which is normal to the line of sight, and let e be the eccentricity.
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Fig. 6: (a) upper, (b) lower.

The orbital velocity of the star is compounded (§ 26) of one constant
velocity V, transverse to the radius vector and another eV, perpendicular to
the major axis. These may be resolved along and perpendicular to the line
of nodes. The former components contribute nothing to the radial velocity.
The latter are + V,cosu and +eV,cos  in the direction GE which is
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drawn at right angles to GA. This line makes the angle (90° — 7) with the
line of sight, and hence the radial velocity which is measured is

V=roy+(cosu+ecosw) V,sinz

where v is the radial velocity of the point G, that is, of the system relative
to the Sun. It is at once evident that V, and 7 cannot be determined inde-
pendently from the radial velocities alone, and the equation may be written
: V=y+K(cosu+ecosw), K=V,sinz
or again,
V=o+Kcosu, o =y+Kecosw

where K, y and " are to be taken as constant.

113. When the velocity curve has been drawn the maximum and mini-
mum ordinates are approximately known. These are y=v'+ K, y=+'-K,
which require =0, v =180°. The maximum and minimum points, 4, B,
therefore correspond with the receding and approaching nodes. The line
y=¢" can then be drawn in the diagram, intersecting the velocity curve in
E, F. These points require. u = 90°, 270° and the corresponding points in
the orbit are the extremities of the focal chord at right angles to the line of
nodes. The velocity curve is thus divided at 4, K, B, F into four parts
corresponding to four focal quadrants, each bounded on one side by the line
of nodes. The part which contains the periastron passage will be described
in the shortest time and that which contains the apastron passage will
require the longest time. The opposite extremities of any focal chord give
equal and opposite values to (V' —+#'). In particular, the periastron and
apastron points, P,, P,, are located on the velocity curve by the further
condition that their abscissae differ by P, the half period, and the points
L,, L; corresponding to the ends of the latus rectum by the condition that
they are equidistant in time from P, or P,. The four points P,, P,, L,, L,
on the velocity curve are easily found graphically by trial and error.

Again, let O be the centre of the orbit and COD the diameter which is
conjugate to the diameter parallel to the line of nodes, so that the tangents
to the orbit at ¢" and D are also parallel to this line. Hence V=¢q at
C and D on the velocity curve. Let an axis of z be taken parallel to GE in
the plane of the orbit, so that

k2l o :
V—ry+azs1nz

ly
f (V=) dt==(2,— z;)sin .
A

Now the integral represents the area of the velocity curve measured from
the line y =v. Hence by taking the limits at 4, C, B, D it follows that the
positive area of the velocity curve from A to C is equal to the negative area
from C to B, and the negative area from B to D is equal to the positive area
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from D to A. These conditions, which can be tested by a planimeter or some
equivalent method, make it possible to draw the line y =« in the diagram.

At K,, K,, the extremities of the minor axis, the radial velocities relative
to G are equal and opposite. Hence on the velocity curve K, and K, are at
equal and opposite distances from the line y =+ and equidistant in time

from P, or P,. Thus these points can also be found graphically without
difficulty. ===

114. It is supposed that the period P is known, and this gives the mean
daily motion, p=2m/P. The other quantities which can be derived from
the velocity curve are five in number, namely 7' the time of periastron
passage, K = V,sin ¢, y the radial velocity of the system, w the longitude of
the node, and ¢ =sin ¢ the eccentricity of the orbit. The most satisfactory
direct method of finding these elements is based on the representation of
the curve (see Chapter XXIV) by a harmonic series in the form

V = Vo+ Zrjsin (jut + B;)
where ¢ is reckoned from some arbitrary epoch. This is always possible
by Fourier’s theorem. But
V=q+ K cosw (¢ + cos w) — K sin w sin w
=q + 2K cos w cos? ¢ . e™* 2J;( je) cos jM
— 2K sinw cos ¢ . 2.J; (je)sinjM
by § 41, (28) and (29). Now M = (¢ — T') and therefore V, =+ and
rysin(GuT + B) = 2K, J; (jo)
— rycos (juT + By) = 2K, . J} (je)

where

K,=Kcoswcos’¢p, K,=Ksinwcos ¢

There are now only four quantities to be determined, which may be taken to
be K,, K,, T and e. Thus the four equations corresponding toj=1, 2 are
alone required : those of a higher order are useful only when there is reason
to suspect that the motion is not purely elliptic. Now these give (§ 47)

. é* e
rsin(pl +B8) =K, (1 -3 +——192 - )
............ (2)
7] 362 564
—7‘1COS(/L[+BI) =K2(1_—8‘+1—9§—...

J : eh i el
r2s1n(2/1.T+82)=K,e<1—§ +2—4—...)
_2e+e4_ )

3 8

—7ryc08 (2ul + B,) = K,e <1
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showing that 7,/r, is of the order of e. Hence, by division,

7, sin (2,uT+B,) <] 52" Tl )

rn sinl+ B 7R T

ry cos(?lu,T+BQ)_'e(l e e
n s (Wl T B)
and, by subtraction and addition,

ry sin(ul'+ B, — By) e B e
r o osin 2 (ul+ B) 24 796"

r sin@ul+B+8)_ ¢

v, sm2ul+8) 4"
the last equation containing no term in ¢’. Eccentricities as high as 075
are met with occasionally, but even so it is evident that (u7 + 8, — 8,) 1s a

very small angle which can scarcely exceed 2° and is generally negligible.
If then

&

a=pl+B:— B
it is possible to neglect a® and the last equations become

" acosec (48, —28,) = - 4 + gt -t N (3)

4

;%.{1+acot(431—232)}=e—-

whence
Ty e W e
+<24 96)LOS(4BI 2B)=e—7.

From this equation e is easily found by trial and error, and then a, which
gives T, is found from (3). The equations (2) give K, and K,, whence finally
K and o are derived by (1). The process is therefore very simple, even
without special tables, when once the harmonic representation of the velocity
curve by two periodic terms has been obtained. This can be done very
easily and with all needful accuracy by taking a sufficient number of equi-
distant ordinates from the curve.

115. It is, however, more usual in practice to find approximate pre-
liminary elements by methods which are largely graphical and to improve
them, if thought necessary, by a least-squares solution giving differential
corrections. Thus 2K is the apparent range of the velocity curve, and when
the periastron point P, has been located on the curve, 7" is known, while the
areal property which fixes the position of the line y =y has been explained
(§ 113). The remaining elements to be determined are therefore e and w,
and these are connected by the relation Kecosw=q"—«¢. A number of
interesting properties have been used for the purpose.

Among these are the properties connected with a focal chord of the
orbit. Let ¢, be the time at a certain point of the orbit and w and E, the
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corresponding true and eccentric anomalies. Let ¢, be the time at the other
end of the focal chord through the point and 180° + w and E, the true and
eccentric anomalies. Then

1- e)é tan fw = (1 + e)% tan L E,, u(t,—T)=E —esink,

—(Q—efcot jw=(1+e)tan 1B, p(t;—T)=E,~esinE,.
Hence -

—(1 —e)=(1+e)tan { X, tan } &,
or
ecos} (B, + E,)=cos } (B, — E,)
and therefore
u(ty—t) = B, — E, — 2esin § (£, — E)) cos § (B, + E,)
) =(l,— E,) — sin (K, — 7).
Also
tan } (£, — E)=—1(1— ez)i§ e (cot Jw + tan Lw)
= — cot ¢ cosec w.
Hence, if 29 = E, - E,,
pu(ty—1t) =29 —sin2y, tang¢sinw=—coty.

Similarly, if ¢,, ¢, are the times at the ends of the perpendicular chord, where
the true anomalies are 90° + w, 270° + w,

p(t,—t;)=2n"—sin 2y, tan¢$cosw=—coty
The angles 7, %" are easily found, especially with the help of a suitable table

of the function (# — sin z), and hence ¢ or e and w =u — w. But the ordinate

at the point ¢, gives y — v’ = K cosu and therefore », whence the value of o
can be inferred. The equations

tan 1K, = tan (45° — 1 ¢) tan Jw, pt,—T)=FE, —esin K,
tan { K, = tan (45° — 1 ¢) tan (Jw +45°), u(t;—T)=E,—esin K,
will give two independent values of 7.

Sets of four points related in this way are easily located on the velocity
curve, for they are given by y —y' =+ Kecosu, + Ksinw. Thus the four
points y —o'=+ K /42 are very suitable for the purpose. Here u = 45°,
w=45"—w. Two special sets have been mentioned in § 113, namely, 4B,
EF where u=0°, w=—w, and P, P,, L,L, where w=0°. In the latter case
"y—9 =t Kcosw, + Ksinw, giving o immediately, t,=7, and e is given
by ¢=7%"—90°.

116. There are also properties connected with a diameter of the orbit.
If £ is the eccentric anomaly at a point, £ + }7 and £ + 3 are the eccentric
anomalies at the ends of the diameter conjugate to that which passes through
the point. Let ¢, ¢, be the corresponding timgs. Then

wt—T)=E+}im—ecosE
u@=T)=E+3m+ecos E
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so that

it +t,-2T=E+7

Tu{t—t,—3P)=ecos E.
Now the points C, D, in which the line y = 4 cuts the velocity curve, satisfy

this condition and the conjugate diameter being parallel to the line of nodes
makes the angle — o with the major axis. Hence in this case

» — tan w = cos ¢ tan K
and therefore

e (1 + tan?  sec? ¢)'%

ecos (1 —e”cos%o)_écosqs

n(t. -t —1P)

which gives e =sin ¢ when ecos w=(y —y)/K is known. Also
—e=3%u(t,—t,—P)sectu(t,+t,—2T)
which gives a relation between e and 7.
Another pair of such points is K, K,, corresponding to the ends of the
minor axis. Since £ =0 in this case,
tn+t,—20) ==
ut.—t—4P)=e
Let u,, u, be the longitudes at A,, K,. Then the radial velocities at these
points, relative to @, are
+ 3K (cos u, — cos u,) = + K sin (uy — ;) sin § (up + #,) = + K cos ¢ sin .
This quauntity is therefore given by the ordinates at K,, K, on the velocity
curve, relative to the line y =+.

117. The velocity curve also possesses interesting integral and differential
properties which may be useful. It is necessary to have a consistent system
of units, and since those of time and velocity have already been adopted, the
unit of length is fixed and the natural system is:

Unit of time = 1 1nean solar day = 86400 mean secs., :
Unit of length = 86400 km. = 00005779 astronomical units,
Unit of velocity =1 km. per second,

Unit of mass = that of the Sun.

Now the constant of areal velocity in the orbit is

pVo=2mwab/P = pa?cos ¢
so that
asint= Vyucosdpsini=Ku1cos .
The argument relative to the areas-of the velocity curve in § 113 can now be
made more precise. For the tangents to the orbit at C and D, referred to
the principal axes of the ellipse, are

zsin w + y cos @ = + /(a?sin® w + ? cos? w)
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and the perpendiculars on them from the focus G are
21, zy=+ aesin o + a /(1 = € cos’ w).

Measured from the line y =1 let 4, be the area of the velocity curve from A4
to O, — A4, from C to B, — A, from B to D, and 4, from D to A. Then

3(A4,+ 4,)= Kp= cos ¢ 4/(1 — €*cos® w)
(4, — 4A,)=Kpcosp.esinow
o cAvhle K*u=*cos* .

When 4,, 4, have been measured in the proper units these equations deter-
mine ¢ (or ¢) and w.

118. If the tangent to the velocity curve makes an angle y» with the
axis of time,

tan«{r=%¥=—]{sinu‘jl—lf

and r being the radius vector in the orbit, the constant areal velocity is

! dw
2 =i
pua?cos ¢ =1 prk
Hence
tan ¢ = — uK cos ¢ sinu (a/r)

=— uK sec® ¢ sinu (1 + e cos w)’
and at special points on the curve tan 4 has these values:
LR IEE SR — (0 TIBOR S s an Y0 =0
L F :u=90°270° :tan+yr=F ul sec’® ¢ (1 £ esin o)’
ey S ewi=202-180° stany = F pK sec’ psin o (1 + )
L, L, :w=90°270° :tan+ =7F puK sec® pcos w
K, K,:w= 1+ (90" + ¢) : tanyr = F uK cos ¢ cos (o £ ¢).
If tan 4 is found graphically at any of these points. attention must be paid

to the scales in which ordinates and abscissae are represented. These
expressions can then be used in order to find w and ¢.

Since
e 3 <k oot
r ot (sin ucotY)?, w=u—o

and w at any point on the velocity curve is given by the ordinate measured
from the axis y =+/, it is possible theoretically to plot the actual orbit to an
arbitrary scale, point by point. This is scarcely a practical method, but
deserves mention as the counterpart of Sir John Herschel’s method for
double star orbits (§ 105).
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119. The values of the elements found by any of these graphical methods
are approximate only. They can be improved by the addition of differential
corrections, 8K to K, de to e, 8w to w, 81 to T and 8u to m. Thus each
observation gives an equation of condition of the form

Vo— Vc==8ry'+cosu.SK-Ksinu.Sw——I(sinu(%%)3e+g%31’+g%8ﬂ)

and it is easily found that

oe

g%’,= — 1 (1 + e cos w)* sec® ¢

ow " 2
§;=(t—1)(1+ecosw)2sec“¢>.

L sinw (2 + e cos w) sec? ¢

It is more usual to give vy, the radial velocity of the system, than ', but this
quantity can be derived finally frow the relation y ="~ Ke cos o.

120. When the elements of an orbit specified above have been obtained,
by whatever method, some information can be gained as to the dimensions
and mass of the system. An equation already found in § 117 gives

asing = Ku~ cos ¢ . 86400 km.
when the unit of length there adopted is explicitly introduced. Let m be

the mass of the star whose spectrum is observed, and m’ the mass of the
other star. Then

4 m\? ]
prad (1 + 7?) =(m+m)C

where C is a constant depending on the units employed. These being as
stated in § 117, the special case when m' =1, m = 0, gives

dr? 1
(365:25)* " (00005779)*’

C=
It follows that
m"(m+m')?sin®s = [3-81443 — 10] K*u~"' cos® ¢
= [3:01625 — 10] K*P cos* ¢
and it is only this function of the masses, involving the unknown inelination

of the orbit, which can be determined when only one spectrum can be
observed.

log €' = 61855

If, however, the radial velocity V" of the second component of the system
can be measured at the same time, which 1s possible when the two superposed
spectra are of comparable intensity,

m(V—=g)+m' (V' —q)=0.
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One such equation will give the ratio m : m’ when v is known and two will
give 4 in addition without any knowledge of the orbit. It has been supposed
that the radial velocities have been determined by referring the stellar
spectrum to a comparison spectrum from a terrestrial source, as mentioned in
§111. When there is no comparison spectrum, as when an objective prism
is used, and the stellar spectrum shows double lines, it is still possible to
deduce the orbit of the system from the relative displacements of corre-
sponding lines. But the orbit is then the relative orbit, @ is the mean
distance of the components from one another, and it is easily seen that
(m + m) sin® 7 must be substituted for the above function of the masses.

121. The true spectroscopic binary cannot be resolved in the telescope.
But one or both components of a visual double can, when bright enough, be
observed with the spectrograph, and very interesting results can be gained
in this way. Let a, o’ be the mean distances of the components relative to
the centre of mass, expressed in terms of the linear unit 86400 km. The
astronomical unit contains 1730 such units. Let «” be the visual mean
distance and =" the parallax of the system, both expressed in seconds of are.
Then

ma=m’a’=—m2——,( +a’)
m+m
£l ” mm/
=1730. — .

and thercfore
V=y+ K (cosu+ ecosw)

= + pa sin ¢ sec ¢ (cos u + e cos w)

s i

o @ m
= + 1730 p sin ¢ sec ¢ (cos u + e cos w) . &
while for the other component similarly
o) a” m
V=4 —1730 = :
v psinisec ¢ (cosu +ecosw) . — s

If then the elements of the visual orbit have been independently determined
and the radial velocity of the first component alone can be observed at
different dates, the two quantities vy and (1 + m/m’) =" can be inferred. If
the radial velocity of the second component can also be observed, the parallax,
the ratio of the masses and hence the individual masses themselves in terms
of the Sun (§ 104) can also be deduced. From the relative radial velocity
alone,
V—V’'=1730 wsinisec ¢ (cos u + ecosw) a”’ /="
the parallax can be found, and hence the total mass of the system.

One question remains in the determination of the true orientation of a
double star orbit in space, which can only be decided by radial velocity
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observations. For the spectroscopic binary 7 has been defined so that
0 <2< }m, while for the visual double 0 <7< . This difference does not
affect sin¢, which is positive in either case. Hence if V,, V, are the
radial velocities of the principal star at different times, the two expressions
Vi=V,, cos(w, + w)— cos(w, + o)
have the same sign, where » is the longitude of periastron of this star,
reckoned from its receding node in the direction of motion. But A is the
longitudé of periastron of the companion at its first node { (< ). Hence if
the expressions :
V=V, cos(w, +A)— cos(w,+N)
have the same sign, A = w. This means that the principal star is receding
and the companion is approaching when the latter is at its node Q. If on
the other hand the expressions are of opposite signs, A =w+7 and the
companion is receding at ().

Otherwise it, may be possible to determine the velocities V, V' of the
principal star and the companion respectively at the same time. Then the
expressions s

V-V, cos(w+w)+ecosw
have the same sign, and therefore if the expressions
V-V’ cos(w+\)+ecos

have the same sign, A = o, while if they have opposite signs, A=w + 7. The
same consequences follow as before. Thus a knowledge of either V, — ¥V, or

-V — V’ removes the ambiguity with regard to the true position of the orbital
plane, which remains after the elements of a double star have been deter-
mined from visual observations alone.



CHAPTER XII

DYNAMICAL PRINCIPLES

122. It will be convenient in this chapter to recall some of the salient
features of dynamical theory and to consider as briefly as possible the form
of those transformations which are of the gréatest importance in astronomical
applications. We shall start from Lagrange’s equations.

Let the system consist of a number of particles whose coordinates can be
expressed in terms of n quantities qi, ¢,, ..., ¢, and possibly of the time t.
Let m be the mass of a typical particle sitnated at the point (=, ¥, 2).
Then

g 16z Pa/i. or
w—éz+a—ql.ql+...+azb.gn
so that
o _
9¢, 0g,’
Hence
iy & g0
dt\*" 3g,) = "t \" 3q,
_ y oz , O
—-XaTlr+'mw§g—r

where X is the component of the force acting on m. If 7' is the kinetic
energy ofithe whole system,

T=3}m (& + g+ ).

Hence adding all the equations of the preceding type for the three co-
ordinates and all the particles,

& @\ o oz oy dz\ oT
Now the forces which occur in astronomical problems are in general con-
servative, and we can write

S (Xde+ Ydy + Zdz)=—dU
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where dU is a perfect differential. U represents the work done by the
forces in a change from the actual configuration to some standard configu-
ration and is called the potential energy. We therefore have ,

a(% (aT) _ar-uy

0qy, 0g,
But U does not contain q,, and hence, if we write 7'= U 4 L, this becomes
d /oL oL
e | = — o B0 L I R e e -
dt (aq',) e, i) M

which is the standard form of Lagrange’s equations.
The function L is often called the Kinetic Potential. In the absence of

moving constraints (or some analogous feature) within the system %:...: 0.
Then T is a homogeneous (positive definite) quadratic form in ¢, ..., ¢n-

123. If L does not contain ¢ explicitly, the equ'ztlons admit an integral
called the Integral of Energy. For in this case
dh_s (0 4,3 4)
dt ~ 7 \ag, T og I

-2 Gi) o5 7}

qr 04
d Yol i
- (35 %)
so that
G0/
ggra—q.—r—L_h .............................. (2)

where h is a constant of integration. Replacing L by T'— U, where T is a
homogeneous quadratic form in ¢, and U does not contain ¢,, we have
h=2T—(T-U)=T+U
which shows that A is the sum of the kinetic and potential energies.
More generally, let L contain ¢ explicitly through U and let T no longer
be a homogeneous function in ¢, but of the form 7, + T\ + 7,, where 7, is a
homogeneous quadratic function, 7} a linear function and 7, of no dimensions

in ¢,. Then similarly
dL _d (E oL .)+8L

Fr raq*qf W
d / oU
i aq ) ot
LyE o ppe
orsinceL=T2+T1+To—U
oU

d
& LTt D=
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an equation which applies to relative motion. When U does not contain ¢ .
1,-T,+U=h

When U does contain ¢ th.e_ equation

rT,-71T,=-U+ %gdwh

is a purely formal integral because it is to be understood that any coordinates
occurring in dU/dt are expressed in terms of ¢ before integration. This
implies a knowledge of the complete solution of the problem. But the
equation is not without its uses. Thus if U= U, + U’, where U, does not
contain ¢ and the effect of U’ is small in comparison with the effect of U,,
preliminary values of the coordinates in terms of ¢ may be found. When
these are inserted in 0U' /9t a closer approximation to the true integral will
be obtained and the process can be repeated. The true meaning of the
equation 1s therefore connected with a method of approximation.

124. The above form (2) of the integral of energy is directly connected
with the Hamiltonian form of the equations of motion whereby the =
Lagrangian equations of the second order are replaced by a system of
2n equations of the first order. For we may write

[ 4

%q,%—L:H, %‘:1),.

T

The n equations for p, are linear in ¢, and when solved éxpress ¢, in
terms of (g,, p,), this symbol being used, where no ambiguity is to be feared,
to denote all the quantities ¢, ¢s,-.., @u> P1, P2>---» Pu. Hence L and H can
be expressed either in terms of (g,, ¢,) or of (¢,, p,). Thus

oL oL
8L =73 —=.%q, o
» 0Qr o+ % g, 1
ol oL
2 'r N ‘r B ot TR .r
and therefore -
O0H = % (¢, 8p, — pr 8q)

since
. _d oLy oL
Pr=a (aq,.) =g,
It follows that
’ MRS TS L g oH 2
qr_a.?g;’ pr—_@;’ (’r‘—]_’ 2) ...,n) ............... (3)

and this is the form of the equations which is called canonical.

When L has its natural form, H= 7+ U. If L does not contain ¢ ex-
plicitly, neither does H, and the integral of energy (2) becomes simply H = /.

9—2
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125. Let us consider the differential form
df =3p,dg,— Hdt
r

or

d(Zp,q,—0)=2q,dp, + Hdt.
r r

If d6 is a perfect differential, the right-hand side of both equations must
also be perfect differentials, and this requires that

it WA (ekl S

vt le0gyth | g oo
or the canonical equations must be satisfied. Let us suppose now a trans-
formation from the variables (¢,, p,) to the variables (¢, P,) such that

SPrdQ = 3pedg==dW oo T

where dW is a perfect differential and W is expressible either in terms of
(gr, pr) or of (@, P;). Such a transformation is called a contact transforma-
tion, or in the particular case when (g,) can be expressed in terms of (@Q),)
alone [by relations not involving (p,) or (£,)] an extended point transformation.
If W contains ¢ in addition we may write

EP,dQ,—Eprdq,—%?.dt:—dW—z—?g.dt
» »

so that when d#@ is introduced

§P,.dQ,_(H oW

oW
+W>dt=d0—dW—-§.dt.

Each_side of this equation is a perfect differential provided d# is a perfect
differential, and in this case

; O ¢ & ol g

P,=—é@, Qr:a_P; ........................... (3) 4
where

K=H+%vtz .................................... (6)

Since these equations equally with the form (3) express the conditions
required if df is to be a perfect differential, they must be equivalent to (3).
Thus we see that any transformation of variables satisfying the condition (4)
leaves the equations of motion in the canonical form. '

126. In consequence of (4)

P = ow ow

TR br= s R e 41 (7N

Hence K will vanish in virtue of (6) provided
ow oW\ oW

.H(l;-.-, Qn;a_ql,-.., a—é;’) — =
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This equation is known as the Hamilton-Jacobi equation. But when K =0,
P.=8, @Q=a

where a, and B,, by (5), are arbitrary constants. Hence if any function W

can be found which satisfies (8) and contains n arbitrary constants («,) in

addition to (¢,) and ¢, the solution of the problem is completely expressed by
the 2n equations (7) written in the form —

TR o O
aar— Ty Pr—aqr

where (,8-,.) are n additional arbitrary constants.

If H does not contain ¢ explicitly we may write
W=—ait+ W

where W’ is a solution, containing (n—1) constants (a,) apart from a, but
not ¢, of the equation

oW’ ow’
H(ql,...,qn,—a;’—l—,...,a—q;)—an .................. (10)
The solution (9) is therefore replaced by
ow’ ow’
aar =_B’f; or= aqr;(7=1)2, ”:n_l)}
......... (11)
ow’ ow’ i

aa’n"‘t Bn: pn=‘aa

127. 1In the set of equations (7) W is an arbitrary function of (@,, ¢,).
Instead of making W a solution of (8) let it satisfy the equation

oW owy oW
H, (91;-'-; qn,a—ql, fox aqn),+——--_ 0

ot

where H, is the Hamiltonian function of another problem also presenting
n degrees of freedom. Hence as before

P=8, Q=a
Where (a4, B;) are the 2n arbitrary constants of the problem defined by H,.
Hence the equations (5) and (6) become

1. g W aK -
=g Brm g e (12)

where

K= H+aW—-H H,.

Thus if the H, problem has been solved and the constants of a solution of
the corresponding Hamilton-Jacobi equation are known, the same form of
solution applies to the H problem with the difference that the quantities
which remain constant in the first problem undergo variations in the second
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problem which are defined by (12). This is the foundation of Lagrange’s
method of the wvariation of arbitrary constants. The simple form of (12)
depends essentially on the function K being expressed in terms of the
constants which occur in a solution of a Hamilton-Jacobi. equation and
which may be called a set of canonical constants.

If we suppose that the problem defined by H, has been solved by some
other method than through the medium of a Hamilton-Jacobi equation, a
different set of constants will be obtained. Let 4,, be a typical member of
such a set. Then 4,, is some function of («,, 8,). Hence

; Rl 5 i o
Am=25—.ar+g-a—l§—.ﬁr

TR ) g
=3 (e 58" o8 5%,)

E)K‘EJA8 04, 0K 04,
e s S
oK
- % {Am; A } aA
where K = H — H, as before, and
04,, 04, 0A4,, 04,
s 40 =2 (323" 56 o)

“a form of expression which will be defined later (§ 130) as a Poisson’s bracket.
128. Let us consider the integral _

e Ldt f(T U) dt

=ft" (= Tt SNy o e L oy (13)

by the first set of equations in § 124. We have therefore

4
: 8J=f (—SH+ZQT5Pr+2PraqT) di
%

Tl ,
= [Epr&p:lo +ft (— 8H + 2¢,8p, — 2 p,8q,) dt

where 8 denotes a change in (¢,, p,) but leaves ¢ at each point unaltered.
Hence 8J =0 if 8g,=0 at the limits and if the canonical equations are
satisfied. And this proves Hamilton’s principle that in the passage from
one fixed configuration to another the integral J has a stationary value for
the actual motion as compared with any other neighbouring motion in which
the time at corresponding points is the same.
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If however & denotes a change in ¢,

(2} 1
87=—3 [ Hat+5( Sp,dg,
JO

to

1
g [Hb‘t] :
0

Hence when two neighbouring forms of motion, each compatible with the
canonical equations, are compared, the complete variation between two

positions 0 and 1 is : :
5 = [2]),-8%-:] A [HSt] .
0 0

Accordingly, if the initial time is taken as fixed and (., B;) are the initial
values of (¢, p.), we have

0J 0J
az = Dr, % Fra? 37‘
and

g;t]=_H(qr,Pr)=—H(q” g_;{)

But this is the Hamilton-Jacobi equation. Hence the integral J is a par-
ticular solution of this equation. And further, since we have reproduced the
equations (8) and (9) of § 126 except that J is written in the place of W, we
see that J is that solution which contains the initial values of the coordinates
as its n arbitrary constants.

129. Let us suppose now that H does not contain ¢ explicitly, so that
the integral of energy H =h exists. Then if '

4 ¢
J=[ zp,q',.dt=f A GO My 2 ey, (14)
toy to
1 4
5T = [z Y sq,] + [ Caesp,~ 3 puday) d.
[1] t
But
SR oH
Sa o ) M e
2¢,8p, — X p,dq, =3 o Spr+ 3 % 8¢,
= Oh

and therefore
S
A [Ep,Sq,:' +["sh.de.
o Jt,
This is the complete variation of J and it vanishes between fixed terminal
points if 6k =0 in each intermediate position, i.e. if the time is assigned to

each displaced position in such a way that the equation H = & is satisfied in
the varied motion. Under these conditions the integral

J=["(L+h)dt =ft’(T— U+ h)dt
to /i
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has a stationary value in the course of the actual motion as compared with
motion in any neighbouring paths.

This integral is called the action and the propositioxl established is known
as the principle of least action. When 1'is a quadratic function of the
velocities k= T+ U and the integral becomes

t 1
J=f vidt =f 0 S R S e AR (16)
) 0

where v is the velocity of the particle (of unit mass).

The integrals which we have found to be stationary are not necessarily
minima. The necessary conditions in order that an integral

t
I=[" @, d)dt
shall be an actual minimum are:

(1) The first variation 8J vanishes between fixed terminal points.
(2) The function of (e,)

. )
¢ (GT) =f(QT: qr + er) s 267 -a—'qf—‘
is a minimum.

(3) Between the terminal positions 0 and 1 no intermediate position P
exists such that 0 and P can be joined by a neighbouring path which satisfies
the dynamical conditions and is other than the path considered. The nearest
point to O on the path which does not satisfy this condition is called the
kinetic focus of the point 0.

130. It is necessary to study the properties of certain expressions
connected with the transformations which are frequently employed. Let
Uy, Ug, ..., Usy bE 21 distinet funetions of (., p,). The first expression is

s @‘Zz o, _ 94r @’1) _s 9@ p)
. S )

oup Ow,, 0wy, 0wy
which is called a Lagrange’s bracket and is denoted by [w;, um] The second
expression is

.

s (0 QB 9058 )
7 a_({r op,  0g, 5 0D,/ ! r 0(qr pr)
This is called a Poisson’s bracket and will be denoted here by the symbol
{ws, um}. It is evident that we have

[ul: u’m] I [unw ul], (l + m) .
[wg, U} = — {um, ), (L Em)

[, wi] = {w, wi} = 0.
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There are also relations between the two types of expression, and these
we shall now investigate.

Let two linear substitutions be defined by

2 0gr 2 op,
L] 5— Yr +Eau “Yntr

and -
Ve 2n apr o) 2n aqr
yr—faum-zm: yn-}-’r— ﬂzlaum-zm
where r can have all values 1,..., n and { and m can have all values 1, ..., 2n.
The result of eliminating 4., ¥, 18 to give

2n n
m=3 7w S (al opr _ pr 3%)

- oup Oy,  Oup Oy,

2?
=3 fu Stz
m

.................................... 19)
But the substitutions can be reversed by writing
n Qu, 2 Qu,
r=2 =t ) ntr = e .
e T,
il % Oy
Zm apr.yr—%a—qr.y/,”.r.
The equivalence of these forms is easily verified since
aul aq;v aul a_pr -
& [aq, aul] , 3 [Bq, 2] —o,....
When y,, 4., are eliminated, these give
2n ou; Oy, aum 8u1>
2 % lz (aqr apr aQr apr
2n .
= ? {0 2] ) o e oy SO TR0 v B! (20)

The resultant substitutions (19) and (20) must therefore be equivalent, and
accordingly their determinants, written in the forms

[ul: “1]: [ul) uz];n-» [“1; u2n] and {u]) ul}) {un uz}
[uZ: ul]) [u2: u2]x'“’ [u2: uZ'n]

5o il oty %5}

1
LX) {u‘b Ugpj

..................... e T (D

[umn ul]x [11'271.) lu'z]:"') [7,1,21“ uZﬂ] {162111 ul}: {uzm u2}:"'» {u21l.: 'uzn}

are reciprocal. This means that any constituent of either determinant is
equal to the co-factor of the corresponding constituent in the other determinant

divided by that determinant. Any Lagrange’s bracket is thus expressible in
terms of Poisson’s brackets, and vice versa.
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131.. Let us now consider the explicit conditions for a contact trans-
formation. We have in this case

! 0q, 09,
3 P, dQ, - 3 prdg, =3 P,dQ, - zzp,( oA+ 5. dp,)

(sei)
Prap,,

a perfect differential. Hence
40" (2 8(_1,) Y
R Pr5p opr;
0 ( 0g-\ _ @ 0g»
w0 (30 56) =2, (20 5)
an r aQ Q r an
9 09, 0 {o. v 8k
ar, (37 55) =aq, (22 57)
unless [ = m, in which case

o7, (256~ 7) =g (3 o8)

It is at once evident that these conditions may be written

[Pl’ Pm] £ O’ [Ql: Qm] =10

for all values of [ and m,

always, and

[Ql: Pm] =0
for all unequal values of I and m, and 4
(@, Pi]=1

for all values of {. In other words, in the case of a contact transformation
all the Lagrange’s brackets vanish with the exception of those which are of
the form [@;, P;], and these are all unity.

Let us now put
u"___QT’ un+T=P1" (T=1, 2:---:”).
Then the substitution (19) becomes simply
Lp=2Zpir, Tntr=—2p

But this shows that all the Poisson’s brackets occurring in (20) vanish
except those which are of the form {u;, %«s}, and these may be written

(@, Pii=1 or {P;, @} =~

The conditions for a contact transformation are therefore of the same simple
form whether expressed in terms of Lagrange’s or of Poisson’s brackets.

Again, the substitutions of § 130,
0q, %, Op,
xy = zaq yr+2‘%’:‘/n+r

Oy, % Oy,
et

?/ n+r
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become identical when m = n + [, since z,,;=«;. Hence

aqr aPl apr e a_-P_l

o ap oG g .
But when [ =+ m, they are identical except for an opposite sign throughout,
SInce &pyp = — Zm, and thus

%,  Qu 0p, _Qu —

FPIT op, VAP Oy,

These relations hold for all values of I, m or » not exceeding n.

132. Let us consider the transformation
Qr =qr+ GQT', Pr = Pr + Eprl
where ¢/, p, are any functions of (¢,, p,) and e is an infinitesimal constant.

If the transformation is an infinitesimal contact transformation,
AW == {(pr +ep) d (4 + eg) = prdg;}
=€ TE (p/dg, + prdg;’)

is a perfect differential. Hence we may write
¢ (pr g~ @' dpn) = A (W e % prgy)
=—¢.dK
where K may be any function of (¢,, p,). Accordingly
, 0K ) 0K

y = —

o, g
and the general form of an infinitesimal contact transformation is given by
' oK oK
Qr_qr+eapr) Pr—pr—'ea_qr‘ .................. (22)

where K is an arbitrary function of (¢, p,)-

If for € we write 8¢, the equations (22) become

LI R S
& op.’ &  9g
and comparing this form with that of the canonical equations of motion we

see that the progressive motion of a system from point to point corresponds
to a succession of infinitesimal contact transformations.

The effect of substituting (QT, P,) in any function f of (g., p,) is to
produce an increment

of of
e anr 8—117—261» aqr
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133. Let us consider a .disturbed motion in which (¢, p,) become
(9-+ 8¢, p-+ 8p,) at the time ¢ If this motion is compatible with the
canonical equations

- Y
{Ir 2 apr ] 1 (LR aq1'
we must have
*H
dt( 9 =% (Emaq % 3prop.” o 8)

with similar equations for 8p,. Now let us suppose that the new variables
are those given by (22). These will lead to a particular solution of the
varied motion provided

d (0K ®H 9K oH ok R
)~ % (op.o 2. ~ 005 50
9 _(3H 9K 0H oK
=8_ (aq,, 8]03 @a_q;)
( *K  oH 821{)
>

o, ap,aps " 0ps 9p,0gs
( "ap g%)
+2 (5T )
o~ ) R T )

~ o, dt \op,/ ~ ot \op.

0=~ (a)

with a similar set of conditions arising from the equations for 8p,. But
it is evident that all these conditions will be satisfied if A is an integral
of the system, for then X =0. We thus see that if K is an integral, the
equations (22) are a particular solution of the equations for the disturbed
motion.

L5
~dp

?‘

or

134. Let u be another integral of the undisturbed system. Then u+ Au
must also have a constant value in the disturbed motion. But by (23)

Au=e{u, K}

when the disturbed motion is that obtained by the infinitesimal contact
transformation derived from K. Hence {u, K} must be constant, and we
have Poisson’s theorem: if w and K are two integrals of a”system, the
Poisson’s bracket (v, K} is also an integral. It might be supposed that a
knowledge of .two integrals would thus lead to the discovery of all the
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integrals of a problem. This is not so in general. The known integrals are
more often of a generic type, particularly in the case of those gravitational
problems with which we have to deal, and fall into closed groups. For
example, if we start from two integrals of area we obtain by Poisson’s theorem
the third integral of the same type and no further progress can be made in
this way. In order to obtain fresh information it is necessary to start from
integrals which are special to the problem considered. ==

Let u,, %5, ..., Usm be 2n distinet integrals of the problem. Then each
Poisson’s bracket of the type {u,, us} is constant throughout the motion. But
we have seen in § 130 that a Lagrange’s bracket [u,, u,] can be expressed in
terms of all the Poisson’s brackets. Hence [u,, u,] is also constant through-
out the motion. But this gives no means of finding additional integrals of
the problem, for in order to calculate [u,, u,] it is first necessary to express
(¢, pr) in terms of the 2n integrals (u,). And this presupposes that the
problem has been completely solved.



CHAPTER XIIT
VARIATION OF ELEMENTS

135. The Hamilton-Jacobi equation corresponding to elliptic motion
about a fixed centre of attraction is very simply solved when the variables
are expressed in polar coordinates (r, [, A), so that (/, A having the same
relation to one another as longitude and latitude)

q1 ¥ ”" ‘]2 -, A’: q:; 1 l'

Then, after suppressing the factor m in the potential energy U and therefore
treating the mass factor in the momenta as unity,

U =—pr?, p=k0+m)=n
2T = #4792 + 72 cos® A . [?
p =R p2=r25», Ps = 72 cos? A
H
The i{amilton-J acobi equation (§ 126) therefore takes the form, since H does
not contain ¢, ,
(Q;Z_Y . %‘ (aa—viy o T cis2 by (a_avzg: Pt %ﬁ

where W =W’— a;t. Integration by separation of the variables is then

T+ U=1%(p2+ rpl+r2sec®\.p?)— pr .

easy. For
\2 Ne
(aVBW )2= 200 + . 5‘%
7 P

obviously satisfy the equation. Hence

2

3
_j (20:, +E —~> dr + f (a2 — ag? sec? )n)% A\ + a;!
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1s an integral which contains the three independent constants &, a,, a;.
Therefore the complete solution of the problem is given by the equations

AW 2 a7V
t—Bl—' aal —j (2a1+—r——?) d7

*o

. oK*

" q 2# a2 “5 \ A "y )

i

AW A . z
——Bs=zl- =] —j a;sec® A (o — a? sec® \) Lo
3 0

where B,, 5, }33 are three additional constants. The lower limit r, 1s also
arbitrary. It may be identified with the pericentric distance, and then the
mtegrals depending.on » will vanish at the pericentre.

136. We have now to determine the meaning of the six constants of
integration. Since the integral in the first equation vanishes at perihelion,
B, is clearly the time at this point. Also, by the same equation,

2 _
2

=20, (r — 1y) (r — 13)[1%

+ 2a,

=

But at an apse, =0 and r=a (1 £ ¢). These then are the values of 7, r,,

and hence
p=—2a0, af=-—2a(l—¢)a

o,=—p/2a, ay=+{pa(l—e)}.

Also if we put ay/a,=cosi the second and third equations become on
integration

or

— By = — f1(r) + sin~* (sin A/sin 7)
—B;= [ —sin7!(tan A/tan )
" sin A =sinesin { £, (r) = B}
tan A = tan¢sin (I + B;).

This last equation shows that the motion takes place in a fixed plane making
the angle ¢« with the plane A =0, which may be taken to represent, for
example, the ecliptic, with { and A as the longitude and latitude of the
planet. Thus the meaning of a;=a,cos i is defined, and — B; is simply the
longitude of the node. The preceding equation then shows that f, (r)— 8, is
the angle between the radius vector of the planet and the line of nodes,
1e. the argument of latitude. But at perihelion the integral f; (r) vanishes.
Hence — 3, is simply the angle in the orbit from the node to perihelion,
or w— in the ordinary notation. The canonical elements which we
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have introduced can therefore be expressed in terms of the usual elements
(7' being reckoned from the epoch when the mean longitude is €) thus:

o, =—pu/2a, Bi=T=—(e—w)/n

o =+/{pa (1 — e}, Bi=—w+Q

a;=+/{pa (1 — e®)} cosz, By=—-0.
The homogeneity of these constants will be increased by introducing a = Vpa
instead of o,. This makes 2¢, = —pu?/oa® and W= W'+ p%/2¢%. Hence B,
will be replaced by 8, where

Since the integral vanishes at perihelion, and ¢ = 7" at this point,
_ET_ Jr
»B_?—\/ES.T—W’T:—_G_FW.

The other constants are easily seen not to be affected by the change in a,
B:, which can accordingly be replaced by

a=(pa), B=nl=-c+w

where e is the mean longitude of the planet at the time ¢=0.

137. The expressions for a, a, %, B, B, Bs in terms of the ordinary
elliptic elements which have just been found make it very easy to calculate
the Lagrange’s brackets

o (0a 98 0B oa
[, v]—L(ﬁ.%—a—u.%)
where u, v are any pair of the six elements @, ¢, 7, Q, =, e. Since a, «,, &, are
functions of a, e, ¢ alone and B, B, B, are functions of Q, =, ¢ alone, the
Lagrange’s bracket for any pair of either set of three elements vanishes. It
1s equally evident on inspection that [e, €], [¢, =] and [, €] also vanish, the
two constituents never occurring in a corresponding pair of canonical constants.
Hence the complete array of Lagrange’s brackets may be set out thus:

a e 4 Q @ €
a 0 0 0 [, Q] [a, =] [a,c€]
e 0 0 0 e QL el 5 10
) 0 0 0 [z, Q] 0 0
Q| —[a, Q] —[e 2] —[ Q] 0 0 0
@ | —[a, m] —[e =] 0 0 0 0
e | —[a, €] 0 0 0 0 0
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where the first constituent of each bracket taken positively is placed in the
column on the left and the second constituent in the line at the top. The
brackets in the second diagonal really contain only one term and-are at once

seen to be A
[a, €] =~ 7%'\/:“‘/0’

[e, ®] =eVpa/y(1 —e) = e
[, Q] =Vaa (1= &). sinj :
while the remaining three brackets contain two terms and are
fo, 0§ V(T =& 4 (1 — o |
[0, @] =1 Vpfa. (1~ V1~ )
e, Q]=—eVpa (1 —cosi)/V1 - e

The value of the whole determinant depends simply on the constituents in
the second diagonal and is evidently

A=[a, el*[e, o[z, QT

= } pfae? sin®q.

138. It is now easy to form the reciprocal determinant, the constituents
of which are the Poisson’s brackets of pairs of elements. On account of the
large number of zeros in the above determinant a corresponding number of
minors vanish and the rest can be calculated without difficulty. It can in
fact be verified by simple inspection that the reciprocal determinant takes
the form : :

a e 7 ) = €
e g 0 0 0 a e
e 0 0 0 0 le, =} {e, €}
% 0 0 0 {7, Q} [i, »} {1, €
Q 0 0 —{, Q} 0 0 0
o 0 —{ew —{ =} 0 0 0
e | —{a, el —fe,e}] —11, ¢ 0 0 0

the first constituent of each bracket (written positively) being indicated in
the column on the left and the second constituent in the top line as before.
It is also clear that the partial substitutions (§ 130)

z=[a, Q) z,+[a, m] 2+ [a, €] 2z
z,=[e, Q) 2,4+ [e, =] 2
xy=[1, Q] 24*
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and
1 4= @ Q}
fh= le, &} xy + {1, =]
Y ze=la, el a+ e, & m+ {4 e} 2
must be equivalent, and it readily follows that
o, & = 1/[a, ] = -2Va/p
le, o} = 1/[e, =]=~1—eeVpa
{4, Q)= 1/5 Q]=1/Vpa(l - ¢)sine
{e, ) =—[a, =]/[a, €] [¢, =]
= (1-V1-e&)V1-e/eVpa
(i, w) == [e, O)/[e, @][3, O]
= (1-cosi)/Vua (1 —é)sini .
li, e} == {la, Qlle, w]~[e, Q] [a, =]}/[a, €] [e, =] [1, 0]
= (1 —-cosi)/Vua(l—¢)sins.
The six Poisson’s brackets are thus all known.

139. A solution of the Hamilton-Jacobi equation, involving the six
arbitrary constants a, o, ag, B, B, B, has been found for the case of un-
disturbed elliptic motion relative to the Sun. When the action of the other
planets is taken into account, the potential energy U becomes U - R,
- where R is the disturbing function and is expressed by (§ 23)

\
R=Fk3Zm (l M .85 ZZ") :
. Ai 7‘53
Hence H becomes H,— R and consequently by § 127 the constants of the
approximate problem are in the more complete problem subject to variations
which are defined by the equations

dao, OR dB,  OR
F e daley a—“Br T St —a—a—r &
Here R is supposed to be expressed in terms of the constants mentioned in
§ 136, which refer to the motion of the planet considered undisturbed, and
the time as 1t occurs in the expression of the coordinates of the disturbing
planets. When instead of the canonical constants arising in the solution of
the Hamilton-Jacobi equation the ordinary elements of elliptic motion are
employed, the equations for the variations are no longer of the above simple

type, but take the more complicated form
d4, oR
s ? t4r, 44 04,

where 4, represents any one of such elements. Since we have found the
expressions for all the Poisson’s brackets, the equations for the variation of
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the usual elliptic elements can at once be written down in an explicit form.
They are as follows:

da LG Ry
dt -—24/a/y, e

de _ cot ¢ 0R tanjpcosd oR

dt = Wue 0w Vua 0 NN

WA 1 JeR . jenjd (6R+8R)
dt cos ¢ siniVua 00 cos¢>«/,ua 0w  Oe
aQ 1 oR

dt  cos ¢ sini Vua 3

do _cot¢p OR  tanjs 0R

R 5 g 100 oA 5

de — oR | tan l¢ cos q,') oR tanjv  9R
i SATTES L e R P S p e

A slight simplification has been.made by writing sin ¢ in place of e in the
coefficients of the partial differentials of R.

140. The above set of equations for the variations of the elements is
fundamental. An important point must be noticed in regard to them. The
variation of @ entails a corresponding variation of n which is determined by
the relation n?a® = pu. Now the disturbing function R is a periodic function
of the mean anomaly and is expressed in terms of eircular functions of mul-
tiples of nt. Hence the derivative of R with respect to @ would contain the
same circular functions multiplied by ¢ and this introduction of terms not
purely periodic would be inconvenient. The difficulty is avoided by an
artifice which should be carefully noted.

We consider n (as distinet from a) to occur only in the arguments of these
periodic terms. Otherwise « is used explicitly or if it is more convenient to
use n outside the arguments, n is simply a function of @ given by n*a®= u.
Now ¢ enters into E only in the form n¢+ e through the mean anomaly,

so that
oB 1 <8R>
ae an a= (,onst

=-2«/W.;—3’—}-E

< e jl(af) B %(%173)“ s} v

=—2Va/u {(BR)n i\ ot @E} +.

L
Hence

de
dt

oa da de
o . —(OR dn do
5 ek */a/,u' (—a—a)n const. v ZiTl % 5%

10—2
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or
de dn oR
dt g dt =4 \/a/'u (aa)n const L5
If then we take € instead of €, where
d_g p dn _dé
at i d T d
or

e+nt=¢€+ |ndt

the form of the above equations for the variations of the six elements will be
unaltered, since

°R _oR

de o€
but their natural meaning will be so far altered that (1) n in the mean
anomaly is not to be varied in forming the derivative with respect to «, and

(2) nt in the mean anomaly is to be replaced by [ndt. The secular terms

which would arise from the cause mentioned are thus avoided.

The value of n is deduced directly from the value of @, and we have

fndt= ,u%fa‘%dt.

If this integral be denoted by p we have also

d? d 3 oR
=iVl =

“dt a®’ e
_—3ff1~—dt°

which gives the finite variation of this part of the mean longitude in the
disturbed orbit.

or

141, When e (and therefore ¢) is small, and this is commonly the case,
the coefficients in the variations of ¢ and = which contain cot ¢ as a factor
become large. This gives rise to a difficulty which can be avoided by intro-
‘ducing the transformation
h=esinw, k =ecosw.

The result of making this change, which can be verified without difficulty, is
to substitute for the corresponding pair of equations

dh,  cos¢ oR  ktan}i OR  lcos¢p OR

dt Vua ok, cos pVua 8 2cos*ipVpa de
dk, _cos¢ R  Itanis OR kycosp  OR

dt  Vaua 0h coseVua % 2costip Vua O
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Silhilarly, when the angle between the plane of the orbit and the plane of
reference is small, a pair of coefficients in the variations of ¢ and Q become
large, and the transformation

h,=sinisin ), k,=sinzcos()

is useful. The result, which can be verified with equal ease, is to replace
the equations named by the pair

dk2 cost oR A hycos oR OR

o odt cos v pa ok, 2cos2%icos¢~/ﬁ (5;_*-5)
dk, _ cost  OR k2 cost <BR 8R>
dt cosq,’n//;z'gh; "cos“zcos¢ \/,ua Oe

142. Another form of the equations for the variations of the elements,
in which the disturbing forces appear explicitly, is of great importance. Let
- 8, T be the components of these forces in the plane of the orbit along the
radius vector and perpendicular to it, and W the component normal to the
plane. Let u be the argument of latitude and (A, u, v) the direction cosines
of the radius vector, so that (§ 65)

A = cos u cos {2 — sin usin ) cos ¢
= cos u sin {) + sin u cos §) cos ¢
v =sin u sin 7.
The direction cosines of the transversal and of the normal to the plane may

be written
o o 1R 1w 1
ou’ ou’ Ou sinw 0¢’ sinw 0¢’ sinu 0t

which must satisfy the conditions

- (0« (3 -

ou/ sinu T \9¢
(g =20%) =2 %)

If o be any one of the elliptic elements, we have also

oR oR Bw+8R 8y+8R 0z
0o oz’ dc  dy oo oo

But the component of the d1sturb1ng forces along the axis of x is

iy, o + T AL
ox sinu 01
Hence
ali=2(>»s+§7§T+ L %IV)_a(M)
ou sin v 0¢ do
oN O\ rW ON OA
"Sa B (au 80-) sin u (337877)
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by the conditions mentioned. Now
r=a(l—ecos k), tan Jw = \/ 1+e
u=w — 0+ w, E—esmnE=nt+e—w
In accordance with § 140-we treat », as it occurs implicitly in u, as inde-
pendent of a, and replace nt by [ndt.
ﬁence ]
BRES 1o Q0 ot
oa ou a
oR _«W o (ax £

S e o AT =rWsinu
R Gt TN i )
o0 TE— (m i?u)_l—smu2 i) (BQ_—%>

(since A contains Q both explicitly and implicitly through u)

—rfs (B 2) -1} 2T 5 (2 2

rW

=77 (cos 1 — 1) + =——— (— sinu cos u sin 7)
sin u

3

= — 2rT sin* }i — r W cos usinz.

The remaining elements enter into (A, u, ») only implicitly through u, so
that in their case

oR _ TE( ) aﬁ+ﬂ2(a7xax)au

oo 8 0o  sinu or oo

or 0w  ow
—S + 11(80’ 80’)'

Hence

oR ol ow oF
—a-—S aesmE + TBE B

=8.a*esin B/r + aT sin w/sin £

= aS tan ¢ sin w + al sec ¢ (1 + e cos w).

Since r and w are both functions of € — &

ok _ o oR
am'_ " Oe
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and finally
oRr or ow
e TS o,

=aS(—cosE+esinE%Ig>+'rT(

sin w 0 sin w
sin E e — ¢ )

esin*l/ 1 o
_“S(— s 1-— ecosL’>+rTsmw<1—ecosE+1—eg>

cosE (1+ecos'w it )

=aS. = ~alo. el CESIY
1 1— cosL'+7Tsmw 1—-¢ +1—62

= —aS cosw + r1' sin w (2 + e cos w) sec?® ¢.

It only remains to carry the expressions found for the derivatives of R into
the equations of § 139 for the variations of the elements. The results are as
follows : y

d ]

% =5 «/a3/p. {Stan ¢ sinw + T sec ¢ (1 + e cos w)}

de ,\/

i a/p cos ¢ {Ssinw + 7' (cos w + cos E)}

de Vi

7 My rW cos u/cos ¢ Vua

%% =7 W sin «/cos ¢ sin ¢ \/ﬁ

% ={—aScos*pcosw+r1 sinw(2+ecosw)+7 Wsinqbtan%isinu}/simj)cosd)\/;.a
gl_; =—2r8/Vpa + 2 sin? } ¢ +2005¢51n2‘}" Q

From the first two equations we get for the variation of the parameter
p=ua(l—¢)
dp ., da
== =cos? ¢ - Foy 2asm¢d —-21Tcos¢«/a//.¢
It has been convenient to”derive the above important set of equations from
those which involve the derivatives of the disturbing function. But their
form would be the same if the components of the forces were not such as can
be expressed as the differentials of a single function. Thus they hold, for
- example, in the case of elliptic motion disturbed by a resisting medium.

Since n?a®= p is constant, the equation for ‘the variation of @ may be
replaced by
dn

(-lg——3{Ssin¢sinw+ T (1 + e cos w)} /a cos ¢.
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Also '

d dw . :

5 (e — ) =— 2rS/+/(na) — cos ¢ & + 7 W sin u tan $7/4/(ua)

= {(a cos® ¢ cos w — 27 sin ¢) S — r1'sin w (2 + e cos w)}/sin ¢ 1/(ua)
which gives the variation of the mean anomaly,
dM d dn
part of the:variation of nt being included in e as explained in § 140 and
mentioned above.

143. It has been seen in § 139 how the canonical solution of the problem
of undisturbed elliptic motion leads to the canonical equations appropriate to
the form of motion which follows from the introduction of disturbing forces.
With a slight change of notation,

L=a='\/(ﬂa); - l=nt—,8 =e—w+ nt
G == {pa(l —e)}, g= —P==-0
H=a,=+/{pa(l—¢€)}cost, h= -pB;=0

and the canonical equations become
dL _oR dl_ oR
dt o’ dt oL
a6 _oR  dy_ oR
dt 99’ dt oG
@ L QR dh _ OR
dt oh’ di  oH’
But there is here a change in the meaning of R due to replacing the element

— B by the mean anomaly . If the disturbing function in the usual form
quoted in § 139 be denoted by R,, the variation of / follows from

2R, OR 2R,

d
A i A

and therefore
R =Ry fndli= Ry~ ] WLl = Ry + u/o L
This change in R has no effect in the other equations, and since R is a

function of €— = +nt, 0K/l is the same thing as —9R/08. The above

canonical equations are precisely those on which Delaunay’s theory of -the
Moon is based.

Withont changing L let the transformation
L-G=p, G-H=p,, —g—h=w,, —h=0w,, l+g+h=2r
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o2

142-144 | - Variation of FElements 1

be made. Then
ML + w,dp, + w,dp, —({dL + gdG + hdH)=0

and this expression is therefore a perfect differential. Hence by § 125 the
transformation from the variables

10l S R
to the variables i

L: P> P2 A, w;, Wy
is one which leaves the equations of motion in the canonical form. The
angle A = e+ nt is the mean longitude, and », = — =, w, = — () are the longi-
tudes of perihelion and the node, reversed in sign.

Again, consider the transformation

E= (QP)% cosw, 7= (.‘Zp)% sin o.
In this case .
ndf — wdp = — 2p sin’ wdw + sin w cos wdp — wdp
=d {p (3 sin 20 — )}
1s a perfect differential. Hence the variables L, p;, p,; A, @), w, can be
changed to
L, El) Ess M, e

and the canonical form of the equations will still be preserved. " These
variables have been used extensively by Poincaré. Since

p1=.L— G=2‘\/(/‘6(I’)Sin2%¢

(sinp=e), &, 7, are of the order of the eccentricity, and are called by him
the eccentric variables. Similarly, since

po=G — H=24/(up)sin®}z

&, m. are of the same order as the inclination, and are therefore called the
oblique variables.

144. The account which will' be given of the lunar theory in later
chapters will be based on a method which is quite different from Delaunay’s.
But the latter is in reality very general and therefore Delaunay’s mode of
integrating the canonical equations of the previous section will now be
indicated. The form of the disturbing function will be taken to be

R=—B— A cos(l+ug+ih+in0t+q)+ R,
=—B—Acos6+R,=R,+ R, .
where R, represents an aggregate of periodic terms similar to the one written
down and ', ¢ are constants. The term B and the coefficients A are

functions of L, G, H only and in comparison with B these coefficients are
small quantities of definite orders. Let

O=ul+n9+th=0—1int—q.
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Then the variables
LS CoWElE s,
can be replaced by
L& H'; 4,70, 9, h

provided

@G0 -0)dL+g.d(@-G)+h.d(H' —H)y=dW
is a perfect differential ; and this condition is clearly satisfied if
< F=G-4""%L, H=H-i7L
for then dW =0. If now R,=0, a solution of the problem can be found.
For corresponding to the equation

=—B—4cos(6,+1,nt+q)

the Hamilton-Jacobi equation takes the form

oW 0

W 0
—B—ACOS('L W='

i
‘3L

and a solution involving three constants C, ¢’, I is

+Mﬂ+@+

W= Ot + i f 0dL — i~ L (it +q) + §'G + K H’

provided
3 —B—Aecos@+C—4,L.in =0.

This equation, which is in fact one integral, may be written
C=B,+Acos6, B,=B+ia i L.
The solution, by § 126, takes the form (a, =0, ¢, '; B,=¢, — G, — H’)

t+e+i a%fedL= 0, 40,= 4 (6 —iyn't — q)
G’ = const. g=9 +47 iJﬂeoll‘}
4 : 1 aG/
’ ¥ prie 0
H! = const, h=K 467 f 9dl.

The lower limit of the integral involved is a function of C, G', H’, but the
integral is so defined that the integrand € vanishes at this limit. The
solution can also be written .

" L=%0, G=1,0+G, H=40+H’
C=DB,+ Acos, B =B+1n0

00 do
t+C=—' az,d@—fvg{';—(m

o
oH’

!

’ L 19 3
9=9 +faG;dO, h=W+ de.
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At this point (C, ¢', #'; ¢, — G', — H') are absolute constants, resulting from
the solution of a Hamilton-Jacobi equation when the Hamiltonian function is
R— R,. Hence, by § 127, the further treatment of the problem depends on
taking these constants as new variables, and solving the canonical system

dC _ 9R, dG'_ 0R, dH' _ 0R,

=i _/)

- e T il
de_ _0R, dg' 0B, dk __oR,
T D e O T T (TR

But circumstances now arise which require further examination. For R, is
now a function of the new variables, instead of the old, and the form of the
function is important.

145. In the partial solution
C=B,+Acosb, %?=/\/{A2-(C'— B} =Asin6

where B, 4 are functions of ® (and the constants C, G, H'), and ©, 6 are
functions of ¢ to be determined. The forms to be expected may be seen in
this way. The above equations give

® = f(cos 6), —f’(cosH)%—?:
and therefore :
t+c =f¢> (cos 6) df = 6/6, + St sinrf

when € vanishes with ¢+ c. Hence 6 — 6, (¢ + ¢) is an odd periodic function
of & and therefore of A =6, (¢+¢). Thus, 6, being some constant,

@=N+30,sinmn, A=6,(t+c)
and |
O =f(cos ) = O, + 20, cos r\.

These forms, which without a critical examination of the conditions have
only been made plausible, are actually found in practice. It follows that
L=10,4+720,cos ™\, G=0G"+1,0,4+7,50,cosr\, H=H'42,0,4+7,30,cosr\

=K T %-Ii—s—;g—edl=g’+go(t+c)+Eg,sinm
0 3

90 Asind
a6,

and the original variable [ is given by

=% AN=N +hy(t +¢) + Zh,sinrr

Wl=0—1in't—q—1i,9—1ih

=A='t —q—5 {9+ g,(t+e)} — s I+ (8+¢)} + 2(0,— 139, — 15 k) sin A



156 Variation of Elements [on. Xur

Now, since 6 and ® contain C, ', H', these constants also enter into g,, %,
and therefore into the cocfficients of ¢ in the arguments of the terms in R,.
Hence ¢ will appear outside the circular functions in the derivatives of R,
with respect to C, G', II’. This inconvenient circumstance must be avoided
by a change of variables. Now

df 8d0=0d0 — (t +¢)dC + (g —g) dG' + (h — ') dH’
by the form of the partial solution, and therefore
‘d (ot—f@)de) =—Od0 —cdC + (g —g') dG + (h— Iy dH' + Cdt.

This is a perfect differential and when each side is expanded in the form of
a secular and a periodic part, the same must clearly hold true for each part
separately, at least when the number of periodic terms is finite; and in
practice the remainder after a certain number of terms must be treated as
negligible. But

o @0

) SO (0, + 20, cos 7™\) (1 + 36, cos r\)

=N, + ZA,cosrh, Ay=0,+13r0,6,.
Hence, when the periodic terms are omitted,
Cdt — Agd\ —cdC + g, (¢ + ¢) AG" + by (t + ¢) dH’

1s a perfect differential, to which d (A,A) may be added; and therefore the
variables .

CG O oo g i
can be replaced by

AD; Gl; H/, x; K, m
where

k=9"+gE+c)y, n=~+h(+e).
This follows from § 125, which shows that at the same time R, must be
replaced by R, —C. All is now expressed in terms of the last set of variables,
and secular terms are thus vemoved from the arguments of the terms in ;.
It is convenient to make a final simple transformation. Since
(N =N dAg+ bredA, +imdAy = — d [Ay (4,08 + @)} + 1,0/ A dt
if
OGN =N =k — Gy — Wt —q

the variables

‘\01 G’s H’; h, K, 1
can be replaced by 1

N =uA, @'=G"+uA, H'=H +4A; N, 5,9 %

but at the same time it is necessary to add ¢,n’A, to R, — C. Thus finally, if

R' =R, - C+i2'A,



-
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the system of canonical equations
Qi Cor'AGY GRT 4 UUOR

T AR T QiR A (™
dV_ R dx_ 3R’ dy _ 3R
'%__ﬁ/s ”(‘i?— aG//) dt “¥¥ aH//

1s obtained. -

146. 1If the value of A’ be compared with the expression for ! in terms of

A it will now be seen that
ul=4N+3(0,— 4.9, — k) sin ra

and thus A’ and [ differ only by periodic terms. The same is true of «, g and
7, h. The periodic terms would disappear with A, as also those in ® and 4,
and A, would coincide with ®, and ®. Hence the final variables are the
same as the original variables when 4 =0. The form of R’ differs from that
of R mainly in the complete removal of the term A4 cos 6, and naturally the
most important term will be first selected for elimination. Periodic terms
will be introduced into the arguments of R’, but it is easily seen that on
expansion they give rise to periodic terms of a higher order than 4 cos 6.

The same process can be repeated indefinitely, until all sensible terms are
one by one removed, together with those of a higher order introduced at an
earlier stage. It has been assumed that 7, is not zero. If 4, =0, 7,9 or ;A
can take the place of ¢,/. There are also terms for which ¢, =% =14, = 0. In
the lunar problem these depend on the mean longitude of the Sun-and are
removed by a single preliminary operation analogous to the above.

Delaunay’s expression for the disturbing function contains over 300
periodic terms, and their removal involves practically 500 operations of the
above kind, reduced to the application of a set of formal rules. This
immensely laborious task was carried out unaided. But the result is the
most perfect analytical solution which has yet been found for the satellite
type of motion in the problem of three bodies. The solution is not limited
to the actual case of the Moon, since it is expressed in general algebraic
terms. The satellite type of motion may indeed be defined as that type for
which the Delaunay expansions are valid. It seems an interesting problem
of the future whether such satellites as Jupiter VIII and IX will be found
to satisfy this definition. Their conditions differ widely from those of the
lunar problem, in particular in the fact that the motions are retrograde.



CHAPTER XIV
THE DISTURBING FUNCTION

147. The development of the disturbing funetion E in a suitable form
gives rise to many difficulties, partly of analysis, partly of practical computa-
tion, and is the subject of an extensive literature*. It is possible to deal
here only with a few of the more important points.

The principal part of the disturbing function for two planets involves the
expansion of A=, the reciprocal of their mutual distance. It is therefore
important to consider the nature of this expansion, or rather of A= in
general, where s is half an odd integer. For this more general form will
give the derivatives of A=), A? being a rational quantity, and these will
naturally occur when A= is expanded in terms of any contained parameter.

It is convenient to consider first the case of two circular, coplanar orbits.
Then, if H is the difference of longitude in the plane,

A= a2+ a2 — 2a,a,cos H
a,, @, being the radii of the orbits. Let

@<ty a=a,/a,, JH=logz, &=-1
and therefore
a,? A= 1+ & — 2acos H=(1—az) (1 —az™).

Hence the function to be examined is

Fo=(1-a)*(1l—az )=} g b5zt

= (1 + a2 — 2acos H) ™ = %bs°+§b3‘cos iH.
’ 1

Since the function is unaltered when z and 2! are interchanged, b;~i=10b,
and ¢ may be treated as positive. The coefficients b are called Laplace’s
coefficients. By Fourier’s theorem, £
. 3 ’
b= - f (1-az)*(1—az )22 1dz

2

=2 ( (1 + o — 2a cos t)~* cos 1t dt
Tl

* Cf. H. v. Zeipel, Encykl. der Math. Wiss., v1, 2, pp. 560-665.




147, 148 The Disturbing Function 159

The first (complex) integral is due to Cauchy ; the path of integration is
taken round a circle of unit radius. By introducing the Weierstrassian
elliptic function

p=z—4(@a+a™)
Cauchy’s integral clearly becomes an elliptic function, and Poincaré has
shown how this function can be reduced to a calculable form. But another
method will be followed here. =

The coefficients b are casily developed as power series in a®. For, with
the use of gamma functions,
r (3 +1)) alz? , N 4 (S * (1)

(l—aZ)“’(l—“z_l)_s”“r(s)r‘(p+1) TAT g+’

a? z—19
and therefore, when p=q+1,

T+g+9'(s+q
ZMEPT(g+e+ 1) (g+1)

I(s+7) o sTG+q I'(s+1+¢q) I_‘<i+_1,) 02

T E+1) : I'(s) ~ T(s+v) T(E+1+q)'T(g+1)
But this can be recognized as a hypergeometric series, and when it is
expressed in the ordinary notation,

a‘Zl]+L

1bs =

I'(s+7)

A YO 2
®HrE+1) @
By the known properties of the hypergeometric serfes, this expansion is

convergent when a< 1. There are many equivalent forms, but (2) is enough
for the present purpose.

bi=2a'F (s, s+1, 1+1, az)f

148. Laplace’s coefficients are subject to several formulae of recurrence,
which facilitate their calculation. That such exist follows from ‘the known
relations between sets of three contiguous hypergeometric functions. Instead
of finding them directly, a more general function

Bi=ai <L‘l_2)7 (a~ by
may be considered, for this reduces to ;' when j=0. In the mtegr‘tl (1)
write z=af, and then
| miaib = (1= ety (1= ¢y rde
It follows that
mamiByi = LX) [ gagyi (1 gy givin g

L'(s)
The equivalent forms '
Wta‘iB # oty BI(‘S(_-%j) ‘.(1 s az;)—s—'j—x (1 o g—l)—s (§i+j—1 L ae§i+j) dé’
_TIis+y)

I'(s) ‘(1 _‘agé‘)_s—j (1 — g=2)=s-1 (§ii1 — givi—t) d¢
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- show at once that
(o) Bl fmia B b BT 2. o L A (3)

g i+1,5-1 i.5-1
aB: =sB . sa BT

Again,
& [(1 — eeg)—s7+1 (1 — g1)—s™ §i+i]
dg
= (L= @)™ (1= § ) {(s— i —1) g0+ (3-+ j+40%) LH49-1— (34 j+5—1) £i+i4),
When these expressions are integrated along a path lying between the limits

1<|¢| < a2 where the functions are regular, the first integrand returns to
its original value. Therefore

((—s+1)aBii—(i4+j+1?) B+ (@ +j+s—1)a B =0...(4)
The identity
(1= o)™ (1= g2y g
=(1-a) 1 (1 = §) " (1 + @) §H1 — @it = L3
gives similarly on integration : .
DB (@) B~ BT s B

and after eliminating the last term by means of (4). with s+ 1 in the place of s,
(i +j+8)(G+8) B =s[s+(j+s)a?] BY —s(j+2)a BT (5)

When j=0, (4) and (5) give formulae which apply to Laplace’s coefficients.
Derivatives of the latter with respect to a can then be expressed as linear
functions of B,bJ.

: :
149. Newcomb’s method of calculating the coefficients b,’, together with
their derivatives in the form subsequently requlred can now be explained.

Let

and let
Cni‘j — 2.7 ast2—% Bai,j = 9J a*(”"l)+i+2j Y (a‘ibsi),

This is not Newcomb’s definition of ¢,/ but it is the equivalent. Thus
De,bi={}(n—1)+7+ 25} cb7 + ¢, b

and therefore !
Di+re,bd = {3 (n — 1) + 1+ 25} D¥eybd + Deey i+ L.l (6)

so that these derivatives of a higher order are easily deduced from those of
the next lower order. Let

pnixj = cni: j/cni"’];j — Bgi’j/Bgi—]’j
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and then, by (4),

A% P,ii
Paivd = TTQ;Z:J'@}*"’ G e eneeniii e e )
where

g )t A s Gndh v D e
" V(L@ o o (T - af) o g

The development is to be carried to a definite order fixed by ¢=k, say 11.
In the first place p,®/ is calculated for the required values of %, j by a direct
method. Next p,*~J, ..., p,b7 are deduced in succession by (7). Fori=1,
s =1, the formula (3) becomes

(2]‘ i 1) a G]l,]' ' clo,j+1 ey cl1,_7'+1 . 01°’j+1 (1 = apll,jﬂ)
or '
(2j+ 1) apieI
1 apll’j"_'l %

¢, JH =

The first coefficient ¢,% is calculated directly. Then (8) gives ¢,%/ (j=1,2,...)
in succession. The formula (5), when ¢ = 0, gives

. 0,§ 3 ; A ;
U +in)rac,’=4nlin+(G+4n) aﬂ]cg’ig—%n (J+ n)ac;’iz
or o

. 0,5
AL 2
§ At ¢ i BN BT
e 3 Sy 1 e o ; 1,7
gnlin+(+in)@]—4n(G+n)ap,/,
whence ¢,%7 (n =38, 5, ...) are found in succession. It only remains to formn

e =pyic,HI(i=1,2,...) and the calculation is then complete. The
successive derivatives are finally derived by the use of (6).

0,5 _
n+2

The employment of a chain of recurrence formulae in practical computa-
tions requires care, because they are apt to involve an accumulation of
numerical error. It is the merit of Newcomb’s method here described that
1t is not only simple but very accurate. ‘

150. The quantities which must be calculated directly are ¢, ° and p,*J,
where n=1, 3, ...,j=0,1, 2, ..., and % is the highest value of 7 to which the
expansion is carried. Now

0= bé0= ;rz- .{:(1 + a* — 2a cos t)"% dt

a complete elliptic integral which can be found in a great variety of ways.
Neweomb commends for the purpose the arithmetic-geometric mean, which e
follows from the identity

ir yr
f (an? cos? p 4 by2sin® )~ dep = f (@1 COSPA + D2y sin2 ) ~ 2 o
0 0

where
241 = An + Dy, b2n+1 = dpby.
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This is obtained immediately by the transformation of Gauss
; 2a,, sin yr
G (@n + by) cos® ¥ + 2a,, sin4r
and can be extended indefinitely by successive steps. It is obvious that the

sequences @, b, have a common limit 4 and hence that the value of the
integral is 7/24. In the present case

(l']=1‘—a,- bl=1+a, 610,0=2A-—1
and this indicates one way in which ¢,” ¢ is easily obtained.

The calculation of p,*/ is based on the hypergeometric series (2): It 1s
clear that

SF (s,s+1,1+1, a‘~’)=sz(,i+lz)ﬁ'(s+l,s+i+l, 142, a%)

and therefore generally '

: _T@+)) Ts+i+y) T@E+1) !
SIF (s, ...)= T()  T(+i) 'F(z'+j+1)F(S+‘7’"')'

Hence, by (2), " ¢

s LG+ Tt i),

; [L)p I'EE+5+1)

and therefore, since n = 2s,

20iF (s+j, s +1+j5,1+j+1, a?)

ai_ BY gmtitj—1 FGn+jdnti+j,i+j+1, @)

PoZ gt iy FGujdntiej=Litg )"

The quotient of the two hypergeometric series can be converted into a
continued fraction by a known theorem* of Gauss, and as it converges
rapidly a few terms suffice to give its value. By this method Newcomb
determined the required values of p,*.

1561. In order to obtain the desired form of the continued fraction it
is not necessary to introduce the hypergeometric series. By (3) and the
following equation,

i+1,7 i+1, j+1 G g+
i B«+ 4 aB:I— J —-B; J+
pn i ST IRl QP | s +
»J i+l i~1,5+1

B ozBs B“I :
i, j+2 41,541 i, j+1

C g Bin _Bs —a B

N BT-ITQ T Ei,’jirl ’_’a Bi—_l,}:l
§=-1 s s
and by (4),
E—s+1)aB " (4414000 BY Y (o j+s)a B =0,

*{Chrystal’s digebra, 11, p. 495.
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These are three linear equations in Btui+1 Bai+ Bi=1.i+1 which can be
eliminated. The result may be expressed in the form:

(f—s+1a i+j+002+1 (i+j+s)a =0.

+2 i, j+2 |
1 a+p” ap;’2 ’
i+1, 4 hFdy —
. a 1+ap, P, i

After expansion and division by (1 — ?) this gives

(—s+1)aptiphl 2 — 4+ 1) pi —dap? T + (i +j+5)a=0
or
NG —s+ D) p —da (G- s+ Dapp? P - G+ j+ D+ (s+)A—s)a=0
Therefore (7) gives (2s = n)
yind — @+j+s—Da
*oi4j+ree— (z—s+1)¢>¢p’+1J
@C+j+s—1)a

7'+J—(6+])(1—s)a?{¢+]+1 (l—8+1)ap"’“}
(’t+]+s—1)a (s+]) _s)a.

___itj  G+PGEj+D) G- e+ Daply
= 1— 5 i+j+1
(z+)+s—1)a (s+j)(1—s)o (F—s+1)(E+j+s)o*.
T+ @C+)E+j+1) (z+}+1)(z+7+2)
= e | (38

.

and this is the required form. The relation between the alternate constituents
1s obvious enough, for the substitution of j + 2 for j and n—2 for n (or s —1
for s) clearly has the effect of increasing each factor by 1 in the numerators
and by 2 in the denominators. As i=Fk is a fairly large number in the direct
calculation of p,*J, thé even constituents are small and the calculation is
based on an odd number of terms {generally five). With the use of subtraction
logarithms the process is rapid.

152. The next step is to consider two circular orbits in planes inclined at
an angle J. Let L,, L, be the longitudes in the two planes, reckoned from
the common node, and let

p=cos’t], v=sin’}lJ, p+v=1
z=L—- L, y=IL+L,.
Then the angular distance between the planets is given by
. cos H = cos L, cos L, +sin L, sin L; cosJ

= p COSZ + v COS ¥
11—-2
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and
;A7 = (14 o —2acos H) ™}

=0%04 2 3 pio coszw+226°fnos]J+42 2 b cos iz cos jy

i=1 i=1j=1
where

b = %—f”f"(azA—l) cos 1z cos jy dx dy.
mJo Jo

When » is small A~ can be expanded in powers of ». Thus
;A = {1 402 — 2a cos & — 2av (cos y — cos z)} %

= ML P 7 7" -n-%

=2 T+ (2av) (cos‘y — cos )" (1+ o~ 20 cos z) : ...(10)
or

I'(n+13)

F(n+1)F()(aV)n(77+77—!—§ E 1)n2bz ‘f

23 000g =

where
w=logf w=logy ~F=-1

It is only necessary to compare the coefficients of &7 in these expressions in
order to have b%7 as a power series in v, the coefficients being functions of .
Thus, for example, as far as »°,

2bi,0 o béi u _%_av (b%iﬂ + b%i—l) 4 %O@VQ (b%i+2 L ngi 4L b%i——a) A

i1 = jav byl — Fars (b 4+ b,) ..
2bi = 3e0P byi— ...

It is easy to continue these developments further, and this is the method
used by Le Verrier and Newcomb. But its validity is limited. The binomial
expansion (10) of ¢,A~" is convergent only when

|1+ a*—2acosx 1
2a (cos i — cos &)

and since the most unfavourable case, cos #= — cos y = 1, must be included
sin®4J = v < (1 — a)*/4a.

It has been proved by H. v. Zeipel that the same limit applies to the
expansion of Jacobi’s coefficients b-i, This condition is satisfied in all cases
by the small inclinations of the orbital planes of the major planets.

153. Among the orbits of the minor planets, however, are some whose
inclinations to the plane of Jupiter exceed the above limit. It is therefore
desirable to find a more general form of development. Let

¢

F~#=(1+ a— 200) = 30"
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The coefficients €y are polynomials in ¢, which are in fact Legendre’s poly-
nomials when s=4%. Ditferentiation with respect to o and log « gives

Fst2 & d Gsn

T);a—_'. %— a”=1 +0L2—2(La'
Fste (I n
T5a Zédo'z e+ 08 &
yKax
Sea S a0 = (o —a) (1 +a*— 2a0)
_I;'s+2 by
5 30 =(oc—2a) (1 +a*—2a0)+2(s+1)a(a—o)
= (o + 2sa) (1+ &> —2a05) — 2(s + 1) a (1 —o?)
Fste dC.» d20r
= S — 9, ! 7 < 8l hs o ool 8 "
95 > [ 2snC"+ (25 + 1) o s (1—-0? e J a
Hence Oy satisfies the differential equation
axC dC .
(1—-02)(%3—(23+1)a&;+n(n+28)0'=0 ....... S TG

Now in the present case
oc=cos H=pcosaz+vcosy
and the problem is to develop Ci* in the form
oo (0)= 3 A% jeosimeosfy ...oooiiieiiiiinin, (12)
i

where the coefficients A"; ;, considered generally as functions of u, v, are
Appell’s hypergeometric series in two variables w? »° But the solutions
required can be deduced from the well known equation (11) by a certain
treatment. It will be seen that this treatment is very special, but it is
adequate for the purpose in view.

Let w, v, which are not in fact independent, for u+ v =1, be considered as
functions of a variable £. Their derivatives with respect to ¢ will be denoted
by w/, p”’, ¥, v". Then

>0 R SOy
et = uCcosz e + @ Sl.n~ x a2
20 _ o o d0+ .~ 40
W v eos y o + ¥* SIn* y oy

aC B k(- dC
E:-(’u' cos & + v cosy)a;

G e hits 1) 2o e A ; o d2C
515.—3—(“ cosS & + v cosy)g(—r—ﬁ-(,u cos & + v/ cos ) T

It will now be seen that if with the help of these equations a partial
differential equation can be deduced from (11), such that o, cos# and cosy
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do not appear in it, a differential equation satisfied by 4; ; will be deducible
on comparing the coefficients of cos iz cosjy. Now

2
n(n+ 2s)C = (u*cosae+ vPcos’y —1 +2,uucosa:cosy)%§

+(2s+ 1) (ncosx + ucosy)%’
°C  dC
= 'U:v/ aat" [,u cos*x + vicos’y — 1 — ——(,,,’2 cos? x + v cost )]
+ég (25 + 1) (ucosz + v cos s —. ” v
= I v €oS ¥) P Y (W cosx + v cosy):,
- | mv 820 d20 % Mmv 7 A
=2 taai ¥ Ten s e
rGomm (L20-100)
i T pv ox u'v ay>

dO' ” Y2 1/ /
da \:{23# e (up’ — 2)} cos z + {2sv— #"fy, (v 4 2)} cos y:'

and therefore if
= 2 Pl —_— _/«U/ ‘2 2} —
M=p+r-1 M,v,(,u +v?)=0

TRICA S L
it ;s M v op\p
the equation takes the required form

pv 0°C
% wv ot

[
=

NN G e
')(_Q_.__E)_,_Na_q

*dBAR uv’ 0x® u'v oy

n(n+ 2s)

154. At present p and v are any functions of £. Let
w=1=p)(1=py), v*=pps.
Then it will easily be found that the first condition becomes
dpp'vv' M = (p, — p,)* pi'ps’ = 0.
Hence either p,=p, or p, is 1ndependent of t. The first case has the more
obvious importance since it gives directly
v=p=sin?}J, p=1-p =cos?iJ.

The second condition may be written

and the right-hand vanishes because u+»=1. Hence the method can only
be pursued further when s= 4, but this happens to be the most iinportant
special case. Ifnowt=v, v'=—u'=1, u”=2"=0, and the partial differential
equation (13) in €' becomes

1 #0020 WIREEC 8()’
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On inserting the series (12) and comparing the coefficients of cos iz cos jy this
gives

& o
’n(n+1)A"1, ]—_V(l—V)dA t"7-}'-( g +‘]I_’> Ani,j_l_(gy_])dAvl]

dv* 1—»p
But the direct expansion of F~—* shows that since cos iz cosjy arises from
terms of the form: (u cos z + v cos y)™, A" ; must contain » ‘1) as a factor. It
1s therefore proper to write =7
An = (L =)' v B

and this gives, with a little reduction,

n (1B j= (=) d2’+{2v<z+1+1> 2j—1) P 4 i) (a4 +1) B

or

(v~-—v) +{2v (@ +j+1)—2j - l}dg 9

e 3=0,

Now B"; ; is a polynomial in » with a constant term, and this equation gives
the law of its coefficients. But the equation is clearly of the form satisfied

by a hypergeometric series. Hence d

A" j=cp'viF (G +j—m, 1 +5+14+n 2j+1, v) ......... (15)
where ¢ is a constant depending on ¢, j, n. This gives the form of Hansen’s
development in powers of a, namely

@A ="2 a". A" ;jcosizcosfy, (n>1+j).
n, i, 7

The determination of the constant ¢ may be deferred.

155. This is the simplest, most obvious application of the method. But
its possibilities, though limited, are not exhausted. The first condition for
its use is also satisfied by making p, a constant. This may be expressed by

pr=sin®$J, p,=sin?tJ,, p=cosiJcos}J, v=sinlJsinlJ,
where J, is to be treated initially as constant, though finally it will be
identified with .J. The relation x+ =1 no longer holds formally, but is
replaced by
wfeos? Ly + visin® §J, =1

and the result of differentiating this twice with respect to ¢ and eliminating
tan }.J, shows that the right-hand side of the second condition (14) is 1.
Therefore s=1. At first sight this case has no present interest, since s is

not half an odd integer, but the reason for considering it further will be
seen later.

The development will be in powers of sin?}.J as before, but it will be
convenient first to make ¢=}.J, so that

7

w=—sin}JcosiJ,, VvV =cosiJsinlJ, p'=—pu, V' =—0u
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Then the partial differential equation (13) for €' becomes
21 fronly ,,0°C L 00 oC
n(n+2)C= ég—secta—d—cosecta—y——Z “tﬁ'
The form of the solution resembles the previous case, suggesting

U= E/L vIT™; ; cos iz cos jy

and the comparison of coefﬁclents of cos ur cos jy after the substltutlon gives

n(n+2)1T™; -=—‘—1—T~M—f(2j+1)cott (27+1)tant} dgt"’+(z‘+j)(i+j+2)Tn,-,,-.

Now let the independent variable be changed to 7 = sin®¢ = sin® §./, so that

2
d—t—2smtcostd IR =47 (1 - 7) +2(1—2~r)d
and the previous equation becomes

1™,
4(v°— 1) dn ”+4ﬂ{('t+']+2)'r (_7+1)}»—~——’+(z+j-—n)(z+j+2+n)T 5,7 =0.
Now I ; is a polynomial in 7 with a constant term, and this equation
determines the formation of its coefficients. But again it is an equation
of the type satisfied by a hypergeometric series. Hence

where ¢, is independent of =. But w and », and therefore 7™ ;, involve J,
symmetrically with ./, and therefore it 1s evident that ¢, contains as a factor
the same polynomial with 7 replaced by r,=sin*}.J,. Hence
T j=col (7) F(7)
where ¢, is a constant independent of = and 7,. This is clearly general,
whatever the values of J and .J,. A return to the actual problem can now
be made by putting J,=.J, and then = and
t+j—n t+j+24n
2ridy ol 2

which gives the form of expansion

afA™2= 3 o I'™; ; u'vI cos v cosjy
N, 4,3
(# +j<mn). The form of proof is essentially that of Stieltjes. The squared
(terminating) hypergeometric series is a polynomaal of Tisserand.

,11”,,',]'=CgF2( 3 _]+1, 1/>

The more general utility of this result will now be easily seen. For
A7 =(14+a*—2acos H)'=(1—az)™ (1 —az?)™?
— {z (1= ey — 2 (L= ) (2 — )

o E o (Z"'H by z—n—:) (Z 93 2—1)—1
n

=% a" sin (n+ 1) H/sin H.
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_Hence, by comparing the coefficients of a*,
sin (n+ 1) Hfsin H = 2 1", ;u*v7 cos iz cos jy.
%7
But

Y

(a,71A)* = b, + 2 by cosnH
1
=150 + 2 4b" {sin (n + 1) H — sin (n — 1) H}/sin H

and therefore

(@A) = §bo + 3 £ b2 S (T0, = T77%) wio cos o cosgy ...(16)
i 5

n=

which is Tisserand’s development in a series of Laplace’s coefficients.

156. To complete the result it is necessary to find the numerical factor c,.
Now the final term of F(—a, B, v, ), a, B, v being positive integers, is
(+ B=D1y=D! '
(a+y=1HB-1)! ;

Hence the term containing the highest power of » in T'; ;u®v’ is

T n!-]' g ",
=1 “*{[w Trn)]! [g<z+j+n>]}

a*A72= {1 +a* — 2a cos  — 20w (cos y — cos )}

But

=2 (2av)™ (cos y — cos z)™ (1 + 0> — 2a cos &)™
and the highest power of v associated with o is given by the terms
(cos y —cosa)* (2v)'=(n+n' = E—E) "
==y (1= iy

= (n i)y ¥ o [k
_73}.,711!(n—m)!k_l(n—k)y"? (—f) (— En)y ™t
(=1 (n!yE&qpiom _

I I DR e R e HEX R

when
=1(G—i+n), k=in—-1i—j).

The same terms appear in the form

e A AT ‘vl cos ix cos jy = k 3 T, ; uiviEinf
ig iJ
where x =1 when 7 and j =0, x =} when 7 or j=0, and x=} otherwise. The
highest power of » has already been found in this form, and comparison of the
coefficients of »£in7 gives finally .
[t itp]![E(n—i+))]!
UrB@+i-pnliiE-i-pIJ!

The development (16) is now completely defined.

Co = k!
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The numerical factor ¢ in Hansen’s development (15) can be found
similarly. For the term containing the highest power of » in A% ; is

B @@
A Py Sy e ) :

On the other hand the terms associated with o and the highest power of » °
in a,A~? are by (10) cortained in
T'(n+ %)
Th+1)T G

and these are now known. As before, the coefficients of »*£nJ in the two
forms of a,A™* can be compared, and thus

iy, OOUGDE - (Dl Dt
(n+j—0!n+i+7)! D{{FntesH] L@nr+1)I'E)
where II denotes the product of four factorial factors. Now & (n—1—j)is

an integer, n — 7 — j is even, and the sign is the same on both sides. Also
F'n+1)=n!, 22T+ .n!=TG).2n)!l.

) (cos y — cos z)* (2v)"

Hence finally

S e 0 L (it in—i))!

@) Ba+ o+ )l e =1+ )IE @+ =—)IE (== j)]!

which completes the determination of Hansen’s development.

The results obtained for inclined circular orbits may now be summarized.
Since

COS 1% COS JY = cosd Iy — Ly)cos j (L, + L)
=} cos[(i +5) Li— (0 —j) Lo] + } cos[(i — j) Lo — (i +j) La]
it is possible to write '
A7 =2 A (pyp) MNP, 2= Pt o), Y=Ip—pel
where log N, =Ly, logA,=¢L,; and it has been shown how the coefficient

A (py, p.) can’ be developed (1) in powers of »=sin?4.J, (2) in powers of
o= a,/a,, (3) as a series in Laplace’s coefficients.

157. The preceding developments of A~ or A= apply to circular orbits,
but they are not on that account to be regarded as mere approximations to
the forms actually appropriate to the orbits of the solar system. On the
contrary they constitute the essential source from which the latter forms
must be gencrated by the most convenient means. Now quite generally

A2=7p2 412 —2rrocos H
and L,, L, must be replaced by o, +w,, w,+ w, where w,, w, are the

longitudes of perihelion reckoned from the common node, and w,, w, are the
true anomalies. When the eccentricities e, e, vanish the radii 7y, 7, become
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the mean distances a,, d¢,, and w,, w, can be identified with the mean
anomalies M;, M,. The corresponding value of A may be written A,.

Taylor’s theorem can be expressed in the familiar symbolical form

Fatp=exp. (3 )7 @=exp. 4D f @)

which means simply that if the exponential function be expanded as though yD
were an algebraic quantity, the result otherw1se known to be true is formally
reproduced. Thus generally,
F@ oy, 2+ 9o, ...)=exp. (1 Dy + v Do+ .. f (2, @5 ..0)
where D, operates on x, alone. Now when e,=e,=0,
AT =f(am Ao, Ll: Lz)

is an expansion of which the form has been completely determined.” The
more convenient developments refer not to »—a but r/a, and the change
from the argument @ to the argument r is made additive by taking loga as
the variable instead of @. Thus in the present case

x1=10ga1; w2=]0ga2, wy=ILi=w+M, z,=L=w,+M,

’ ?/1=10g7‘1/<11, y2=10g7"2/a2, y3=’w1—1”1,- Yy=wo— M, .'
D__”a* _ai _-ar___ai
SO, ) co0, T = glog ey | 0d,’
0 0 A 0
D:,——-a—“Ll:l/xlg}:, .D4 a]/z m"a)\?'

Then generally
APl F("'l, Ty, Wy, W)

= exp. {]og%. D, + log ;—2 Dy + (w, — M) D, + (w, — M) 11,] 7
1 2

But in the notation of Hansen’s coefficients (§ 45)

r n I, r n R m AT
'3 ¢
(_> x’m s i J z’b, <_> (_) 1—’}-171 Z‘L
« i al \z 5

where log 2 =ww, logz=}M. Hence in a corresponding symbolic notation,
since log z/z2=(w — M), vid
_ s DD 4. .
2 ]_: X o, azll'ngD—‘D:D‘ZJ-f
J
Simplifications are now possible owing to the form of . In the first
place A, is homogeneous, and of degree — 1, in «,, ¢,. Hence
0

D, + D,=q, ;’}%4_“2 %:_]. ‘
1 2
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But further f has been expanded in the form
S=24 (py, p) MNP
D3 (AP = (pYAPAL, D (PAL) = (p)hPAL

and

so that D,, D, can be replaced by ¢p,, ¢p,, and D, D, do not operate on A,, \,.
Hence the symbolic form of-the complete expansion becomes

A== 3 APNP: 2 b ek P G (Pl: Pz) 2z

it+p, j+
Prs P2 %

where log\; = (w,+ M), logh, = (w,+ M,), logz, =M, logz,=:M,, and
the symbols X are respectively functions of e,, D, and e,, D,

158. This leads immediately to Newcomb’s operators as defined by
Poincaré. TFor the functions X can be expanded in positive powers of e,
so that

i+p J+ps

D D,
X L P 2 EaCh pl) ™, PR =5 H]-’"’l (-Dz; Pz) e;"
iy m,

where m, — | 1], my, —[j1=0,2, ..., since X;»™ is of the order &'~ at least.
The operators IT are combined by Newcomb in the notation

Him, (D“ pl) ‘n’jm,2 (D2’ P ) nml my __ Hm, Onl) ny
but the combined symbols, though tabulated by him over a w1de range, seem
to present no practical advantage over the constituent operators.

The final form of the development of A~ can therefore be written

A-l= 3 APAP: I e™eM™ X - lezzjnm’ (D, Pl) ng(— 1-D, pﬂ) 4 (pl’ P2)

D1y P2 My, My i

and the completion of this part of the problemm depends on the practical
treatment of Newcomb’s operators II, which are polynomials in D, p of
degree m, with numerical coefficients.

The definition of the symbols is given by
By
2 (D, p)emzi= EXD' Pl <C> (:,,_,)p

itp @ z

Hence in particular

D
S0, 30 pese(C)

and therefore “
2 I™(D, p)emzi = H (D, O)emz‘ S 11,2 (0, p) €2,
m, ¢ n,§

Comparison of the coefficients of ™2 on both sides then gives
'Hi"‘ D, p)= "Ej ;7 (D, 0) I (0, p)

where n=0,1,..., m, and j has all the valﬁes which make n —|j| and
m —n — |7 —j| positive integers (including 0). This formula, due in another
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notation to Cowell, makes the calculation of I/ (D, p) depend on the
expansion of r/a and «?.

But these are known forms. The first is given by (22) in Chapter 1V.
Means of deriving the latter have been given in § 45. In fact
0, o 1B m
Xi+’:}=iﬂi 0,p)e

and therefore it is necessary to expand X?;’; in powers of e and the resulting
coefficients will represent 11;7(0, p). They are purely numerical and can be
tabulated for all moderate values of m, ¢ and p. Other methods have been
suggested to facilitate the calculation of Newcomb’s operators. But the
above will suffice to make clear the principles involved.

159. The disturbing function due to the complete action of a single
planet can now be considered. By (3) of § 23 this is

R=Gaw {;— - 7‘1,3 (22 + yy' + zz')}

where (z, ¥, 2), (¢, ¥/, 2') are the heliocentric coordinates of the disturbed and
disturbing planets; " 1s the radius vector of the latter. The constant @
may be reduced to unity by the choice of appropriate units, and the dis-
turbing mass m’ may be understood as a common factor to be restored
ultimately. Thus

R=@*+7r"—2rr' cos H)™ i ppi=rcos H

where H has its previous meaning, the mutual elongation of the two planets
as seen from the Sun. The principal part, already discussed, is symmetrical
in 7, 7, but the indirect part is not so. Hence a distinction must be drawn,
according as the disturbing planet is superior, when r=r,, r'=r,, or the
disturbing planet is inferior, when r=7,, »"=7,. Now when the eccen-
tricities vanish, by § 152,

A7 = %0 4 2bb° cos & + 2b%! cos y + ..

cos H = MwCoSL+  pCosy

and
R—-A71=8R=—aa"?(pucosz+vcosy)

1s the correction required to change A into R. This can be effected by
giving corrections to b%° and b%!, thus '
2804/ = 280% /v = — ayaa’"? A

== (¢ 20); — ot (@>a)

\

where a< 1 always and «’ is the mean distance of the disturbing planet. If
these corrections are carried into the expansion in terms of v (§ 152), as used in
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the chief planetary theories, it will affect the Laplace’s coefficients only to
this extent: -
8bl=—a 3b=-2 (@ >a)

8b;;1 =—a? Sb%" =—2a7 (a >d)

for it is easily verified that these changes will give the required corrections
to b, §»% In the exponential form they apply equally to &=%¢, b
and by~ Thus the indirect term is very simply incorporated in R,, in

which ¢, =e,=0, and the full expansion of R in terms of the eccentricities
can then be deduced in the manner explained for the development of A
from A,.

It is most important to remark that while the indirect part modifies the
coefficients of certain elementary periodic terms, it affects in no way the
constant term which is independent of the time.

160. Another order of development is possible by expanding A~ initially
in terms of r;/7,. If this ratio is small, as in the case of the solar perturba-
tions of the lunar orbit, this method has great advantages. By § 153 this
expansion takes the form

A~l= 2 A cos i cos jy
n, 4,4
where A" ;is given by (15) and &, y have their true meanings;
Wi F Wo=c, + wy F (0, +w,).

It is more convenient to use the exponential form, and with a slight change
of notation for the coefficients,
A= 3 A, (P, pe) P
%, D1y P2
where log uy=t(w,+w,), logu,=c(ws+w,), |pi—p:|=2i, |p+p.|=2
and n — |p;|, n—|p,| are even positive integers. Hence
AR =74 A ey (Pl B pz) AMPAP: (mlzl_l)p’ (w2Z2_1)p’
%, D1y P2
where log A, = ¢ (@, + M,), logh,=e(w,+ M,), logz,=uM,, log z,=1M,, loga,=uw,,
log #,= «w,. But this form can clearly be expressed in terms of Hansen’s
coefficients. Thus

e R B T 0y B AU TR
where ¢q,, g, have all integral values, positive and negative, and the symbols X
are respectively functions of e,, e,, while 4, (p,, p,) is a function of v =sin?4.J
which has been determined.

The indirect part of the dis"ourbing function, when 7, (< r,) refers to the’
disturbed body, is clearly allowed for by simply excluding the terms cor-
responding to n =1, for these are equal to r,7,~%cos H.
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By either method the fundamental nnpomance of Hansen’s coefficients
and their relation to Newcomb’s symbolic operators is clearly seen. Numerical
developments of their coefficients according to powers of e have been calculated
by several authors, including Cayley, Newcomb and, for the purposes of the
lunar theory, Delaunay.

161. Tt has been seen that the generating expansion is of the form
R = 2 24 u?v7 cos px cos qy
=3I Aprvicos[(p+q) L—-(p—9 L]
where L=w + M, L' = &' + M’. The subsequent process introduces e, ¢ into
the coefficient A, which already contains powers of v=sin®}J, and adds

multiples of M, M’ to the argument. In the ordinary notation for the

elements,
o=a—-0—% o= -QF—y

where x, %' are the distances of the intersection of the orbits from their
ecliptic nodes. Hence R takes the form
R=3ApPvicos[hM+ KM + (p+q) (= - Q)
—P-9@E -X)-px-x)-9(x+x)}
Now the two orbits with the ecliptic form a spherical triangle 4 BC in which
=y, b.=x,. G N0 (),
Ad=v, B=x-7, C=J
where 7, ¢’ are the inclinations of the orbits to the ecliptic. Hénce, as in § 67,

if the intersection be taken as the ascending node of the disturbing orbit on
the disturbed orbit,

sin § (o + %) sin § J = sin § (@' — Q)sin } (@ +1)
cost (x +x)sintJ=cos} (Q — Q)sin§ (7 — 1)
sin & (x —x')cos § J=sind (' — Q)cos § (7' +¢)
cost (x —x)cosdJ=cost (' —Q)cos} (7' —1)
and therefore
pt exp. 3¢ (x + x')=sin 7' cos §1 exp. § ¢ (Q'—Q)—sin }7 cos 7" exp.—4¢ (Q'—Q)
u exp. 3¢ (x —x)=cos §7' cos yrexp. §¢ (V' —Q)+sin Lisinge exp.—$(Q' - Q).
It follows that |
vicos q (x+x)=2bscoss (' —Q), vising(x+x)=2Zbsins(Q - Q)
preosp(x —x)=2a, cos s (' =Q), p’sinp(x—x)=2assins(Q —Q)
where a,, b, represent simple coefficients involving 4, ?.  Thus y + ¥’ can be
eliminated from R, which now takes the form
B=XAcos[hM+VM'+(p+ ) (m—Q)—(p— ) (=" = Q)= (s + ) (¥ - Q)]
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where 4 now contains a, @', ¢, ¢, 7, ¢ and also powers of v. But from the
above analogies of Delambre,
v=sin?§ (' — Q) sin? L (7' +2) + cos® L (' — Q) sin® § (7' —2)
=1(1—costcost)—Esinesing cos (' — Q).
Hence these powers of » can be removed from the coefficient without altering

the form of the arguments, which are only changed by the addition of some
multiples of Q" — Q. Thus finally

R=SAcos[hM+ WM + 9w+ g +fQ + f'Q]
=2 Adcos[h(nt+e) + 1 (Wt +€) + gw + g'w’ + fQ+ f'X]

where the coefficient 4 is now a function of a, ¢, e, €, %, ¢ only, and the
argument contains the six elements Q, @', =, @/, ¢, € and the time. And
this is the final form of the disturbing function, involving the twelve
elements of the two orbits explicitly, and expressed in the desired way.



CHAPTER XV

ABSOLUTE PERTURBATIONS

162. The disturbance of a purely elliptic motion may be illustrated in
a quite elementary way by supposing the motion to take place in a resisting
medium. Let the tangential resistance per unit mass be av/r? where v is the
velocity and = the radius vector, so that the radial and tangential components

are
av 1 dr a dr av r df a df

Trvdi Adt’ T rvdt rdt
When other powers of v and r are assumed in the expression for the resistance

the general results are very much the same, and this simple form is sufficiently
typical to represent fairly an interesting problem.

Let » be the reciprocal of » and §W the work done by external forces in
a small radial or transversal displacement. Then

e N e I
TR S AN TR Nt

where p is the constant of attraction; and the kinetic energy is 7', where
27 = i + 1207 = u—hu? + u—20",
Hence the equations of motion are
% (u=tat) + 2w + w2 = p—au"? (gg

o0

dt’

; d d

—2 0 = —_— = B

u I8 oy Hu 70

and the first equation of motion becomes

% (w28)
Now let

e o) e (]« e
or
(G ) () s
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But by the second equation of motion
H=h—ab
where h is constant. Hence
d*u ®
a6 " T - aby
It is enough to retain the first power of a, so that

§;z+u=l'§(1 +2_a_9_>

h
u=ph=2 {1 +ecos(0—q)+20h™6}......ccoeeennnen. 1)

where ¢ and v are constants.

=0.

and the integral is

163. The osculating ellipse at the point 6= 6, is obtained by supposing
the resisting medium to disappear at this point and the subsequent motion
under the central attraction to be undisturbed. The path is then

u=p, {1 +e cos(d—my)
The motion at the instant is the same in the actual trajectory (1) and in this
ellipse, and thus 6 =6,, u=1,, % and 6, and therefore H = H, and du/d are
the same for both curves. Let uh~*=p~. Now H, is the constant of areal
velocity in the ellipse, and hence
pli=pH 2=p7 (1 - ah20)%

To the first order in a then
Pt Apy = — 20k 0,.

Again, by equating the values of » and du/d6,
Pt {1+ e cos (6, —qy)} =p' {1 + ecos (6, — ) + 22k 64}
Pt —esin(f,—y,)} =p{ —esin (6, — )+ 2ah7Y
and to the first order in «
€, ¢0s (6, — v) = e cos (6, — y) — 2ahef, cos (6, — )

e;sin (6, — v,) = esin (6, — 7) — 2ah™! — 2ak €6, sin (6, — ).
Hence c
6,208 (77, — ) = e — 2ah~"ef, — 2ah~sin (6, — )

e, 8in (y; — ) = 2ak~ e cos (6, — )
and, still to the first order,
Ae, = — 2ah™ {6, + sin (6, — v)}
Ay, = 2ak7cos (6, — ).

Between these terms an important practical distinction is at once apparent.
That in Ae, depending on 6, will diminish the eccentricity indefinitely until
the orbit becomes circular. It is a secular term. The other terms are
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periodic, and when a is small their effect, not being cumulative, is small also.
In practical applications, to Encke’s comet for example, they can be neglected.
Then Ay, =0 and the direction of the apsidal line is unaffected by the resist-
ing medium.

In a complete revolution the secular effects are given by

Aey_Ap, 4w ==
and the corresponding changes in the mean motion and the mean distance are
given by
Any_ 3Aa,_ 34p 3elde _l+e 6ma
m  2a 2 p l—er l—ef b

since @, = p; (1 — ¢?)~%. Thus the most important effects of a resisting medium
are a steady increase in the mean motion and a steady decrease in the mean
distance, which must ultimately bring the disturbed body into contact with

the centre of attraction.

164. This simple example has been chosen, apart from its intrinsic
interest, because it illustrates certain important points. There is, in the first
place, the osculating or instantancous ellipse, which is

pu=1+ecos(0—m)
and not

pu=1+ecos(f—r).
The latter is a definite curve which may be called an intermediate orbit and
may serve usefully as a curve of reference. Indeed it" has been so used in
what precedes. But it is not the osculating orbit at any time. There is also
the distinetion drawn between periodic and secular disturbances in the motion,
of which the former may be relatively unimportant compared with the latter
because these, however slow, are cumulative in effect.

The general nature of disturbed planetary motion can now be considered.
For two planets only, the disturbing function has the form, found in the last
chapter,

R=3F(a,a, ¢e¢€, 1,7)cos T,
T=[h(nt+e)+h' (nt+e)+gw+ g + Q4+ Q]

where (a, n, ¢, 1, Q, @, €) are the elements of the disturbed orbit, (o, 7/, ¢, 7,
V', @, €) the elements of the disturbing orbit. The equations of § 139 are
now available for finding the variations of the elements. In accordance with
the artifice explained in § 140 the mean longitude € is taken in a special
sense there defined, and @ in the coefficient and » in the argument of any term
are treated as independent in forming the partial differential coefficients of K.
Therefore

ok R OR
oa’ Oe’ 01
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are all of the form 3 cos T, and

oR oR R

0’ 0w’ Oe
are all of the form 3 Csin 7', where 7'is the argument of the term. Hence
the equations for the variations are themselves of the form

da ’
i =3C,sinT,...

aQ
Et—=202005 S
In the first approximation the right-hand members (which contain the dis-
turbing mass as a factor) are calculated with the osculating elements of both
orbits for a certain epoch, and these elements are treated as constant. The
equations can then be integrated, and in fact
8,0 =—3,0,cos T/(hn+ W'7'),...

. 8,Q = ZCysin Tf(hn + k'), ....

These are the absolute perturbations of the first order. Similarly the pertur-

bations of the first order in the masses can be calculated for all the disturbing
planets concerned and the results can be combined by addition.

165. Each term in the perturbations represents a distinct inequality in
the motion of the disturbed planet. It will now be seen that the inequalities
are of two kinds. The multipliers %, 2’ have all integral values, positive and
negative, including 0. When &= }'=0 the disturbing function R is reduced
to that part which does not contain the time. Thus

da dQ
Et=01)“') W=02)"'

S1ai =101, SIS =1CT SN

and the inequalities are secular. From the present limited point of view they
will increase indefinitely and in the course of time will modify the conditions
of the planetary system profoundly, uncompensated by any check.

But one remark can be made immediately. The most important element
as regards the stability of the system is clearly the mean distance a. Now
when h =h" =0, not only does ¢ disappear from I but also e. Hence

da oR a

w=tr2,/(2)=0

dt  0e (,u
and in the previous set of equations C;=0. There is therefore no secular
inequality in @ of the first order in the masses. How far this important
theorem can be extended to the higher orders must be seen later. It follows
that the mean motion = is also free from any secular inequality of the first

order.
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The other inequalities, when A and A’ are not both zero, are evidently
purely periodic, unless An 4+ 2'n’ =0. The meaning of this qualification is that
the mean motions must not be commensurable. Now mean motions are never
commensurable, except perhaps instantaneously, since in fact they are not
constant. But there are, as it were, degrees of incommensurability. In any
case integers can be found to make An + A'n’ smaller than any assignable
quantity. If the incommensurability of n, »’ is high, the corresponding
integers h, b’ will be large. In general the coefficients in R which correspond
to arguments of a high order diminish rapidly with the order. Then the
oceurrence of a small divisor 2n 4+ A’n’ on integration will have no very serious
effect. But if the incommensurability of the mean motions is low, this
divisor may become very small for quite moderate values of A, /, and a fairly
small term in the disturbing function may be greatly magnified by integration.

Thus in the case of Jupiter and Saturn
5n—2n'=n/30=n'/T4

nearly, and this fact causes a considerable inequality in the motion of both
planets, with a period of nearly 900 years. The period of such an inequality
is 27/(hn + I'n’) and therefore inequalities of the class just considered are
always connected with long periods. They hold an intermediate place between
ordinary periodic inequalities and secular inequalities.

The mean longitude is affected in a double degree. For (§ 140) this is

e+fndt=e+p
where
dp 3 oR _ !
JZZ———E E—ECSIHT

and therefore
Sip=—2CsinT/(hn+ h'n').

The long-period inequalities in the other elements have the divisor An + A%’
in the first degree only. Hence the principal effect is to be observed in the
mean longitude.

166. It is in the next place necessary to consider the perturbations of
the second order in the masses, for the first approximation does not in general
suffice, and in the theories of Jupiter and Saturn it is even necessary to go
beyond the third order. It is convenient to write

A=y + 6,0y + &g + ..., ..., e=¢ + 86+ g6 + ...
@ =ay+ 6,0y + 8,0, +..., ..., €=¢/ +8& + e +...

where aq,..., &, ), -.., & are the osculating elements for a chosen epoch, and §,
indicates the perturbations of the first order, the derivation of which has been
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explained, 8, those of the second order, and so on. The equations for the
variations of the elements can be written, for example, in the form

dQ _ (pa)"* R il
at cosqb)smz al—mf(a,a, Lptep +é)

and after substituting the above expressions for ,..., ¢ and expanding by
Taylor’s theorem,

d e Sea ¥ 2 :
4 5.0)=m {81a0z%o+81a0 anu,Jr ReR g7 a{;+(slpo + 8 f}

The reduction of the right-hand side to a suitable form will be readily
understood in general terms, apart from the complexities which will naturally
arise in the practical calculation, and a simple integration, requirmg the
introduction of no arbitrary constant, will give the expression of 8,Q. Similarly
the perturbations of higher orders, so far as they are of sensible magnitude,
can be found successively, when those of the lower orders ha.we been deter-
mined, for all the elements.

167. The general form of the results will now be apparent. In the
first order the inequalities are of the forms

Acos(vt+h), At

only. In the higher orders the terms obtained by the algebraic composition
and subsequent integration of these two forms will clearly belong to one of
the three types

Acos(vt+h), Atm, dtmcos(wt+h)

which may be called respectively periodie, purely secular and mixed terms.
The term order may be retained to denote the degree a of A in the masses.
As A is also a function of the eccentricities and inclinations, which are also
in general small parameters, it may be limited to a homogeneous function in
these parameters. Then the degree of the term is the degree of this function
and represents its order in respect to the eccentricities and inclinations.

A further classification is used by Poincaré. The order of a term being a,
the rank of a term is represented by a — m, or by the order less the exponent
of t. A term of high order is initially small, but if m is large it will grow
rapidly in importance, so that ultimately the terms of the lowest rank will
have the greatest significance.

The occurrence of long-period terms with small divisors has been noticed.
In the higher orders these divisors will be combined and raised to higher
powers by the subsequent integrations. Let m’ be the sum of the exponents
of such divisors in any term. Then the class of that term is defined.by the
number a —4 (m +m’). It will now be clear that the value of these different
categories depends on the length of time contemplated. For relatively short

-
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intervals the most important terms are those of low order. In longer intervals
the terms of low class rise into prominence. And finally it is the terms of low
rank which have the greatest influence in the ultimate destiny of the system.

But here a question naturally arises. How far is the form in which the
terms present themselves natural to the problem, and how far are they the
artificial product of the particular method by which they are obtained ? It is
evident that the physical importance of this question is not-quite the same
m all cases. Thus a mean motion in the position of the node or perihelion
may be admitted without any serious direct consequences to the nature of the
system. On the other hand, a purely secular term in the mean distance or
the eccentricity, taken by itself without compensating circumstances, must
ultimately prove fatal to the stability. The general problem suggested is
very difficult and the reader is referred to the first volume of Poincaré’s
Legons de Mécanique Céleste for a thorough discussion.

It must, however, be pointed out that the form of the results may be
perfectly legitimate, so far as it goes, and at the same time not in any way
inconsistent with the stability of the system, though a decision is beyond the
range of the above elementary methods. It is impossible to be satisfied with
the solution here described as a final representation, and this feeling is ob-
viously suggested by considering the mixed terms. Since the corresponding
oscillations increase in amplitude indefinitely with the time the departure
from the original configuration will become so great that the fundamental
assumption of small displacements in forming the equations for the variations
will be contravened. Then one of two things will happen. Either the mutual
forces will tend to restore the original configuration, and there will be stability,
or the forces will tend to magnify the disturbance, and there will be instability.
But in either case equally the method adopted breaks down and the funda-
mental question remains unanswered.

How then are the statements to be reconciled, that the method—which
is the method on which the existing theories of the major planets are actually
based—may be perfectly legitimate, and that, while the form of the terms to
which it leads obviously suggests instability, complete stability is never-
theless entirely possible ? The simple answer is that it is only necessary to
imagine that » in the argument of any term is itself a function of the
disturbing masses. Now the above method involves a development in powers
of the masses, and when the paramecters which represent the masses are thus
forced out of the circular functions they carry the time ¢ explicitly with them,
and the appearance of secular and mixed terms is a natural consequence.
Yet the development in terms of the masses may be convergent and entirely
legitimate. In this way it will be seen that the occurrence of secular and
mixed terms is compatible with stability, though a profound discussion is
necessary for a positive conclusion on this point.
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The case of a planet moving in a resisting medium is quite different.
There is then a definite loss of energy and the effect of the secular changes is
not doubtful.

168. In the theories of the planets on which the existing tables have
been based the coordinates of the planets relative to the Sun have been used
and this fact governs the form of the disturbing function, which is distinct
for each pair of planets. For practical purposes this choice of coordinates is
an obvious one. But for theoretical purposes it is unsuitable, chiefly because,
like the common system of elliptic elements, it is ill adapted to the transfor-
mations which are an essential feature of the dynamical methods initiated by
Hamilton. Another system of coordinates, due to Jacobi, will therefore' now
be introduced. ¢

Let (&:, mi, &) be the coordinates of the mass m; in a system of » masses
My, My, ..., My, the origin being any fixed point. The masses are taken in
any fixed order, represented by the suffixes, which is quite independent of
any arrangement which may be visible in the system. Let

my+myt . M=y, M= p— i, pe=0.
Let (X;, Y5, Z;) be the coordinates of the point Gy, which is the centre of mass
of the partial system my,, ms, ..., m;, so that
piXi= &+ (pa—m) &t oo+ (i — pina) &
(F'i e Mif—l) Ei = ,u'iXi o F'i—lXi—-n El = Xl-
Let (z;, yi, 2;) be the coordinates of m; relative to G+, so that
ri=E—Xi1, (pi—pic) wi=pi(X;— X))

Thus (2, ., 2,) are the coordinates of m, relative to m,, or (£;—&,, 7.~ 1, L= &0);
(s, ¥s, 2;) are the coordinates of m; relative to (,, the centre of mass of m,, m,;
and so on. There are no coordinates (;, ¥, z;). By the above

(i= pia) E8 = (i Xy — pia X2
(Wi = pria) @ = p® (X = Xy )
Hence on eliminating the product term X;X; ,
(i = pim) (882 — pima @@ ps) = i X & = py , X; 2
and on addition of all the equations of this type °

\

[N YA

1(/‘»' — prina) (B2 — pria @2 fpas) = pn Xn?

i
n
_El mEl = 'Ezmi Bima & i + pon X
1= =
The relations between the coordinates have been- written down for one
only. But they are linear and the same for all three coordinates separately.
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Therefore they also apply to the velocities. Hence if 7"is the kinetic energy
of the system,

27 = 3 m; (éf =+ 7 +£¢2)
i=1
n . o -
=2 mgpi i (&2 + 93+ Z5) + Ha (Xn2 +Y.2+ Zt).
=2

But (X, ¥,, Z,) are the coordinates of the centre of mass of the system.
They are absent from the potential function and are in fact ignorable coordi-
nates. The known integrals for the centre of mass follow immediately and
these coordinates can be suppressed. The problem of » bodies is thus reduced
to a problem of n — 1 fictitious bodies and the total order of the differential
equations of motion is reduced by 6.

169. The new form of the areal integrals is easily found. For

(i — pin)® (i L& 7)) = (i Vi — pia Yio) (ui Z;— i Zy)

— (il — piaZin) (Y i — pia Yiy)

(i — pim) (Yigs — 295) = p (Vi = Vi) (Zi = Zi) — pi2 (Zi — Zio) (Vi = Vi)
and hence
(i = i) (i = &) = poa p™ (i — 2:93))
= pi( YiZ;—Z; Yi) —pia (Yo, - <S5 Yi_l).

The sum of all equations of this type gives

=

mi {(mili — Gi) — pia i (Wids — 29} = pn (Yo Zn— Z0 V).

i=1

[

But it is possible to write X, =Y, =2Z,=0; that is equivalent to taking the
centre of mass of the system as the origin of the coordinates (&;, 7, £&). Thus
the areal integrals now take the form

n
Z mipen p (it — i) = &

=

n

2 mgpiaps T (i@ — T327) = €y
o

n

%miﬂ‘i—l i (@ = gk =c

i

where (¢, ¢;, ¢;) are the angular momenta of the system about fixed axes
through the centre of mass. The direction of the axes has remained the
same throughout.

Let (¢, ¢, ¢5) be considered as the components of a constant vector C,
M i pi (&5, Ps, 2;) as the components of a vector M;, and (;, y;, ) as the



186 Absolute Perturbations [cH. XV

components of a vector r;. Then in quaternion notation the above three
integrals may be represented by the single equation

% V('f‘iﬂ[i) = 0.
i=2

Hence in the problem of three bodies
Vir, M)+ V (r; M) = C.

These three vectors are therefore coplanar. But V (r,M,) is normal to the
plane of r,, M,, that is, to the instantaneous orbit of the fictitious planet 2.
Similarly V (r; M) is normal to the instantaneous orbit of the fictitious planet 3,
and clearly C is normal to the invariable plane. Hence the nodes of the instan-
taneous orbits of the two fictitious planets on the invariable plane coincide.

This important property explains the so-called elimination of the nodes,
which in an explicit form is due to Jacobi. In the more common system of
astronomical coordinates it disappears from view. The reader who is un-
acquainted with the elements of quaternions will have no difficulty in finding
an alternative form of proof, as in § 22,

170. The body denoted by 1 will now be identified with the Sun, and
¢ or j will have the values 2, ...,n. The potential energy of the system, when
the units are chosen so that the constant of gravitation is unity, is

MMy M, M
= R e .
AN A35

A =(&—E)+ (- mP+ (G- &)

Also the kinetic energy, when the coordinates (X,, Y,, Z,) are ignored, is 7,
where . d

where

n
2T = 2 mipi i (@8 + 9 + 25).
i=2
Let

A il i
z = 3‘/}‘_=mi#i—1/‘i_lwi:~--; H=T+U.
‘4

Then the equations of motion of the system may be written (§ 124)
de; oH dz/ oH

dt oz’ dt | owi’ (. 9, 2).

Now
(pi = pim) Ei= paXi = pia Xy = ps (Biy — i) — paa (6 — ;)
and therefore
Eivr — Ei = Tipy — piaif i
Hence by the addition of such equations

3 £i+l_fl=wi+l+mia’i//"i+---+mz-732/ﬂ-2: Ez—€1=w2
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which expresses the relative coordinates & — &,,... in terms of the coordinates
2;,..., and shows that the latter differ from the former only by quantities of
the first order in the small masses. In particular, for the body 2, which may
be identified with any one of the planets, there is no difference.

Let U be reduced to its terms U, of the lowest order in the small masses,
which is the first. Then

U1=_m1§:mi/"'i: ré=z’+y:+ 2z’ N

for r; differs from A, ; by a quantity which involves the masses. The equations

of motion reduce to '

; O 0y dos . 0,
dt o awi’ 7 dt - 8:0,- ¥

or in more explicit form

H=T+1U,

Rica i &= — myxifrd, (x,y, 2).
These are the equations of undisturbed elliptic motion, and in particular
Zy=— (ml % 'mz) -”32/7'23’ (-T, Y, Z)

which agree naturally with the usual equations of a planet relative to the
Sun in undisturbed motion, and give a mean distance a, with the usunal
meaning. For the other bodies the equations are of the same form and have
precisely similar solutions, but the elements a; will’ differ from the ordinary
elements slightly because (z;, ¥:, 2;) are not coordinates relative to the Sun
unless © = 2. This is not material to the purpose in view because the body 2
represents any planet and any proposition which is proved for it must be true
generally.

171. These equations for the undisturbed motion can now be solved in
terms of canonical constants. When the latter are treated as variables, they
satisfy canonical equations formed with R=U,—U. As in § 143 this value
of R may be modified by adding I mpu?/2L"% where m =m;u; ,/u; and
= i, i/ wi—y in view of the explicit form of the undisturbed equations. Then
any of the different sets of variables explained in that section can be used,
and the last set, now denoted by (L', &', &'; A, 0/, n,/), will be chosen. The
equations for the perturbations can now be written

mi phi—; dL,;’ oV ’l‘rﬁi-,u._;_] d)&i . 0 V

MR o A R Y 7
mips 0OV gy dni __0V
pe? - a6y Bmgty. g b OB

where

V==U+U,+m? 3 mpi/2p; 1 L
There are n — 1 pairs of equations in (L, A;) and 2(n—1) pairs in (&/, /),
but there is no need here to distinguish between the eccentric and oblique
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variables. From this point the former use of (&;, 7, §;) as the rectangular
coordinates of m; disappears.

A little explanation may be necessary to account for the appearance of
the mass factors of the momenta &;" in the equations. In § 135 giving the
Hamilton-Jacobi solution for undisturbed elliptic motion the single factor m,
representing the mass of the moving body, was removed consistently from U,
T and H. Similarly in § 139 U — R was written in the place of U, R being
the disturbing function in its common form, whereas the true increment in
the potential energy is —mR. But here it is not possible to divide the more
general function U — U, as a whole by any particular mass, though it is
possible to do so as regards the set of equations corresponding to a particular
value of <. Hence it was necessary to restore the mass factors in the manner
shown. But now they can be removed by the change of variables,

M i ¥ 1 M i i \Y
Li=%‘lLi; Ei ( tlh 1) fz, 1—(%4) ni
(] i

and the equations then become

dL; 3V  dn_ oV

di T ol P
L 9E oV dm_ OV
dt o e ae 0&;
where
V==U+ U, +m?3 ’)’)lisﬂ,;_l/Q,uiLf.

The terms added to U,—U depend on the L; only, and affect one type of
equation, namely

d>\1 0 mimPui,
aL(U U)+ TP BL (U=-T) +n

so that A\;=mn;t+% and n; is the mean motion in the preliminary solution.
The first-order perturbations of A; will require the first-order perturbation of
L; to be included in the term from which »; originates.

172. It is not at present very necessary to consider in detail the form of
expansion of U—U,. It can in the first place be expanded in powers and
products of the small masses m; and of the coordinates (z;, ¥;, ;). The latter
can be expanded in powers of L;, &, n; with purely periodic functions of A;.
Hence U —U, can be expanded in the same form, and arranged in orders of
the masses, beginning with the second since the first has been removed by U,.
Thus if the fourth order in V be neglected, V=V, +V;, where V, is of the
second order and V; of the third, and V, contains at most two, ¥V, at most
three, mean longitudes A; in its arguments, the coefficients of the periodic
terms being rational and integral functions of L;, &, ;.
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The perturbations of the first order can now be obtained in the usual way
by neglecting V, and substituting initial values of L;, &, 9; in' V,, including
nst + AP for A;.  This process gives

Li=LP+ 8L, M=nt+A2+ N, E=E'+8,E ni=n'+879!
where LJ,... are constants and 8, Ly,... are the perturbations of the first order.
Owing to the form of V,, 9V,/oN; is purely periodic and free from any term
independent of ;. Hence 8, L is also periodic and free from a secular term.
But the other elements will contain a term multiplied by ¢, arising from the
terms independent of A; in the partial derivatives of V,, together with
periodic terms. To the second order let

Li=L2 48, L2+ 5, L2
In V,, which must now be retained, it suffices to substitute the constant
values L#,... for L;,..., and ng¢g+ XS for A;; but in V, it is necessary to
substitute Lo +8,L,... for L;,..., though only the first powers of these
perturbations are required Hence the equation

(L°+8L +8, L) = o= (V +V3)

gives, when account is taken of the solution for the first order,
0V, oV, oV,
@ g (amus L+ g M+ ) +
By the same argument as applied to V, in the first approximation the last
term gives rise to periodic terms only. Hence a search for secular terms can
be confined in the first place to the expression

V[aﬂ_V?_ oV, t__ai[fi 8V oV, o*V, an:I

aXiaLjo 8Aj O\ ON; 3L° 8k 85, jaﬂ] a)\.,a"]] BE,

Here the multipliers of the integrals are all purely periodic, owing to
differentiation with respect to A;. The integrals themselves contain secular
terms in . Hence on integration the products will give rise to periodic and
mixed terms, but not to purely secular terms on this account. The latter must
arise, if at all, from a constant term in the products. The only way in which
this could happen would be connected with terms in the development of V, of
the form

V, = Bsin (ks + kj\)) + Ccos (kih; + k;);) = B sin r + C cos 4.
But for these

P, (Ve PV, (O,
oLy | o © T anon; ) 0Ly
0B 0 i k;
(61" sx{r—gL—josm\}r) ﬁk—(Bsm\[r+Ccosw)

1 0B oC
+ ks (Bsinyp + Ccos ¥r). k,n,+lcn,( aLocosx[r+aLosm\;r)
=0.
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In a similar way those terms which might produce constant terms neutralize
one another between the other pairs of products and therefore no purely
secular part of 8, L can arise in this way.

But the above expression is not complete, because §,\,° depends on 8, L;°
as well as on V,. For, by the last equation of § 171,

d&n— 9V, SmPmip 5. Lo
dt L mdp Y

so that there is an additional part of 8, not yet considered. It is given by

(SL) Azam faL dt——AZaNax Jdt 2 dt

where 4 is a constant. But terms in V, of the above type, taken in the form
D sin (¥ + k), lead to

d Vs L Dsi *l"f—_
5 (8L =A .k;k; Dsin (¥ + h). oo+ Ty} D cos (Y + k)
AR 1 in 2 (4 + B

= 2 (km; + keyn )
Therefore this part of 8,L; is purely periodic.

Hence there are no purely secular terms in 8,Ly, a proposition which
Poincaré has proved in the more general form: there are no purely secular
perturbations of L; in any order of rank lower than 2.

This applies in particular to L,. But ay= MLy, where M is a constant
mass factor. Hence

g+ 8,5+ 8ya, =M (Lo + 8, Ly + 8, Ly)?
8, =2ML,8, L,, 8,a,=M {(8,L,)*+ 2L, (8,L,)}

the affix ° being now omitted. But 8, L, is purely periodic, and 8,L, has no
purely secular term. Hence to the second order in the masses there is no
secular inequality in the mean distance, for it has been remarked that a,
represents the mean distance of any of the planets. This is Poisson’s theorem,
an extension of Laplace’s corresponding theorem for the first order, and it is
the most important elementary result bearing on the stability of the solar
system.

173. On the other hand there are evidently mixed terms of order 2 and
rank 1in I;. Hence the existence of purely secular terms of order 8 and
rank 2 in a, can be anticipated. For even without pushing the approximation
further and examining &; L, it is obvious that 2M8, L, . 8, L, constitutes a part
of 6;a,. Therefore the combination of a term A cosmit in 6,L, with a term
Btecosmt in 8, L, will give a term MA Bt in 8;a,. Such terms were first shown
to exist by Spiru-Haretu in 1876. -



172, 173] Absolute Perturbations 191

On one condition true secular inequalities of the first order occur in the
mean distances. Since

U—-U,=3% 4 cos(khi+ i+ h)
to its lowest order,
oV/jon; =3 Ak;sin (ks + kN + h).

For perturbations of the first order the coefficients are constants and \; — n;t,
A; — n;t are also constant. Hence

dL;/dt =2 Ak;sin (mt + k).

A constant term results, producing a secular inequality, if m = k;n; + kjn; =0,
which is possible only if n;, n; are commensurable. This possibility was
considered in the previous form of discussion and excluded. But it is in effect
ruled out by its own consequences. For if a body were artificially or fortui-
tously projected in such a way as to have a mean motion commensurable
(e.g. 3, 2,...) with the mean motion of a disturbing body, its mean distance
would be subject to a secular disturbance from the beginning, and therefore
the commensurability of its motion would be definitely destroyed. Hence if
the minor planets be arranged in order of distance from the Sun, it is to be
expected that gaps will be found in the frequency at distances corresponding
to mean motions commensurable with that of Jupiter, and it is so. And
similarly divisions in the rings of Saturn can be attributed to the secular
perturbations of the constituent meteoric bodies, produced by the commen-
surable motions of any satellite which may be effective. This also has been
verified for the action of Mimas by Lowell and Slipher.

Nevertheless among the many minor planets a few are naturally found
whose motions are nearly commensurable with Jupiter’s mean motion. For
these the long-period terms with small divisors are highly important, and the
terms of low cluss play a far larger part than in the theories of the major
planets. The special difficulties thub presented require special methods of
treatment, and such have been suggested by Hansen, Gyldén and others.
Poincaré has used an application of the principle of Delaunay’s method. The
proper treatment of this class of minor planets presents perhaps the most
interesting problems to be found in dynamical Astronomy at the present
time.



CHAPTER XVI
SECULAR PERTURBATIONS

174. In the preceding chapter it has been shown that the mean distances
in the planetary system are free from purely secular inequalities when
developed to the second order in the masses. The general nature of the
secular perturbations in the other elements will now be examined. It may
be convenient to modify slightly the equations obtained in §§ 170, 171. By
reducing U to its terms of the lowest order the equations of motion there
took the explicit form

,‘-“i—l/-"i_l"z‘i i m’lwi//ria; (.Z‘, Y, Z)

which are satisfied by the osculating motion of a planet, according to its
ordinary definition, when ¢ =2, but not otherwise. But if U, be substituted
for U,, where '

g Uy == Z (m, + m;) mapi [ pis

a form which will be found to differ from U, by terms of the third order
only, the explicit equations of motion become

B =—(my + m;) @1, (z, vy, 2)

which are the ordinary equations in the undisturbed problem of two bodies,
and are satisfied by the osculating elements taken in their usual sense. The
mass factors of the momenta are as before m;u;,/u;, but the constants of
attraction are u=m, + m;. Hence the equations for the variations will now
be based on
V== U+ U/ + = (my +m)® mspiy /20 L'
=— U+ U + 2 (m, + m; 2 m@ ¥, [2u L.

The relation between L; and L/ is the same as before, but the meaning of
both is changed (except when ¢=2) in such a way that L; bears generally

the same form of relation to a;, the osculating mean distance in its ordinary
sense, as L, to a,.
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Thus the transformations of § 143 give, with those of § 171,

L =(m,+ mi)% a,-%, Gi=L{ cos ¢;, H;=G;cos 1
l; = e — w; + nst, gi=m'i'—ﬂi; hi=0;
Pi, 1= 2Li’ sin? -%gb;, Pi, 2= 2Li, Ccos ¢>,, sin® %'I:,j
A =€ +nit, Wi, =— Ty, w; 2 =—;

3

L; =m;(m,+ me) i i
£ .= .21}5} sin 1 ¢; cos @, N1 =— 2Li% sin 4 ¢; sin o;
e = 2L,~§ cos? ¢ sin Jy;cos £y, My .= — 2]),-gg cost ¢; sin 17; sin £);.

Here sin ¢;=¢; and no confusion is possible between the inclination z and
the subseript 4, which is merely a distinguishing mark for the several planets.

175. It is obvious that U— U, can be expanded in powers of z; —a;,
yi — by, 2; — c; where (a;, b;, ¢;) are what (z;, ¥, 2;) become when £;=9,=0.-
Now (§ 65) the heliocentric coordinates are generally

x=1cos {) cos (w + w—{2)—rcos i sin O sin (w + = — Q)
=7 cos® }7 cos (w + =) + r sin® }7 cos (w + = — 200)
~ y=7rsin Q cos (w + @ — Q)+ cos ¢ cos Q sin (w + = — Q)
=7 cos® ¢ sin (w + @) — 7 sin® ¢ sin (w + = — 2Q)
z=rsintsin(w+x—0)
w being the true anomaly. Let
X=rcos(w—M), Y=rsin(w—M), M=r—-=
M being the mean anomaly. Then
z=X {cos® {1 cos A + sin® }2 cos (A — 2Q2)}
— Y {cos? }7 sin A + sin® §7 sin (A — 2Q)}
y = X [cos? }4 sin X — sin? {7 sin (A — 2Q2)}
+ Y {cos® §7 cos X — sin? §4 cos (A — 202)}
z=X sinisin (A — Q)+ Vsin ¢ cos (A — Q).
The coefficients of X and Y here involve, besides periodic functions of A, the
quantities ]
cos® 4, sin?}7cos 2(), sin?i¢sin 2, sinicos (), sinesin O
and since
Er+n=4Lsin*{¢p, E2+4n=4Lcos ¢sin®fe
tan @ = —n,/,, tan = —,/&,
it is easily verified that the five quantities can all be expanded in powers of
EL i, & ma. Also

rcosw=a(cos K —e), rsinw=acos¢sin #
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E being the eccentric anomaly, and therefore

X/a=—ecos M+ cos® ;¢ cos (E — M)
+ 1 sec® ¢ {¢* cos 2M cos (E — M) — ¢* sin 2M sin (E — M)}

Y/a =esin M+ cos® {¢ sin (&~ M)
— 1 sec® §¢ {¢? cos 2 sin (& — M) + ¢* sin 2M cos (E — M)}

which are forms easily verified. Since cos?}¢, sec® ¢ can be expanded in
terms of e* =sin® ¢, these forms show that X, ¥ can be expanded in powers
of esin M, ¢ cos M if this is true of sin (£ — M), cos (£ — M). But Kepler’s
equation may be written

0—zcos0—ycos@=0, 6=E—M, z=esinM, y=ecosM

_and @ can be expanded in powers of z, y. Hence sin (¥ — M), cos (£ — M)
can be expanded in powers of esin M, ecos M, and therefore also X and Y.
But this shows that X, ¥ can be expanded in powers of esin @, e cos = with
coefficients involving periodic functions of A, since M=A—w=. And esin =,
ecos w can be expanded in powers of £, 7,, as can easily be seen, with
coefficients involving L. Hence (=, y, z) can be developed in powers of
&, m, &, 1, with coefficients involving L and periodic functions of \. There-
fore finally U~ U, can be expanded in powers of &; ,, 1; ., &, 4, mi. With
coefficients involving L; and periodic functions of A;, and the supplementary
part of ¥V’ involves L; only. '

It is assumed that the inclinations of the orbits are very small. Now
there are two ways of regarding retrograde motion in an orbit whose plane
differs little from the orbits of planets moving in the opposite sense. It is
possible to take the mean motion n; as positive. Then the inclination is
near 7 and is not small. Or it is possible to take the inclination as small,
and to regard n; as negative. Then since n;L# is a positive mass function,
L; is negative and therefore &;, #; are imaginary. All the orbits will therefore
be supposed to be described in the same (direct) sense, which is true of the
planetary system but not always of the satellite systems.

This remark has an obvious bearing on theories of cosmogony. For if
high inclinations and in particular retrograde motions were unstable, such
forms of motion would not be permanently maintained. Now the nebular
hypothesis of Laplace is very largely based on the observed fact that the
planetary motions are nearly coplanar. If, however, such a type of motion
is alone stable, the observed fact loses its significance in this connexion and
no deduction of the kind is to be drawn from it. The question of stability
in general, beyond the range of inclinations to be found in the actual planetary
system, is therefore important, though beyond the range of this work.
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176. When the secular part
[-U+0]= EAEMl"z 1 ‘Efgzn

which is free from A; is considered, certain properties of the development are
easily seen. For this being independent of the direction of the chosen axes,
the substitutions

Ei,u Mi, 15 fi,z; i, 2 o~

(a) _Ei,l: =M1, "‘Ei,a; — i, 2
(b) M, 15 _Ei,l: 73, 2, —Ei,z
(© Ei, M —Eia — s
(d) Ei,l: = N Ei,?: — i, 2

are all possible without affecting the result. Thus (a) follows when Q;, =;
are altered by 7, or when the axes of zy are rotated through = in their own
plane. Similarly (b) follows when this rotation is made through }m. Again
(c) is produced when Q; (but not =;) is altered by 7, and this is equivalent
to reversing the axis of z. Finally (d) is obtained by changing the signs of
all the angles %;, Q;, @;, which is equivalent to reversing the axis of y. The
change in A; is of no further importance here since A; is absent from the
terms now considered.

Certain properties of the exponents in the expansion are now obvious.
For 3 (p1+ ¢ + p: + ¢2) must be an even number to satisfy (a), and 2 ( p,+¢,)
to satisfy (c). Hence Z(p,+¢) is also an even number. Similarly (d)
requires 2 (¢, + g;) to be even,and therefore X (p, + p,) must be even. Hence
in the second degree there can be no terms of the form &y or. &, 7,7,.
But if terms of the fourth degree be neglected, only terms of the second
degree involving £, n remain. These terms can therefore be written down in
the form

[ U+ UT=244: (B0 &t mi 0w 0) + 248 (6 &2 5,27, )
where the coefficients of £, n:m; are taken to be the same, both for the
eccentric and the oblique variables, in accordance with the substitution (b),

and terms &’g‘,, n;7; are reckoned twice when 1, j are different, but 4; ;= 4; ;,
B; j=B;;

177. It will be of interest to obtain the explicit values of A j» By, for
the lowest order in the masses. The principal part of the disturbing function
is EmimjAZ; and it has been seen in § 159 that the complementary part
contains periodic terms only. The distances A; ; involve coordinates (z;, ¥;, 2;)
which themselves contain the masses. But to the lowest order these coordi-
nates are identical with the relative coordinates commonly in use, and the
methods of Chap. XIV can therefore be employed. Two planets, 1, 2, will be
first considered. Then in the notation of § 152, when the orbits are circular,

a4y A1 = b%0 = } b0~ favbyi + |
13—2
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with the exclusion of all periodic terms. The triangle formed by the two
orbits and the ecliptic gives

cos J = €os 7, COS 7, + Sin 7, sin ¢, cos (2, — Q)
or to the second order in 7, 7,,

v=sin?4J =} {3;? + &> — 24,7, cos (£, — )}
Since v is of the second order the Laplace’s coefficient by! is derived imme-
diately from the circular motion. But by’ must be modified to include the
eccentricities, the orbits being now treated as coplanar. Let

Ag=a?2+ a?—2ma,cos 0, 0=w,—w,+ M — M,
Then in the notation of § 157,
+\D1 /p\D:
A-1= (&Z) (E) exp. {(wy — M) Dy + (wy — M) D} A
and, by (22) of § 40 and (30) of § 41,
rla=1+4%e2—ecos M —4etcos 2M + ...

w— M=2esin M + 3e*sin 2M +....
Hence

(a'ryP=1—ecos M.D +}e*(1 —cos 2M) D + }e*(1 + cos 2M). D (D - 1)
exp.(w—M)D=1+2esin M.D+5¢*sin 2M . D +¢*(1 —cos 2M) . D>
All operating terms which do not combine M,, M; in the form M, — M, will
clearly produce periodic terms only. And terms already of the second degree
are combined with no others. Therefore, when ineffective terms are omitted,
since D, +D,=—1,
A7 =(1—ecos M,.D,—}e?. D D) (1 —e,cos M,. D, — }e?. D, D,)
(1+2¢,sin M,. Dy +e?. D) (1 + 2¢,8in M,. D, +e?. D?) A,
= {1+ Lee, cos (M, — M,). D, D, + 2¢,e, cos (M, — M;). D, D,
—e,e,sin (M, — M,). D, D, — e,¢, sin (M, — M,). D, D,
-1t +e) DD, +er. D2 +e?. D} Ay

where again terms involving M,, M, or M,+ M, are omitted. —Now
D,=—D,=09/060 and, since a = a,/a,,
D, D, Ay = a,a, co8 6. A2 + 3 (a,? — a,a, cos 0) (a? ~ a,a, cos ) A,

=a;* {acos . atA;+ 3a [§a— (1 + a®) cos 8 + Ja cos 26] a,°A,~%}

DA =D2A = —D; DA = —a,a,c08 0. Ay + 8a,2a?sin® 0. A0

=a,7 {—acos 0.a’A* + §a2 (1 — cos 26) . a’ A%}
DDA =ama,sin 6. A% — 8a,a, 510 0 (a2 — a,a, cos ) Ay

=a,7 {asin 6. a3 A, — 3¢ (a sin 6 — § sin 26) a° A%}
D, D;Ay = —a,a,8in 6. Ay + 3a,a, sin 8 (a? — a,a, cos ) Ay

=a,7' {— asin 0. a,* A, + 3a(sin 6 — Ja sin 26) a,f A,
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For the secular terms it is possible to write
cos (M, — M,) = cos (6 — ®, + @) = cos 6 cos (=, — @55)
sin (M, — M) = sin (8 — =, + =,) = sin 8 cos (o, — @)

since sine terms and cosine terms must combine separately.

178 The secular terms of the second degree in the eccentricities can
now be written down in terms of Laplace’s coefficients (§ 147) thus :

Al =+ lee, o8 (w, —@,). a7t
by +Balfabg — § (1+a) By + by + Fa(by +by0)]
+ 2!1 (b%o + b%2) o 3&2 (b%l — b%.‘i)
+a (b‘go - b_;) — 302 [a (b%o - b%2) = % (bg_l = b%a)]
+a (b%“ — b_g_z) — 3a [(bg_o = b%Z) — %a(b;{l = bga)]}
— (e’ +e). a7 {aby' + Ba [aby’ — (1 +a*) by + Jaby?]}
St '% (612 B 622) . a2_1 {—' ab_g_l + %az (b_g_o o b%2)}.
To simplify this expression the recurrence formulae (4) and (5) of § 148 with
J =0 are available:
(G—s+1)ab™ —i(1+a) b+ (i +s—1)abi ' =0

(C+8)by=s(1+a)bl, —2sabill.

Thus
= %(1 + a2) b_g_l = %abgf

=3 (- dabg + §aby) — §aby® = Ja (b, =+ b,°)
and the last line of the expression disappears. Again
§aby — (1 + o) b + Laby?
= {(1 + 0 by + §abg®} — (1 +a®) b + faby’
— 3 (L +0) by + abg? = — 2byl.
Hence the penultimate line of the expression reduces to
T3’ +e’). astaby!
which represents all the terms in e?, e,
The coefficient of + }e,e, cos (=, — @,) @, 2a is
+§05° + 302" — § (1 + 0?) by + 2abg + § (1 + @) bg* + Faby?
=4by? —-”’ab% +§(1 + o) b+ §0y°
=1b = H [2(1 +a*) b® — $abg] + § [(1 + a?) b2 + Jaby?]
=4bs — £ [3 (1 + &) bg® — 6abdy’]
b
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and the whole of this term is therefore
—}ee cos (w; — w,). a;’abi}ﬁ.

Hence the terms of the second degree in the eccentricities and inclinations
for two planets give finally

[A™] = a;%a, {} (62 + &) b%l — }ee, cos (w; — @) bgﬂ}
' — $a,7a, {1 + 4" — 24,4, cos (O, — Q)] by
But to this order (that is, neglecting the third order in e, )
= eL? cos @, = el}sin &
= iL¥ cos Q, n=-— iL¥sin Q.

By translating from one system of variables to the other and taking the sum
for each pair of planets, it follows that

[- U+ U/]={Zmymy {(E ol 77_th_1 i EL], + T )B (@i, @)

é(Et, Ejr + i, 1m5,1) Ba (s @)

L% \
2 é_,z 7%, 2 E_],_z ”11,2_2(?1,2&3,2+”7i,2"7j,2) e
[ L; K L; % L; o -L_] Lié Lj% B (@, @)

where

ai) 2 [r a;a;cos 8. do

B (a’a) <—— = b 3
i Uy a2 ‘Z a; mJo (ai2+aj“—2aiajcos 0)*2

B, (a;, a,)_ e ( >_ 2 (" aa;cos 20.d6

¢ (a? + a — 2a;a; cos 9)%
The coefficients of Laplace are positive. Therefore the quadratic terms in
the oblique variables are a negative definite form. Further, by the recurrence

formulae,
= %ab%I -2 (1 + az) b?..«xrz + %ab%a

{}bf = 1 (,1 + of) 6%2 - abgs.
Therefore
g—béz = ab;‘ =2 -é—(l + a?) b_g_z.
But

%b%l = %—(1 + az) bg_l 5 abgz
and therefore
3 (bél + bé2) = (1 -+ a)z (b%l -_— b_g_z)
which shows that
bs! > baz, Bl > Bz.
z Iz
Hence the quadratic terms in the eccentric variables are a positive definite
form.
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179. The problem of the small eccentricities and inclinations of the
planetary system is now brought within the range of the general theory of
small oscillations about a steady state of motion. Indeed a knowledge of the
principles of this theory shows at once that the variations in the eccentricities
and inclinations are periodic and stable, for this follows from the definite
(positive or negative) forms of the quadratic terms.

Since (§ 176) s
[FU+ U =334, ;(Ei1E510 + 15,0m50) + 2585 (8, o8, o+ 15,075, 2)

the corresponding canonical equations are

d 1, d"h',
7%1 = EAt,ﬂb‘,l, i = JZA@-,,-E,; :

dgi’g =3 B; jmj, dm = EngJy
AL

forming two distinct sets of linear equations with constant coefficients. The
results will clearly be of the same general kind for both, and it is only
necessary to consider the eccentric variables.

Let the linear transformations

Ei=Zai;p; m=20;59
be orthogonal, so that

XEr=3ps Zqi=23¢f
1=%CI/2{,]‘, 0=2ai,jai,k: (]+k)
Thus I
3 Edn; = ZEE“W“«; £ Pidgr = = pidg;
¢ j

which shows that such a transformation is also canonical. Now let

EA%JflEJ Ea,p,
Then

A4 ;68— a2E =20 pf — 4 Zpf

is an expression which is independent of p;. Therefore, product terms being
reckoned twice,

0= E’g’t(EA,, ff_f)_a,bzgaf*
=3E (24,5, 8) — a2 Eia 1.
SO

This is an identity, satisfied by all values of £. Hence

3 A;, 5,k — i, =0
J
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and this system of equations, for the values ¢=2, 3, ..., n, gives a consistent
solution for a; &, provided oy is a root of the equation
kAt ik o VARV SERRNNS =10
A, Ag;—a A,
A% A4,, Ad,,—a

This is a symmetrical determinant of familiar type, and it is well known that
all its roots are real. For the system of the eight major planets it is of the
eighth order. It is most unlikely that the equation would have exactly equal
roots in a case like this, nor does it in fact happen, But it is to be observed
that the occurrence of repeated roots would alter in no way the essential
circumstances. The main point is that the definite quadratic form can always
be reduced to the form Za;p;? by a linear transformation to normal coordinates.
The effect of repeated roots can be seen when there are three planets. Then
S.a; pi? corresponds to an ellipsoid, which is one of revolution when two roots
a; are equal. An arbitrary element enters into the direction cosines of the
principal axes, which are the coefficients of the transformation. But this does
not affect the form of the result or the stability of the motion. It is not
necessary to examine the algebra of the subject further, but so much should
be mentioned because from the time of Lagrange to Weierstrass in 1858 it
was supposed that the occurrence of repeated roots would result in the
appearance of the time outside the periodic functions and would be fatal to
stability. It is not so. '

180. It has been seen that the orthogonal transformation to normal
coordinates is also canonical and that the principal function, as far as the
eccentric variables are concerned, takes the form

V=34 (p+ ¢

where «; is positive, since V is a positive definite form. The canonical
equations therefore become

%I;j=ai(]i: %%j=—aipi
and the solution is
pi=Cicos (a;t + k), ¢q;=— C;sin (a;t + h;)
where C;, h; are arbitrary constants. This gives the quadratic integrals
P+ gf=Ca

These results are immediately expressed in terms of the previous variables
E,', ;- Thus 1
E:=Za;;p= 2a;;C;cos (ajt + hy)
i =2a; ;jq;=—Sa; ;C;sin (at + hy)
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where «; ; are definite constants. When the transformation is reversed,
pi=2a;;&, g¢j=Za;;m
and the quadratic integrals become

(Cas ;&) + (Sai, m:)* = OF.

The general solution may also be written, with the degree of approxima-
tion adopted, = s
e,-L,-% COS @y = Eai,,-C’,- Ccos (ajt + h])
J

eiL,-’" sin Wy = Eai,jC’j sin (ajt + ]7])
7

which determine the eccentricities and the motions of the perihelia. The
question then arises in every case: has the perihelion a mean motion? In
other words, is the motion of perihelion, to use the analogy of the simple
pendulum, of the circulating or the oscillating type ?

The problem, stated in general terms, is not a simple one. But there is
one simple case which will serve to explain what is meant and the necessary
condition of which is satisfied more often than not. The preceding equations
may be regarded as applying to certain coplanar vectors whose tensors are
e;L3, a; ;C;. From this point of view the one vector is represented as the
sum of a set of vectors each rotating uniformly. Let the tensor of one vector
of the set exceed in length the sum of the tensors of the rest, and let this
vector terminate at the origin, the others forming a chain from the other
end. It is then geometrically obvious that the representative point at the
end of the chain must share in the circulation round the origin of the pre-
dominant vector. The perihelion in this case has a mean motion therefore,
and it coincides with that, a;, associated with the large coefficient. The
sense of this mean motion is always direct, since a; is positive. In the same
circumstances e; cannot vanish, but has a lower positive limit.

The condition is clearly satisfied when there are only two planets, unless
the two tensors are equal. In this exceptional case it is evident that the
mean motion of a perihelion is the same as that of the resultant of the two
vectors and is the arithmetic mean, § (a, + a;), between their angular motions.

The eight roots of the fundamental determinant range between the values
07616 and 22”46 (Stockwell). These are annual motions, so that the corre-
sponding periods lie between 58,000 and 2,100,000 years. Since they are of
this order it is evident that e;, =; can be developed in powers of the time and
that the lowest terms of such expressions will suffice to represent the changes
for several centuries. These are the secular inequalities as commonly under-
stood, and it will be seen that they exhibit the initial changes, apart from
those of short period, rather than truly secular effects.
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181. These results for the eccentricities and perihelia apply almost
without change equally to the inclinations and nodes. But there are two
differences to be noted. In the first place the principal function is a negative
definite form, which may be written after the transformation to normal
coordinates,

V=—428:(pi + g7
where B; is positive. In the second place, one B; is zero, or, in other words,
the discriminant or Hessian of V' (a quadratic form) vanishes. For the part
which involves the oblique variable £; may be written (§ 178)

Vi= =458 (L i - L gy

and therefore

v, % ¢ =

S 2=—SLTB (LT - L)

ok i

oV - *V _ ;-3 -3
afl EL B,], agég—Ll LJ Bi:j’

If then ¢ is the characteristic of a row and j of a column in the Hessian, and
each column is multiplied by the corresponding Lj%, the sum of each row will
vanish. Hence the discriminant is identically zero and 8= 0 is a root of the
fundamental equation.

The physical reason for this is easily seen. For the canonical equations
become

dp: _
dt th“ dt e :81,])1,

Corresponding to the root 8; =0,
p; = 3Zb;; € =const., ¢;=Zb;;n;= const.

which are two linear integrals. The constants need not be zero, and the
inclinations may be finite, while their variations vanish. This in fact is the
case when the orbits are all coplanar and inclined to the plane of reference.
This explains why the fundamental determinant has a zero root. The other
seven negative roots when calculated for the solar system are quite similar in
magnitude to the positive roots of the determinant in a.

The general solution of the equations when a finite root is in question is
pi=D;cos(Bit+k;), ¢:= D;sin(B;t+ k,)
giving the quadratic integrals
P+ = (Ebﬂgj) .1 (21)- i) =
From the general solution it follows that
4 L cos Q; = & =3b; ;p; = Sb; ;D; cos (Bjt +'hy)
— ;L sin Q; = n;=Sb; jq;= by ; D; sin (Bt + h;)
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where b;; are the definite constants of the transformation to normal coordi-
nates. Owing to the zero root in B, ¢ disappears from one term on the right-
hand side of each equation, leaving seven periodic terrns and one constant,
but the form is undisturbed by this fact.

These equations determine the inclinations and the motions of the nodes.
The plane of reference is fixed and arbitrary, except in so far as it lies near
the average plane of the orbits. Considered as applying to aset of rotating
coplanar vectors, the equations show immediately that if one coefficient on
the right exceeds the sum of all the rest (taken positively), the node has a
mean motion equal and opposite to that of the corresponding vector, and this
mean motion is therefore retrograde. When this simple criterion is satisfied,
as it is more often than not, it is also evident that the tensor of the vector
'i,-L,;% cannot vanish and that 7; has a lower limit.

182. The sum of the quadratic integrals gives
3 (pf +qP) =2 (2 +9#) = const.
and this applies separately to the eccentric and to the oblique variables. It
follows immediately from the canonical equations of § 179 without any trans-
formation. Now &;, n; contain the factor L;, which is m; (m; + m,-)’s My ad

or to the lowest order in the masses m,-m,%ai%. Hence

Em,-a,-;"e, = const.
Em,-a,iéz', = const.
or, as the latter is more usually written,
Zm,-a,-% tan?¢; = const.

for the degree of approximation adopted allows of no discrimination between
these forms. The constants being small initially it follows that the orbit
of no considerable mass in the system can acquire an indefinitely large
eccentricity or inclination at the expense of the others as a result of mutual
perturbations. These propositions, due to Laplace, clearly have an importance
analogous to that of Poisson on the invariability of the mean distances.

The areal velocity in any orbit is
(F‘P)é =(m; + mi)kaié cos ¢; = Gi.

The mass factors being m;u;u;~! as in § 170, the components of angular

momentum are
Gimipsy i (sing; sin Q;, — sin ¢; cos ;, cos 1;)

= L; cos ¢; (sin ¢; sin Q;, — sin 7; cos ;, cos ;)
when the direction cosines of the normal to the orbit are introduced. These
components may be written (§ 174)

- m’,L,-J" cos? ¢;cos 11, — ‘g’i,zLi’B cos? ¢picos Lv;, L;cos ¢;cos
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or since
E4n+nh,=2L;(1 —cos¢y), &% ,+n%,=2L;cos¢; (1 —cost;)
they can also be expressed in terms of these quantities. The areal integrals
then become
—Z0is {Li— § (B +9%,) — 1 (8% + 772“)}5 = const.
=S (L= § (% + ) — 3 (B + o)} = const.
S {Li— § (%1 + m%1) — § (%0 + 7%} = const.
If the plane o1 reference is the invariable plane the first two of these con-
stants are zero. In that case, when there are only two planets, 7,/&, is the

same for both and the nodes coincide, which is the property already noticed
in § 169 and referred to as the elimination of the nodes.

These integrals, being satisfied identically, remain true when developed
according to order and rank. Thus the third equation gives

45 g L T
%2(5 7,1 +"72i,1+gt,2+ nzn,g)—thLi—O

2 (%, + m%, + E%2+ 9% ) = const.
which is the sum of the quadratic integrals both for the eccentric and the

oblique variables. For L; has no terms of zero rank, and the purely periodic
terms of the first order are excluded from consideration.

Thus L; is for the present purpose to be regarded as constant. The
neglect of terms of the fourth degree in the disturbing function implies the
neglect of the third degree in the variables £, # themselves. Hence to the
same approximation the first two areal integrals give

EL,}m,z = const., ELi’sf,-,g = const.

These then are the two linear integrals found above for the oblique variables,
and their physical meaning is thus explained. The constants are now
interpreted (to a factor) as the angular momenta of the system about two
rectangular axes in the arbitrary plane of reference. In particular, if the
invariable plane of the system is taken as the plane of reference, both the
constants will become zero.

183. The interpretation of the equations
cos cos
e:L e ?“i,joj gin (&8 +hi)

in a vectorial sense has been seen to give a lower limit of e; when one of the
tensors | a;;C;| exceeds the sum of the rest. In all cases similar reasoning
shows that

eiLi’} < 2 | CL,;,jOj l
J
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gives an upper limit of the eccentricity. Similarly the inequality
G L <3 165051
J

gives an upper limit of the inclination. The actual limits found in this way
by Stockwell are of interest and are therefore reproduced.

Eccentricity Inclination

Max. Min. Max:— —Min.
Mercury 0232 0121 9°2 4°7
Venus 0071 e 33
Earth 0068 ol 31
Mars 0-140 0018 59 . 3
Jupiter 0061 0025 05 02
Saturn 0084 0:012 10 08
Uranus 0078 0012 1l 09
Neptune 0015 0-006 08 06

The effect of periodic inequalities is ignored, and the inclinations are referred
to the invariable plane. Minimum figures are given only when a pre-
ponderating term exists.

Since Lt-% contains mi% as a factor these limits have no value when the
mass m; is very small. To consider this case let an infinitesimal mass m, be
added to the system. Then for the eccentric variables,

[- U+ U/1=334:; (& +nm) + %AM- (Eo&i+ nomy) + 3 40,0 (£ + 1)

Inspection of the explicit form in § 178 shows that 4;; is of the order of m;,
any of the masses, assumed comparable, of the finite planets; that A, is of

the order of mc,;"m;‘t ; and that 4, , is again of the order m;.

The canonical equations give for the infinitesimal planet

d
?1% = Ay omo+ Z4,,m;

d
=~ Aoofo—Sdy k.
As the new mass is regarded as infinitesimal, the motion of the finite planets
will not be influenced, and the former solution
Ei= Za;:0;cos (a;t + hy)
: 7= — Saj,iOi sin (a;t + h;)
holds good. Hence

% — A0 =— .E.Ao.ia’j,ioi sin (&t + hy)
%7

d_;f + 44,06 =— .E.A"Ja’j,ioi cos (a;t + hy).
i
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These are the equations for a natural oscillation, together with a set of forced
oscillations, and the solution is

fo = @, COS (Ao,ut o ho) — EAO,jaj,iO'i (A 0,0 — ai)" cos (ait + hl)
M= — Go81n (g ot + o) + 24, 505,:0; (4,0 — a)7 sin (it + ki)

where a,, h, are arbitrary constants. In general this solution shows that the
eccentricity (and a similar form applies to the inclination) of the orbit of the
infinitesimal mass will remain small. For §,, %, contain my® as a factor, and
Agj(Aoo— at,-")“l 1s of the order of moljfmi_%. An exception occurs when 4, ,
is nearly equal to a;, that is, when the period of the free oscillation nearly
agrees with one of the forced periods imposed by the main planetary system.
The corresponding amplitude then tends to become infinite. This condition
is fulfilled at the mean distance from the Sun 1'95, or near the inner limit of
the minor planets (Eros excepted), but for the inclinations only (4,,=8;).
But before any positive conclusion can be drawn for this case, the extremely
limited development of the disturbing function must be remembered *.

* Cf. Charlier’s Mechanik des Himmels, 1.



CHAPTER XVII

SECULAR INEQUALITIES. METHOD OF GAUSS

184. A beautiful method of calculating the secular perturbations of the
first order, due to the action of one planet on another, was proposed by Gauss
in 1818. It was this method which was applied by Adams to the path of the
Leonid meteors. Further developments have been given by several writers,
and references will be found in an article* by H. v. Zeipel.

The principle of the method is extremely simple. Equations for the
variations of the elements have been found in a suitable form in § 142. As
an example we may take (u=n’a®)

di 1 rWcosu

dt na*’ cos¢
Here the right-hand side can be developed in terms of M, M’, the mean
anomalies of the disturbed and disturbing planets, in the form

Z%= Ago+3S A5 cos(GM+7M +q)

and hence, the coefficients being constant in the first approximation,

t—tg= Aot +2A4;sin (GM +5 M +q)/(jn +jn').
If therefore the mean motions n, n’ are incommensurable, so that (jn +jn")
can never vanish, 4,,¢ constitutes the secular inequality in ©. Now

di 1 (2 [2r s )
Ao,o= I:Jijlo,o_ﬁfo % Jide]l[

1
"~ 27w na’cos .

2 21
["rcos u [i f WdM'] aM ...(1)
0 2w J, 3

The component W contains as a factor k*m’ =n*a*m’[/(1+m). We therefore
write

na’n’ e 3
T Womgg [, WM

with similar reduced mean values S,, T, corresponding to S, I. If then a
series of values of S,, 7,, W, can be calculated for a number of points

* Encyklopidie d. math. Wiss., v1. 2, p. 632.
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regularly distributed round the disturbed orbit, they can be introduced into
the equations for the variations and a simple quadrature will give the
secular perturbations of the several elements, that of a being zero.

185. In calculating S,, 7,, W,, the disturbed planet occupies a given
fixed point P in its orbit. It is clear that S, T), W, are components of the
mean attraction, with respect to the time, exercised at P by a unit mass
describing the disturbing orbit, with unit constant of gravitation. They are
the same as would result if the disturbing orbit were permanently loaded so
as to constitute a material ring of the same total mass, when the density is
proportional to dM’/ds’. Thus it is necessary to calculate the attraction of
an elliptic ring of this kind.

Let any system of rectangular axes zyz be taken, with origin at P. Let
(@, Yo» 20) be the coordinates of the Sun, («, ¥/, 2’) those of a point P’ on the
disturbing orbit, and let do’ be the area of an elementary focal sector, dV”
the volume of the tetrahedron on the base do’ with its apex at P. Then

2p.do’ =6dV' =z, (y'dz’ — 2'dy’) + y, (2'da’ — #'d2) + 2, (' dy’ - y'd’)

where p is the perpendicular from P on the plane of do’. Hence one
component of the required attraction at P is

1 f2mg’ = TS (R S5 3 ) g
P,F%fo M =WT'b'fE g =medV
where o/, b’ are the semi-axes of the disturbing orbit and A?=2a" + y? + 22
This takes account of the first (principal) part of the disturbing function
only: the second (indirect) part has been left out of consideration because
(§ 159) it gives rise to no secular terms in the perturbations of the first order.
It is now to be observed that #’A=*d V'’ is a homogeneous function of degree 0
in &, v/, 2, and can therefore be expressed, since zdy’ —y'dz = 2"d (y'[7),...,
in terms of 2/, y’/2, which are connected by some relation
F@1Z, =0
which is the equation of the cone having its apex at I and the attracting
ring as its section. Thus the integral factor of P, (and similarly of Py, P,)
depends only on the form of the cone and not on the particular section.
This is true whatever the shape of the ring may be. But in the present case
the cone is of the second degree, and the axes may now be identified with

its principal axes, P (X, Y, Z). Let PZ be the internal axis and a, 8 the
semi-axes of the section Z=1. The coordinates of P’ can be written

X' =acost, Y =QBsin7, Z'=1
where T is the eccentric angle in the section, and

A*=1+4a?cos® T + B2 sin? T, | 6dV’ = (—~pBX,cosT—a¥,sin7+aBZ)dr.
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Hence

S

1 /*’acos'r( BX, cos'r—aYosmT-i-aBA)d'r
2md'bp (1 +a®cos? T 4 B*sin? )
— 208X, (i cos*rdr
wab'p Jo A3
and similarly

y=

— 2083Y, (i sin? rdr s 2a/3Z, f%’r dr
ma’b’p Jo T Il
These components can now be expressed in terms of the complete elliptic
integrals

im )
f«/(l—m E=f0 V(1 = B sint7) dr.

d sin T cos T cos*T — sin® T + k2 sin' T

dr' VA =Fsin*r) " (1_ jeginto)}

For, since

rd - . 1—fp i d
cos® rdr (F b)———E = j 'r' :
(1 — k* sin? -r)’ 0 (1 —/Z2sin®*T)

f sin?*rdr 1 1

—+ - F— —— E
(1 — k?sin? T)g ke k(1 —%)

Hence
:2X0 —-a,B
ma'l'p’(a*— B /(1 + @)
"'—2 Yg a,B . I:]- + a2
mdp (@ = A VA + @) [ [T B
27, aB 5

7 wabp (T+ B) VA + o)
where the modulus & of £ and F is given by

(F - E)

A

T E—F]

_a2_B2 2_1‘+B'2
P T e

186. It is now necessary to consider the geometry of the problem. Let
the angular elements of the disturbed orbit be Q, 7, w, and of the disturbing
orbit ', 7', . These are referred to the ecliptic, which it is convenient to
eliminate by referring the latter orbit directly to the former. With some
change in the notation of § 67 the equations there found give

sin (2" + o’ — 0”) sin 37’ = sin § (' — Q) sin § (v + 1)
cos 3 (" + o' —0”’)sin 7" =cos 3 (U — Q)sin § (' —72)
sin 4 (" — o' + ©”) cos §7” = sin § (' — Q) cos § (V' +7)
cos % (" — o + ") cos $7” = cos § (V' — Q) cos § (7' —2).
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Here Q" is the distance of the intersection of the two orbits from the ecliptic
node of the disturbed orbit, 7 is the mutual inclination of the two planes,
and ” is the distance of the perihelion of the disturbing orbit from the
Intersection. '

Two sets of rectangular axes, with an arbitrary origin O, are now to be
defined. For O (&, 9, £) the directions are those of S, 7, W, so that Of is
parallel to the radius vector at P, Oy is parallel to the plane of the disturbed
orbit and 90° in advance of Of, and O¢ is in the direction of the N. pole of
this orbit. For the second set, O (z, y, z), Oz is directed towards the peri-
helion of the disturbing planet, Oy is parallel to the plane of the disturbing
orbit and 90° in advance of Oz, and Oz is directed towards the N. pole of this
orbit. Let v be the true anomaly at P, and

wo+v—8Q" =9

the distance of P from the intersection of the orbits. Then the relations
between the two systems of coordinates are given by the scheme:

- Ui ¢
z  cosw”’cosv,+sin w”sinv,cost”’ —cosw”sin v,+sin o” cosv,cost’  sin w”sing”
y —sin w”cosv, +cosw”’sinv,cos?”  sin w”sine, +cosw” cosy,co8t”  cosw’’sine”

z — sinw,;sin ¢’ — cosv;sin1” cost”

Thus if r is the radius vector at P, and the origin O be taken at the centre
of the disturbing orbit, the coordinates of P are (#,, ¥, #), where

z,=a'e + 1 (cos o’ cos v, + sin ” sin v, cos1”
y=r(—sinw”cosv, +cosw’sinw, cosz”), z=—rsiny,sine’ =p
and @/, ¢’ are the mean distance and eccentricity of the disturbing orbit.
187. Consider now the confocal system of quadrics of which the
disturbing orbit is the focal ellipse
£ 1

FERE

The parameters \,, A;, A; of the three quadrics passing through the point
(@1, %1, 2,) are given by

1.

z e 1
a’2+x+b'2+x+x_1

or as the roots of the cubic
M=N(@+yt+ 2t —a?=1?)
+ A (a0 — a?y? — b — a2 — 0%2%) — a2 =0 ...... (2)
Now the axes of any tangent cone to a quadric are the normals to the three

confocals which can be drawn through the vertex of the cone, and this
remains true in the particular case where the focal ellipse is a section of
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the cone. Hence the relations between the sets of coordinates (X, Y, Z) and
(z, y, 2) are given by the scheme:
& Y z

X  pm@@?+2)7 pynGPEN)T p/y

V' po(@®+0)7 pn(02+0)7 paf/h

Z  p (@A) pn (O HN)TT psm s
where p,, p,, ps are such that

pRle @2+ N2+ 2 (02 + M)+ 20 =1, ...

When combined with the scheme given above for (z, y, 2), (&, #, {), this gives
the relations between (X, ¥, Z) and (&, 7, {).

The equation of the cone is

(22, a,zwzx) ' (2% b’zyzl) =(z—z)

for this is clearly homogeneous and of the second degree in z—a, vy — ¥,
2— z, and its section by the plane z =0 is the disturbing orbit. Transposed
to parallel axes through its vertex («, ,, 2,) it becomes

_fvi_z/f_f(ﬂ*+y1*_1)+2yz iy 30C %)

a? b2 z2\d? " b* DN A 7
=X+ Y2+ 22N =F_,=0.

The justification for identifying these two forms is scen on comparing the
three functions of the coefficients which remain invariant under a rotation
of the axes. It will then be found that the results are equivalent to the
relations between the coefficients and roots of (2).

It is convenient to write down the equation of the reciprocal cone. The
coefficients are the minors of the diseriminant of the previous equation
F_,=0. Hence with due care in choosing the right multiplier the desired
equation may be written

22 (o — @) + v (g, — b)) + 2222 + 2yz y2, + 2zx22 + 2wy 2y,
=N +HAY2 4 NZ2=F,=0
the invariant relations being identical with those between the coefficients
and roots of (2).
Also
a;'~’+y?+zZEX2+ Y2+Z-:___E-z+nz+g~z=1ﬂo

and it is evident that F_,, F; can also be readily expressed, by means of the
transformation scheme of § 186, in terms of &, », &
14—2
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188. Two of the roots of the cubic (2) are negative and one positive,

since two of the corresponding quadrics are hyperboloids and one an ellipsoid.

Let
TR N = RS

The axis of Z is then the internal axis of the cone #_; and it follows that

a2=__)f1, Bz__:_)‘_‘z, k2=a2_5:=>‘2—>‘-1.
A Ag l+a Ay — N

The elliptic integrals ¥, & can therefore be found. The coordinates of the
Sun relative to the point P are z,=a’e’ — @1, ¥, = — 11, 2,=—# 1n the system
(%, y, z) and (X,, ¥,, Z,) can be deduced by the transformation scheme of
§ 187. Hence Px, Py, P; become known, and the components JESR
P,=T, P;=W, may be derived by applying the two transformations of
§§ 186 and 187.

It is unnecessary here to consider the equations for all the inequalities.

As a type, (1) now becomes
di nam'’ 1 o=
<g—t)o,0 (A +m)cosd’ 2—71__}0 rcosu. WodM.

Suppose that j values yr; of ¥ = rcosu. W, have been found, corresponding
to j points around the disturbed orbit at which M has equidistant values,
0,2%/j,..., 2(j—1)m/j. Then (Chapter XXIV)

Y = a, + Za; cos tM + Zb;siniM

where
1 2 2star Pl . 2svr
=23, a;= = 2Azc08 ——, b;== Zfysin ——.
B it i S T oo
Hence
dv nam’ :
(d_t)o,o = mﬁ vy ceveresercastitersesennn (3)

and it is only necessary to calculate the average value of v, to have the
secular inequality. For the major planets j =12 practically suffices. The
summation formula for a, really gives @, + ¢; + .... It is therefore necessary
to take j large enough to make a; negligible. The number of points to be
taken on the disturbed orbit thus depends on the practical convergency of
the series a,, a;, @, ... .

It is, however, preferred to take points equidistant in %, the eccentric
anomaly, instead of M, since this secures a more even distribution in are.
The advantage of this course seems scarcely obvious, because it appears to
weight unduly the part of the orbit which is passed over rapidly. But the
modification is easily made. In this case

¥ =a,+ 2a;cos 1K + 3b;sintE



188, 189] Method of Gauss 213

where again
: 2svr Tag 2 23177'

a0=% ?«ps, a,-=52. ?\]rs COST !
but the meaning of 4+ will be changed. For

dM=(1—ecos E)dE=a7'r.dE
and (1) may be written e

di\ e :’nam’ 1 2w 7 .
(@)= 5wy covg 2w ), 07" cosu- WidE.

Hence (3) will still hold good if a, is the simple mean value of \[r where
is now a~'r?cosu . W,.

189. The cubic (2) has three real roots and can be easily solved. It is
now to be seen that the solution cah be avoided. Let the equation be

written
A+ 3N+ 3N + k=0

the roots being A, A,, A5, and let the result of removing the second term be
M= g\ —g;=0
of which the roots are ¢, €,, ;. Then
' Go=—4(e6 + ez, + e,6) =12 (k2 — k)

9= 4dee,e;=— 42k — 3k Ky + k)
and
L STUNEED TrU SRS TR e P, g L ) W) Y

e <e,<e, e+ete=0.
Thus

A2=1+0a? cos® 7+ B7sin® 7= N {(Ay = Ay) 08”7 4 (Ag — Ay) sin® 7}
=N {(e;— ) COS® T + (€, — €;) sin? T} = AT A"

and the components to be calculated are

DA R 2X, (7\1)\42)»3)2 fi" cos® Tdr P 2Y, ()\1)»27\3) f*" sin? 'rd-r
- 7ra'b'p ’ AI3 s ! wa’b'
27, (MAshy) 37 dir
D Adp\ Mg aT
'I Vi ’n_a/b/}) o AI3 ........................ (4)

where M\ A, =—=k;. It is clearly possible to write consistently
’ e—e s—e . e—e S—e —e)(e—e
sifr=-"—""—"—" costr=—'.——, A= (= a)(a—a)
e —e S—e, €,—e S—é s—ey
whence
dT e;—e)(es—e
2sm-rcos-r o Bl IR el 22
T (e, —ey) (s —€5)
and

A” (%E) T(s—e) (s—lea) (s—es)
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But this can be written
A7'dr=du, pu)=s
where @ (u) is the Weilerstrassian elliptic function formed with the roots
e, €, ¢, When 7=0, g(u)=6, u=w,; when v=iwr, p(u)=e, u=w,.
Hence
i dr “ s plu)ser v d E(u)+eu ] N+ e
Jo = iy [( ]

0 AL A wy (33 61) (en - 63) €3 — 61) (e'l = 83) w) = (6‘3 v el) (62 o 83)

[br sintrdr [ p(w)—e Lo tW+eu 1 n+ee
Jo A% T, (ea—e)(e—es) ez (=€) (e:—€) e, (e2—e)(ea— &)
F"c}iﬁrd’r_ ] A€ 257 _[ Sw+eau q»_  n+aw

o A" . (ea—e)(e— el) [(e2 —e)(t—€) e, (2—e)(es—e)

where
=S g((‘-’e) T g(ml)l W =W, — 0;.

The quantities w and % will now be found.

190. The reader who is unacquainted with the theory of elliptic functions
will notice that nothing beyond the definitions of the functions g (u), ¢ (u) is
here involved, and that these can be easily inferred. In fact, if the variable s
be retained, it is easily seen that

- L [ * ds w IO sds
Vi{d(s—e)(s—e)(s—e)}’ A oV {4(s—e)(s—e) (s —e)}

where
d(s—e)(s—e)(s—e)=45"—g:5— g5, @< e&<es.
The range of integration is the finite interval between the roots in which the
integrals are real. Let
§= (};gg)é cos 8, cos3y= (279329;3)% =
The values of @ corresponding to e,, e, ¢ in order are clearly
) 01=22§7r+7: 92=%7r_'7: 63='Y<%7T
since
4s* — gos — g = ( %gz)% (cos 38 — cos 3ry).
Hence
0, sin 6d6 sin 26 d6
a5 (%‘92) o, ¥ (cos 30 — cos 3y)’ n=-3 (‘%gz)i,/og v/ (cos 30 — cos 3y)°
Now the Mehler-Dirichlet 1ntegral* gives
Sy e @ dg
~3y V/ (2cos ¢ — 2 cos 3y)
where P, denotes Legendre’s function of the first kind and order n. Let
¢ =30 — 27, and then
0, e3 (n+4%) .8 dg
s, v/ (cos 30 — cos 3 3y
* Cf. Whittaker’s Modern Analysis, p. 219; Whittaker and Watson, p. 308.

P, (cos3y) = —

S hit =1 4/2me@rtDr P (cos 3ry)
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whence
b sin3(n+4)60df i o
T cod BT L V2 sin (2n + 1) 7 P, (cos 3y).
Now put » =— } and + } in succession. Thus
% sin 8d0 i
et e )
2. sin 26 d6

LI o ek
o, ¥/ (cos 80 — cos By) 6 '”P% (cos 3y).

But the Legendre’s functions can be expressed in the form of hypergeometric
series* F(—n, n +1, 1, sin*3y). Hence finally

0=m(120) PP}, § 1, sin )

n =y (12! F (=1 § 1, sin®4y)
where sin*$y=14(1— g"%). Thus o and 5 are expressed in a form not
requiring the solution of the cubic equation.

These hypergeometric series are not the same as those originally found
by H. Bruns as the solution of the problem. But the latter are easily
deduced. For P, (z) satisfies the differential equation

@ d
(-5 -2: 0 tn@+y=o.

The result of changing the independent variable to =1 — 2z%is
m(x—l)%-{-(»g—x— 1)2%—gn(n+ Hy=0

which is satisfied by the hypergeometric series F(—4n, §n+ %, 1, ). When -
z=cos 3y, #=sin?3y = g~ (g — 1) and since there can be only one convergent
series for y in powers of #, this is it. The above series may therefore be
replaced by

F (3, % 1, sin%3y), F(—+ % 1, sin?3y)
which are the series obtained by Bruns.

191. Let the origin of coordinates now be taken at the Sun, the point P
being at (X, Y, Z) or (— X,, = Y,, = Z,). Then the components Py, Py, Py
(4) can be derived by partial differentiation from the potential

V= o ks)%[*" X?cos* T + Yisin*t — Z%d7
wa'b'p Jo A
22 {= k'a)% G + @,
md'b'p " (65— es) (€5 — €1) (€, — €))

* Cf. Whittaker’s Modern Analysis, p. 214 ; Whittaker and Watson, p. 305.
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where
Gi=(es—e) X+ (e—e) Y2 +(e,—e) 22

Ge=e(es— ) X+ e (e, —e;) Y2 +e5(e.—e) 22

Now by ordinary multiplication of determinants

Xz, Sy ri b 7R NN = B F, iy

P G 8 I | EsS b ST S U

i SIS 1 e Ve T Y TR .
and

X yrL Ze Tl S N = SRR F, /il

RIS gL 1 1 1 - TR Fou SR 1

1 1 | R B Vs S by bHW 8 B
where -

N4 BN+ 8N+, =0
AN =g N —gs=0, A+k=N

and e, e, e are the roots in A’ corresponding to A, A;, A;. The first
determinant is clearly — G, and the determinant below it is

X2 (7\2_1 g 7\3—1) Y ks_l EX! ()\3 = 7\e) Xt=— ks—l (Gz - LH G1)
The multiplying determinant in both identities is
T (>\17"27\s)_1 (7\3 - }\'1) ()\'3 R M) ()\2 T 7\'1) =5 '«1']53_1 (923 S 27932)%

and the determinants on the right-hand side are easily expressed in terms of
ky, ks, ky. They are respectively 9%;7 H, and — 9k,~2H,, where
HI = Fl (kl 1\72 7 ks) + Fo (3k12k2 ™ 2k22 - kl ks) a7 2Iﬂ—l (]9'12 = kz) ks
and
H,=2F, (ks — kk;) + Fo (8ky k2 — 2k.2hes — kybog) + F_y (knloy — Kos) Ks.

Hence
_ 144 (= k) Hyo— Hi(n+ho)
mdlp . gf—21g}

v

But F,, F,, F_, have been expressed (§ 187) in terms of (z, ¥, z). Hence the
system of coordinates (X, Y, Z) has been completely eliminated from the
problem.

192. Now V is a homogeneous quadratic function in (, y, z) and can be
reduced to the same form in (§ #, ). But its complete expression is not
required, because S,, T, W, are its partial differential coefficients at the
point P (7, 0, 0). It is therefore

V(S BTy SV LB o o ok IR (6)
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and the terms which do not contain £ can be neglected. Thus F,is &
simply. Let the transformation scheme of § 186 be written
z=LE+mn+ns @ =Lr+ae
y=LE+mm+nl, yi =1y
z=LE+mm+nl, z=1Llr
with the usual relations of an orthogonal substitution. Then
F\ = (zx, + yy, + 22,)* — (¢*2* + b'%y?)
=(a'dz+ rEy — (a2 + b%y?)
=7r2E2 4 2d'drEx — b2F, + 022
=E{E(rP—b2+ b2+ 2d'e'rl) + 29 (d'e'rm, + b%ms) + 28 (a'e'rn, + b))
with neglect of terms not containing £  Similarly
F_,=22|2? — (2, — w2, a2 — (29, — y2.)* [ b7 2%
The last term does not contain & and hence |
a?1*2F_ = a” (LE + myn +ng8 )2 — {a'e’ 2+ ry (my — Lyny) + v & (Iins — lsny))?

=b2(LE+mem + ng&) — 2alel7'le(“ Ny + My 8)
or

F_, = [02LE+ 29 (W mg+a'e'rmy) + 28 (0% ng — a'e'rmy)} E[ a1l

Thus F,, F,, F_, are now expressed, as far as necessary, in terms of En L
It remains to calculate H, and H,, and then the simple comparison of the
coefficients of £2, £n, £¢ in (5) and (6) gives S,, T, W,.

It must be understood that it is not the object here to obtain the most
practical form of calculation in its final shape, but rather to explain the
mathematical principles involved and to be content with showing how the
computation might be carried out. The method was not developed by
Gauss in the complete form which is necessary for practical computations.
This was done by Hill. The introduction of elliptic functions in' the modern
form is due to Halphen.



CHAPTER XVIII
SPECIAL PERTURBATIONS

193. In Chapter XV some explanation has been given of the various
classes into which planctary perturbations naturally fall when regarded from
a practical point of view. There is, however, another kind of distinction
which can be drawn among perturbations, depending on the mode of calculation
and expression. When they are expressed in an analytical form, from which
their values can be deduced for any time simply by giving ¢ its appropriate
value, they are called absolute perturbations. For all the major planets
a theory has been developed in this form. But such a theory, if it is to be
complete and accurate, demands immense labour, which is justified if positions
of a planet are constantly required. Moreover questions of general theory
must nearly always be based on analytical forms. On the other hand there
are bodies which are observed during one short period only, like the majority
of comets, or at relatively long intervals, like the periodic comets. In such
cases, which include also the orbits of the minor planets, the method of
quadratures is resorted to, partly in order to save labour and partly to avoid
difficulties which have not hitherto been surmounted by analysis. Perturba-
tions calenlated in this way are called special perturbations. The advantage
of the method is that it is generally applicable, though against this must be
set the frequent necessity of continuing the calculation without a break
through long intervals when no observations have been made, and the im-
possibility of making any general inference as to the motion outside the actual
period covered by the computations. There are exceptions to this statement,
because important researches have been made with success into the origin of
comets by the method of special perturbations, and the periodic solutions of
the problem of three bodies have also been largely investigated by the method
of quadratures. But generally the services of this method have been of a
practical rather than a theoretical kind.

The method of quadratures involves an arithmetical technique with which
the reader may not be familiar. It therefore lies strictly outside the intended
scope of this work, which is not concerned with the actual details of practical
calculation. But the computation of special perturbations fills so large a place
in the practice of astronomy at the present time that it cannot be dismissed
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without some description. Accordingly, in order to interrupt the treatment
of dynamical questions as little as possible, a brief account of the algebra of
difference tables is given in the final chapter of the book and the results will
be quoted here without proof.

194. Let Yn be a tabulated function of the argument ¢ =« 4+ nw, where »
represents a series of consecutive integers and w is a constant tabular interval.
As the practical formulae of quadrature depend on central differences, it will
be convenient to represent the difference table thus:

by, Tl A TR S (€T
AVEsag, T SN SR Ky LAy

Here ¥, is tabulated in a vertical column and the successive differences on
the right are formed directly in the usual way. Thus Ay, = yps, — ¥s, and
the commutative operator K, which is clearly appropriate to central (or hori-
zontal) differences, represents a move two places to the right on a horizontal
line of the table. Similarly K~ represents a horizontal move two places to
the left. Two columns are shown on the left of the tabulated function, and
these are known as the first and second summation columns. The relation of
each to the adjacent columns on the right is precisely the same as that
holding between any two consecutive difference columns. Thus the first
summation column contains the differences of the second, and the differences
of the first are the successive values of the function itself The first column
can therefore be based on an arbitrary constant and formed in the downward
direction by adding the numerical values of the function successively. The
second summation column is based on a second arbitrary constant and formed
from the first in the same way.

\

The table thus constructed has alternate blank spaces. These are now
filled by the insertion of the arithmetic means of the entries standing im-
mediately above and below each space. In its completed form the table may
be represented thus:

K4y, yn | [kgn]  Kyn  [kKya) Ky yn  [RKy]
ARy, | [Kyn] | Aya  [KKya] AKy. [MEy,] AR,

where the mean differences are distinguished by £ to the right of a simple
difference or by &’ below a simple difference. As a matter of fact,

F=1+1A k=A0+3A)A+A)7, K=A(1+A)"
but for the immediate purpose in view these operators serve merely to define
the position of entries in the difference table. They are all algebraic.
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195. The formulae available for executing the necessary quadratures can
now be given. Numbered as in the last chapter of the book, to which
reference can be made for proofs, they are these :

ST ey e ST 191
w | ydt =k (K= =15 + o0 K ~goigs Ko+ o) g o (28)

at+mw 7 1 17 367
e - ) g ¥ 2
w? ¥ ydt-A( +t54 5760K+967680K - >?/n .(26)
Wi ks ¥ i dt|dt = K”+—1 vl P A K- 30
x [L y t] ¢ ( 13 ~ 340 60430 ...)yn ......... (30)

Liad B 1 17 367
~¢ - k- gy L = (2
wf’ U ydt] dt =k (A 21+ 1095 K ~ Tognag K* + ...)y,,...(:n).
where m is written in the upper limit in the place of n + 4. The commutative
operator £ must of course be carefully distinguished from the Gaussian
constant k. _
The lower limits, b and ¢, are arbitrary and correspond with the arbitrary

constants involved in forming the first and second summation columns. If
the lower limit is to be ¢ =a,
11 191
Pl 7ol 9
AK- Jo—%y0+k<m o ...)yo ......... (29)

which fixes one constituent of the first column, and the rest follow. If the
lower limit is to be c=a + Lw,

1 1077 367
o —— —_——— e =8 DI 2
MRy =A (=g bl K= g K )yo ......... (27)
Similarly, if the lower limit b of the second integration is a,
1 Y ey 31 _
K1y0—<—172+m1{ soase Kt .)10 ............ (32)

and the value of this particular constituent makes the whole of the second
summation column determinate. If the lower limit is b= + w,

y C AT 367
Korgo=— 3 AR+ F (54~ 190K + 13556 K° — )

In general, b = ¢ and (29) and (32) are used together, or (27) and (33). In
the latter case (33) may also be written

Yo...(33)

367
576 96768

In whatever way the lower limits are determined, (28) and (30) will give the
integrals to the upper limit ¢ + nw, and (26) and (31) to the upper limit

a+(n+i)w.

K—1y0={—211 (1+A)— 0(3+2A)K+ 55 (5 +3M) K — .}yo...(34<)
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196. The application of quadratures to the solution of differential equa-
tions such as arise in dynamical problems can be explained by a simple but
fairly general form. Consider the equation

d*z
=S (1)

or, as it may be written,

Dix=X. _
Hence, by (30),
z=uw?(wD)2X
1 l 31
- 2 =1 e - S N S T 2.0
= {K g5 = 5o K+ o K= -} X
or j :
LA b SRR T e 1)
L +15 330 w40 e
Now suppose that we have a solution in progress, giving at a certain stage,
tn | @n Kag v | X KX,
‘ Tp1—Tn 45 g
tﬂ+l mn+1 K$n+1 Xn+1 KXTI-H ¢ (K2Ayn+])
Tp42 — Lpp oo vee
bnte | Znge Xoia

Here X, is a known function of #, and ¢,. It'isrequired to find 2,45 and X,
which depend on ¢,,; and on one another, so that they cannot be calculated
directly. For simplicity the time interval « may be imagined to be so small

that o KX, is negligible. The general run of the differences KX wil

suggest a close guess to the value of KX, ,, though the true value requires
a knowledge of X, ,; and therefore of #,; itself.- This leads to a correspond-
ing provisional value of Ky, by (1) and hence to @5 — @y4s OF 545 Then
X 45 can be calculated, in general, with the accuracy which is finally necessary.
If this be so, K X,,, is now accurately known, and hence z,,; by a simple
repetition of the same process, in which if need be an allowance for £2X can
be made. After every few steps in the calculation the whole can be rigorously
checked by the difference formula (1) and either verified or corrected if
necessary. In general small corrections of z, do not entail a re-adjustment

of X,.

197. This is the principle of the method employed by Cowell and
Crommelin in calculating the path of Halley’s Comet during the two revolu-
tions 1759-1835-1910. It is the crudest possible method in the sense that
it ignores completely what is known of the approximate orbit and is based on
the equations of motion in their primitive form, but it is none the less ex-
‘tremely effective for its practical purpose. The origin of coordinates is taken
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at the centre of gravity of the solar system, with the axis of # towards the
equinox, the axis of y towards longitude 90° and the axis of z towards the
N. pole of the ecliptic for a stated fixed epoch. The equations of motion are
then (§ 20) /

ol 1oy sk el gl

miE = — —, mij=—

ox
where A
[=—km S (@ — gl + @y — P+ (=)
and 2 includes the Sun and all the disturbing planets. Thus the typical
equation may be written
Kom(14 s KmgrB b oS 0= )X
where
' =— 2 (BPw*ny) (z — @) rj°

and A*w?m; is a constant for each attracting body. The problem, being in
three dimensions, involves the parallel solution of the three similar equations
for #, y and z. It is convenient to change the time interval from time to time
according to circumstances, in order to economise labour in computing the
forces by making the interval as long as experience may show to be practicable.
In the example referred to, w =27 days, where p has integral values ranging
from 1 in the neighbourhood of the Sun to 8 in the most distant part of the
orbit. As the comet recedes from the Sun it becomes feasible to treat first
Venus and later the Earth and Mars as forming a centrobaric system with
the Sun, so that the separate computation of their attractions is avoided.
The solution is started by deriving the rectangular coordinates of the comet
on two consecutive dates from the osculating elements at the intermediate
epoch 1835.

A similar treatment has been applied to the path of Jupiter’s eighth
satellite, which is so distant from its primary that the solar perturbations are
relatively very considerable.

198. The above process is closely related to the more usual method of
calculating special perturbations in rectangular coordinates, which dates from
Encke. Here the origin is taken at the centre of the Sun and a fixed ecliptic
system of axes is generally chosen. Let (#, y, z) be the position of the
disturbed body P, (z;, yj, z;) of the typical disturbing planet P;, and let
SP=r, SPj=p; and PP;=A;. Then the equations of motion of P relative
to the Sun are of the form (§ 23)

d*z z —x @
et afps SR ) Z 4 ke A g RS <=8 D Y
m =P Q+m)S+k E'mj( A Pjs)
But the undisturbed motion is given by
T d, " &,
T (1+ m) ;«;3
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where (2, ¥,, 2,) and 7, can be calculated at regular intervals of time from the
osculating elements. Hence if (&, 9, {) are the perturbations, where

Eﬁw—wo,...

f inz ( p)+(1+m)(—-7§)}.

The right—hand side contains (’g‘, 7, {) implicitly, and therefore extrapolation
is necessary as in § 197. But in the first member £ which is of the first
order in mj;, is multiplied by my; and hence if the second order in m; be
neglected (2, ¥,, 2,) can be directly substituted for («, y, z). This is conse-
quently known as the direct member, but it is quite possible to include
approximate values of the perturbations as they become known in the course
of the work, and thus to make allowance for the higher orders of the disturb-
ing masses. The second member, which has been called the indirect member,
has no small multiplier and besides is expressed as the difference of two
nearly equal quantities. To avoid this inconvenience the transformation

7 s L
7()2=1+2q, 7-‘;:(1+2q) =1-fy
is made, where
q=(7'2_"'02)/27'02={(‘”0+IE)E+(3/0+177)"I+(30+%§)§}"'0_2
ST DrtiesY) ~
F=3(1-Gatgga-gg a0+ ) ............... @)

and f is tabulated as a function of ¢, which is a small quantit_y;. The equation
for £ now becomes

d? efv, (@i—% ), 1 + m
= oy (957 - B 4 L (o )]
r B RSB ol ) AL L el 3)

with parallel equations for # and ¢ This treatment is not applied to the
planets with sensible masses, but only to bodies whose masses are negligible
and generally unknown. Hence h = &%r,~*

Suppose that n —1 steps in the quadrature have been carried out, so that
En1, En are known and £, is required. As in § 197 w? can be omitted by
substituting w?*? for k& Then, by (30), Y

1 L o
EHF (K_l + — 12 —2‘4—0 Il ) En .................................... (4)

iR A 1 1
(K 240K>‘g’n+i§2Xn+i—2hqun—1—2—h’§n

or
g1+ 112> R S (5)



224 Special Perturbations [cH. XV

Here S,,, comprises the terms which ‘can be directly calculated, for 2X,,
represents the direct terms, K”‘gn follows from the previous stage of the
quadrature, and KE, can be extrapolated easily owing to its small multiplier.
Also @, =x,+ &, is known well enough since it is multiplied by g. But ¢ itself
is not accurately known. By combining the three parallel equations of the
same type as the last with the above equation for g, it follows that

'(p'q,’ (1 +% h) = (% b % fn) Szn + le’ hfq = (-770 +% fn) Tn

where I refers to the three coordinates. Thus, f being easily extrapolated,
q can be calculated. The combination of (3) and (5) now gives

En=3X,+h (1 + 115 )_I (/20— 5z,)

whence f,, can be calculated, and therefore &, by (4). Thus the quadrature,
once started, proceeds step by step.

In order to start the quadrature the four dates are taken such that the
epoch of osculation coincides with the centre of the middle interval. With
£=0 the direct terms in £ are calculated and the difference table is formed.
By applying (27) and (34) approximate values of £ are obtained whereby the
indirect terms can be brought in. The process is then repeated until the
final approximation is reached. The rest of the calculation, giving the results
by means of (30), has already been explained.

199. Special perturbations may also be directly calculated for polar
coordinates. Let the cylindrical coordinates of the disturbed mass m be
(p, 6, 2), the fundamental plane being the plane of the osculating orbit itself
at the epoch ¢, and the initial line passing through the ecliptic node. The
rectangular coordinates of the typical disturbing planet, of mass m;, relative
to the Sun are

@j=rjcos Bjcos L;, y;=rjcos BjsinL;, z;=r;sin B;.

The kinetic energy of m is 4m (p*+ p?6? + 2%), and therefore the equations of
motion are, since 2= p*4- 2%

d’p A Y
E{Z-—P(:l—z) ’-—kz(]_-{-m)pr 3+_a7)_’
d/ do\. 8R d%  am
JZ(P?EZ):a_é’ (—1?2—':_"'2(1 +’In)zr 3+$ A

where (§ 23)
R =12 Smy (A7 =157 (22 + g5 + 22)}
= k*Zm; {A — 17 [prj cos B cos (Lj — 6) + zr;sin By}
AP =p*+ 22+ r — 2[pr;jcos Bjcos (L; — 0) + 2r;sin Bj].
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Hence ,‘
p— pl = —k2 (1 +m) pr=s — k? Sm; {pA7~ — (A7 = %) 7 cos Bjcos (L; — 0)}
d (p*0)/dt = k2o Sm; (A= — ;%) 7 cos B;sin (L; — 6)
Z=—=k(1+m)zr=—k*Zm; {287 — (A7 — r;%) rjsin Bj}.
Let
Hp=2q, plr=(1+2) 1=1-sg
where f'is the same function of ¢ as in (2) and can usually be replaced by 3
simply, because z is merely the perturbation in latitude reckoned from the
osculating plane. The equations of motion can now be written :
—pbr+ k(1 +m)p~2=pH
d(p*0))dt=U, i+ Wez=W,

where
H=3kQ1+m)fo"2+ k* Zm; {p~* (A7 — 77%) rj cos Bj cos (L; — 6) — A%}
U =k*p Zm; (A7~ = ) rj cos B;sin (L; — 6)
W= 2m; (A7 — r7*) rysin By + 42 (1 + m) fp—2°
Wo =k Zm; A% + k2 (1 + m) p~.
The third equation is now in the required form to determine z. The first
two must be transformed in order to obtain p and 6.

200. The second equation gives
ph=h+ j Udt

where A is the undisturbed constant of areas, so that
={k*(1+m) po}% = Q" COS ¢y

Pos Mo, Uy, SIN ¢, being the osculating parameter, mean motion, mean distance
and eccentricity. Hence

¢ t, t
0=246,+ hJ pidt + l:p""f Udt:l dt
t t ta
=w,+V + Aw

where 6, is the initial value of 6 and w, is the distance of the undisturbed
perihelion from the node. The angle Aw, which represents and is defined by
the double integral, would vanish in the absence of disturbing forces. In the
same circumstances ¥ would be the undisturbed true anomaly. Thus V may
be regarded as the disturbed true anomaly and Aw as a rotation of the apse.

In the rotating orbit thus defined, in which the elements p,, a,, €, ¢, keep
their osculating values, let p (1+v)™ be the radius vector corresponding to
the true anomaly V, so that, since V= hp=2,

1+ecosV=p,(1+v)p!
—esin V=h"p%p, (— (1 +v) p~2p +vp7}

~ e cos V="0"%pp, {— (1 +v)p+ pii}.
P.D. A. 15
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Hence
1=k=(142) pop* (W?p™* — ) + h™*pop*¥
or
p="Hhp=+(1+v)"pi— k(1 +m) (L +»)7p™"
But

A 5 2
pbe = g {h +f Udz} .
i (%
Therefore, by the first equation of motion in the form last found,

t t
pPH=Q+v)pi+k (1 +m)d +v)vp™~ P‘“f UdtUt Udt + 2h}
t )

which can be written in the form
v+ H,y=H,

where

¢ t
H=H+p~ Udt“ Udt+2h}
to 0

Jot
H,=l2(1+m)p3- H,.
From this equation, which is of the same form as that in 2z, » can be found
by mechanical integration.

Again, instead of finding V by a direct quadrature, the necessary correction
N is found to the mean anomaly calculated with the undisturbed mean motion
n,, S50 as to reproduce the true anomaly V" or the eccentric anomaly £ in the
rotating orbit. Thus

E—esin E=Mg+n,(t—1,) + N
ay (1 —ecos E)=p(1+v)™L
Hence, by (7) of § 27,
N4n,=(1—ecos EYE =pa; (1 + vy V.dE/dV
o P ﬁl—eocosE_ ng
a(L+v) p*" cos¢, (1+vp

and

N=—nw.2+v)(1+v)2

201. The whole problem is therefore reduced to the mechanical solution
of the equations

d*v dN 24w

Pt i, L5 i
¢ 2

%‘i’ =p™| Udt, %‘f +Woz=W,.

When », N, Aw, z are known, the coordinates », 8§ and the latitude A are
given by
E—esnE=M+n(t—t)+ N
psin V=(1+v)a,cos ¢osin K, pcosV =(1+v)a,(cos E — &)
0=V+o,+Adw, r=p*+z%, ptani=z



200-202 | Special Perturbations 227

Perturbations to the first order will be obtained by calculating the quanti-
ties occurring in the differential equations according to the osculating elements,
but as they become known in the course of the work their approximate effect
on the coordinates of the disturbed planet can be introduced before integra-
tion. The integral of U, and also IV and Aw, can thus be found by direct
quadrature by applying (27) and (28). For v and 2z, which require exactly
similar treatment, the case is slightly different. As before, the time interval
w is removed by writing w?* for 42 which is equivalent to making this interval
the unit of time. Then at any stage n, when z,_, and K—'Z, are known,

B W, — Wit
1
. '—l
417 (K 12 240K+ \Z"

1 R
(1+-f2~ Wz)zn (1{ ~ 545 K)zn+EWl

1
Wozn=W, (1 + -1% Wg) {(K—l 2 K) R W,}

and this last equation will determine %, with the needful accuracy, and
hence z, and K—'%,,, for the next stage.

This method is due in principle to Hansen. The perturbations start from
zero values and remain small for a considerable length of time. This conduces
to accuracy and is an advantage. The method is less simple than that of
rectangular coordinates, and for the easier construction of an ephemeris
requires the determination of new osculating elements by a process which is
itself complicated and is omitted here. Perturbations of the coordinates are
recommended by the fact that there are three coordinates as against six
elements to be determined by quadratures, and their computation is suitable
for practical needs in the case of a body, such as a periodic comet, which can
only be observed at relatively long intervals. Otherwise it is preferred to
perform the calculation on the elements directly. '

202. With slight changes which will be readily understood the equations
found in § 142 for the perturbations of the elements may be written :

difdt=1rW cos u/kr/p

dQ/dt=rW sinu/ky/psine

do/dt = {Ssinv+ 1 (cos v+ cos E)} v/p/k cos ¢

dw/dt ={—pScosv+ (p+r)Lsinv+7rWsin ¢ tan 47 sin u}/ky/p sin ¢
dn/dt=—3 (rSsin ¢ sin v + pT') cos ¢/pr

dM/dt = {(p cos v cos ¢ — rsin 2¢) S — (p+ ) I'sin v cos ¢} /ky/p sin ¢ + dn dt

15—'
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where v represents the true anomaly and m is neglected, so that u=% Let
wS=kF\Wp, wl=FkFWp, wW=FkEF/p.
Then the equations are of the form
wdif/dt=[1, 3] F;, wdQ/dt=[Q,3]F;
wdd/dt=[¢, 11 F,+[¢, 2] F,, wdn/dt=[n,1] F,+[n, 2] F,
wdw/dt ==, 1] F, + [=, 2] Fs + [=, 3] F;

aM 't dn
' =[M, 1) B, +[M, 2] F, + w.‘tﬁi dt

where
[2,3]=7rcosu, [£,3]=rsinu/sini
[¢,1]=psinvsecd, [¢p,2]=p (cosv+cos E)sec ¢
[, 1]=—pcosv/sin ¢, [w,2]=(p+r)sine/sing, [=,3]=rsinutanis
[M,1]=—{[w, 1]+ 21} cos ¢, [M,2]=—[=,2]cos ¢
[n,1]=— 3k sin ¢ cos ¢ sin v/a/p, [n, 2] = — 3k cos ¢ /p/r.
For a minor planet disturbed by Jupiter, 40 days is generally found a suitable
value for the interval w.

The disturbing function R may be taken in the form found in § 199
except that the argument of latitude is now u=v + = — Q instead of 4.
Gl R = I2 Zm; A7 — 1% [prrj cos B; eos (L; — u) + 27y sin B;]}
and if the directions of the components S, 7', W be recalled,

aft | Eaedladie oR
S-B_p’ I’—; B I =

where after differentiation z = 0, because the plane of reference is the plane

of the instantaneous orbit. For the same reason p =r. Hence

7 =p_% : (kwmj) {(Aj_s * rj_?') 7508 Bj cos (Lj .- ’Lb) oy 7‘Aj_3}
Fo=p 3 S, (kwm;) (A7 — 77%) 7; cos Bjsin (L —w)
Fs =D -3 E (kw'ﬂl]) (Aj_s =~ 7_jf3) ?; ol B]
and
Af =1+ 1 — 2rrj cos Bjcos (L — ).

203. Let l;, b; be the heliocentric longitude and latitude of the disturbing
planet, which with log r; are given in annual tables like the Nautical Almanac.
The relations between edliptic coordinates (, y, z) and the orbital coordinates
(£, ©), the axis of £ passing through the ecliptic node, are shown by

z y z
& cos ) sin O 0
"y — cos 7 sin O cos 7 cos {2 sin 2

¢ sinzsinQ  —sinzcos Q  cost
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which is the scheme derived in § 65. Hence
E=cos Bjcos Lj=  cos b;cos ([; — (1)
n=cos B;jsin L= cos b;cos % sin (}; — ) + sin b; sin ¢
&= cos B; = —cos b;sinisin (; — Q) + sin b; cos ¢

and thus F,, F,, F can be calculated, so far as the coordinates of any disturb-
ing planet are concerned.

But F,, F,, Fy; and the coefficients [¢, 3], ..., involve also the varying
elements and coordinates which depend on them. The elements may be
identified with the osculating elements at the initial epoch ¢, and the co-
ordinates may be calculated as in undisturbed motion. Then the result of
mechanical integration will give the perturbations of the first order. When
these are known for the several dates covered by the work, the calculation
can be repeated with the improved values and a higher approximation can be
obtained. The work can be arranged so as to obviate this repetltlon by
including the perturbations to date at each step.

204. The five elements ¢, Q, ¢, =, n reqmre only a single quadrature.
The lower limit @ 4+ w is made to coincide with the epoch of osculation and
the tables are formed in accordance with (27). The corresponding perturba-
tions are then given by (28) or (26) according as a + nw or a + (n + ) w is
preferred for the final date. It is to be noticed that the differential equations
for the elements have been reduced to a form in which w occurs explicitly as
a coefficient of the derivatives on the left-hand side. It will disappear when
the quadratures are effected, its function being to make the unit of time agree
with the tabular interval. But the unit of time is not really changed, and
with the ordinary Gaussian constant k& occurring in the combination kwm; for
each disturbing planet remains one mean solar day. Thus the perturbation
in n which will be drawn by this process will be the increment in the mean
daily motion. Since all the elements are in the form of angles, it is con-
venient to express k, so far as it occurs in F,, F,, Fy through the combination
kwm;, by its value in arc (log&” =3'55...). But in [n, 1], [n, 2] % has its
purely numerical value (log & = 8:235...).

R ® 5 i :
-The perturbation in M can be conveniently divided into two parts. The
first,

8M = w [ ([M,1]F, + [M, 2] F)) dt
is calculated in precisely the same way as the other five elements. The second is

dn
oM = %L tn—(—l—t dt:l dt.

The table having been prepared for the first quadrature on the basis of (27)
and (28), the second can be performed by means of (34) and (30). The
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immediate result will give w28, M, which must therefore be multiplied by
To avoid this large multiplier it is usual to calculate wén from w*dn/dt at the
first quadrature (giving the increment in the w-day mean motion). This
alters the time unit of the acceleration and therefore no multiplier will be
required by &, M, a result which can be otherwise seen by noticing that all
the tabular entries are multiplied by w, while the integrand is divided by w,
being in fact dn/dt instead of w.dn/dt as in the first quadrature actually
performed on this plan.

205. In the case of parabolic and nearly parabolic orbits some modifica-
tion is necessary. The equations for 7, ) and = remain valid, except that it
is well to replace ¢ by e. The equation for e itself becomes

wde/dt =[e, 1] F, + [¢, 2] F,

Pl = R e
[e,1]=psinv, [6,2]—e(r a)'

But the equations for n and M become inconvenient, if not illusory. One
suitable substitute is easily obtained by forming the equation for ¢, the
perihelion distance. Since ¢=a (1 —e¢),

dq da de 2aw de

i R = W‘W““’)dt B

=(q,1] F, +[q, 2] 1,
where

[¢1]=— o2 (1 = )[n, 1] ~ae, 1]

—:LismqbcosqS(l—e)smv—apsmv
=2a% (1 —e)sinv—a*(1—e?)sinv=—a2(1 - e)?sinv
=—¢’sinv

and

[q,2]=—g{%(1—e)[n,?]—a[e,2] ¢
2ak J"(l—e)coscp (p Z)

2, 2 .
r er e

(1+ o .4 sin? v (1 4+ e cos? §v).
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Thus a valid form for the perturbation of ¢ is obtained. If F,, F, have
been calculated with the angular value of the constant % the results for 8¢ and
8¢ will require to be multiplied by sin 1”.

Again, an equation. can be formed for the variation of 7, the time of
perihelion passage. Since

n(t—T)=M=e—m-+fndt

s L ) dM [dn

it follows that

w %%;n-‘ (t=T) ([0, 1) Fi + [0, 2) )} — 7 {[M, 1] F, + [ M, 2] F')

=[T 1] " +(T, 2] F,

where

[T 1]=n"'(t—T)[n,1]— n [M, 1]

_ ke (1—63)% sin v (¢ —£2+ (1 —e2)4~’ (27‘_ P cos v)
A np% n e

1
=M, r—ﬂcosv—glcfsin'v(t—T)]
n 2e 2p }

and

[7,2]=n"(t-T)[n, 2] —n [M,2]
_ ska-etpte-1) gl &)t (p+7)sinw

nr ne

_20-en}

n

1 N 3p%
{2—e(p+7)smv—2—rlc(t—T)}.

But these coefficients are in a form absolutely unsuitable for calculation,
especially in the case of a parabola, for which in fact they are required.
The difficulty can be, and is best, met for such orbits by calculating special

perturbations in rectangular or polar coordinates, instead of directly in the
elements.

206. The reduction of [7,1], [T, 2] to a calculable form is not altogether
easy. It can be effected in the following way. The required expressions can
be written, since n*a®*=Fk* p=a (1 —¢%),

A Qp%'r _cosv(l+ecosv) 3Bk(@E-T) .
[T,1]= s {1 % —“2])% e sin v}

_ ' (sinv(2+ecosv) Bk(t—
[T’2]_k(1—eg)[ - 2e

3

£ (1+ecos v)} c
2p%r
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Now
k¢-T)= a,"‘(E-—eslnE')—(1 )%{(E—sinE)+(1-e)sinE}

1o Sl E—snE 2t
~{0fey Wik 3%v+(1+ )zcos $ Etan v
——4]100327}E{(1—S)tan2§v+3(l+e)}tan>}v
" 3(1+ey .

where

_ 3(E-sink) s
! 4dtan*} Ecos* 3 E T
But (§ 27)

reos*dv=a(l—e)cos’ } E=p(l+e)cos? i E
and therefore

3k(t-—T)= sin v (
2pir (A +ey

Let [T,1], [7, 2] be written in the form

1
[T,l]=k2p % {l_cosv(1+ecosv)_yl}

I—S)tan?{;v+%(l +e)} =Y.

(1-¢) 2e
: 2p57 sinv (2 + ecosv)
12,21y (- 1)

where
Yi=esinv.Y, Y,=(1+ecosv)¥
and therefore
‘ Yicostv—Y,sinjv=—(1-e)sin{v.¥V
Visindo+V,cos4v=(1+e)cosiv.Y.
Hence

1 YN : R St 1 o o T
ch\os,}v—Ygsmg'v——%sm%vsmv1+e{(m. tan %v)+3}

S 2tan‘}v\1—e
Ysm%v+}gcos§v=—gcos7vsmv<l+e tan“E)l+e
+ 4 cos usinwv {2 (1 + e)~ tan? v + 8}.

The expressions involving S are finite and they are multiplied by 1— e, which
1s a necessary factor. For the other terms, let

1—e

ymos%v—wsin%v:—%sin%vsinv.m

Y180 }v 4+ y,co8 Lo =4§ cos jvsin v + (1 + )~ cos Jvsin v tan? §v.
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Then :
=} (1 + e)7!sin® v (3¢ + tan® }v)

=1 (14+e) (1 —cosv){3e (1 +cosv)+ (1 — cosv)}
¥2=(1+e)?sinv {§(1+e)cos® v + 3 (1 — e) sin? §v + sin? §v}
=11 +e)*sinv (4 —cos v+ 3ecosv).

It is now possible to write, with a little simple reduction, _

2pr 11-e 0S v
[T,1]= Fa e2){_2'1+ (cos2’u+——-)+y1 Y}

2p r
T (1+e

and 7, ¥, have been determined in such a way that

[T, 2)=:— (1+ecosv)— + Yy — YZ}

on .
sinv.g sin G

g . 1
(11—3/1)0051}1)—(Yg—yz)sm%fz=—§.1+e

(Yl—yl)sin1}v+(Y2—y2)cos§v=—%.};Zsinv.gcosG
where
gsinG_1-8 21, 908G _ S 2tan‘}y
s.in%'u—1+e'2tan 2 cosiv 1+e tan'iE
Hence
%
= k(1+ )2{ cos2v-—c—(§—?—)+gsin(G+%v)Sinv}

_ psinv (2p Ll
[T,2]—k(1_l_e)2{e+1gcos(G+1}v)J

which are fairly simple forms, but still require the calculation of g sin @, g cos G.
In the limiting case of the parabola, S = J; £* and

gsin G = tan® Jusin fv, g cos G =1 tan*}v cos v
which then completes the solution.

The more general case of a very eccentric ellipse can be related to the
method of § 34. In the notation of that section,

15 (K —sin £) A

T i T=tan2%]ﬁ=lt%fl+()'
Hence
104 sin £ ;
m—=E—smE=3(l—S)tans?}EcosggE
154 _1-44+C
R = fe el s

8=

34-0C S 1-44+C/1 C
1-34° tanf’%E 1-24 ( )
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Now by the method of § 34 A (of the order E?) is found in calculating 4,
and C (of the order %) is tabulated with argument 4. With the same
argument it is possible to tabulate* log £ and log 7, where
1-8=§7, Scot?*ilb=n.

Then
2 tan® Jv sin v

A+9E
and the problem is thus solved in a practical way. Similar treatment can be
applied to hyperbolic orbits.

2 tan‘ v cos v

, geosG= o

gsin G =

207. It sometimes happens that a comet approaches a planet (generally
Jupiter) so closely that the disturbing force due to the planet is actually
greater than the force due to the solar attraction. It is then more convenient
to refer the motion to the centre of the planet and to treat the solar action as
the disturbing force.

In the ordinary case the equations of motion of the comet are of the form
d*z
dt?

where M is the mass of the Sun, m the mass of the planet, and the origin is
at the centre of the Sun. If S, P, C' are the positions of Sun, planet and
comet, CS =7, P =A, SP =p. The equations involve no assumption as to the
relative masses of the Sun and planet, and if they are interchanged the
equations of motion of the comet take the form

d*g & Eeng S
Ly 2 2
b -k m o+ kM ( P - )
where the origin is at the centre of the planet, so that =2'+§,...,2" +&'=

The advantage of either form depends on the ratio of the total disturbing
force to the corr'esponding central attraction, and it will rest with the latter if

N r\2) 3
Yol EE-O) < (52T
that is, if [.L=m/]’[ , when

At (;4"';,1"4 sz cos CSP) </.c47“'(

Let CPS=6. Then

7

o -z
= — M 5+ e (m —;s)

1 1 2
A ’—3—4 A 2cosC'PS).

rcos OSP =p — A cos 6
72 = p? — 2pA cos § + A2
Now in the nature of the case A is small compared with p. Hence
r4=p~t+4p~°A cos 0 + 2p~°A?(— 1+ 6 cos*0) + ...
r3=p"%+3p*Acos 0+ §p*A%(— 1+ 5cos? ) + ...

* Bauschinger’s T'afeln, "Nos. XxvII, XXVIII.
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and therefore
ritpt—2r3p % (p— Acos0)=p A (1 +3cos*0) +....

To gain an idea of the planet’s sphere of influence the approximation need not
go further. On the other side of the inequality the first term preponderates
and it can be further simplified by taking r=p. Thus the significant terms
of the lowest order in A give the inequality

p A% (1 + 3 cost f) < uiptA—

and the polar equation, with coordinates (A, ) and origin at the centre of
the planet,

A (1 +3cos? 0)" = ubp

represents a meridian of the bounding surface, which is one of revolution
and differs little from a sphere. Its radius for Jupiter, Saturn and Uranus is
about a third, and for Neptune rather more than half of an astronomical
unit.

When the comet enters this sphere of influence its relative coordinates
(@ — &/, 91— 9> 21— &) or (&, m, &) and its relative velocity (&, 1, £) are
known and its orbit about the planet can be found, with the constant of
attraction k*m. It remains within the sphere so short a time that the solar
perturbation can generally be neglected, and on emergence a return is made
to the heliocentric orbit, based on the new position (&, + ., 7.+ ¥4, & + 2.) or
(@, ¥s, 2,) and the velocity (&, 7., 2).



CHAPTER XIX

THE RESTRICTED PROBLEM OF THREE BODIES

208. The general problem of three bodies is reduced to a relatively
simple and ideal form when two of the masses describe circles in one plane
about their common centre of gravity and the third body has a mass so small
as not to affect this circular motion in any appreciable degree. Let OXYZ
be a set of rectangular axes rotating with angular velocity n about 07, 0X
following OY, and let the coordinates of the masses u, » be (— ¢, 0, 0), (¢, 0, 0)
where uc, = vc,. The velocity components in space of a small body at P (&9, {)
are (E —nz, 5 +ng, £) and hence the kinetic energy of unit mass is

T=3%E— )+ 407+ nEr+32

The equations of relative motion are therefore

7 . ov
E—-Qn’l]—"nﬁg-’:‘@
B 2 by iR
ij + 2nE — nPn = o
. oV

where in this case

V=& (u/pr+v/ps)
1, pe being the distances of P from g, ». The result of adding these equations,
multiplied respectively by £, 4, {, gives Jacobi’s integral of energy

=gttt =2V 4wt (E+g) - C
and in accordance with Kepler’s law
k2 (p+v)=n%(c, + ¢,)%

209. This integral has a very simple and important practical application.
Let us return to fixed axes through x, so that
E+cy=wcosl+ysinl, n=ycosl—zsinl, {=z
where [ is the longitude of » and [ =n. Then
 Eai=G ) ey
E+n’=a+ y*-- 20, (zcosl+ysinl) + ¢
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Hence Jacobi’s integral becomes
&4 g2 2+ 20 (y& — xy) = 2V — 2n%¢, (2 cos L + y sin I) + n?c,? — C.

The special circumstances under which this integral can be usefully
employed are these. A periodic comet between two appearances in the
neighbourhood of the Sun may pass in close proximity to a large planet,
Jupiter for example. In that event the elements may be so altered that at
the second return the identity of the comet is doubtful. At times when the
perturbations are small and the heliocentric motion is sensibly elliptic,

i 4§ 2 = I Qlp— pfa)
xy — yai: =k »/(up) cos ¢

the latter being the projection of the areal velocity on the plane of the
* disturbing planet. Hence _
— kPpfa — 2kn A/(up) cos t = 2k*v[p, — 2n’e, (x cos I + y sin [) 4 n2¢,*— C.

It is supposed that the change in the observed osculating elements takes
place almost impulsively within the region of the planet’s influence. This
region is small and nearly spherical. Hence p, is the same at the beginning
and end of the encounter, and the changes in «, ¥ and I are small. These can
be neglected together with the other planetary perturbations, and therefore

approximately

pla' + 2k n A/(up’) cos i’ = pla” + 2k n o/ (up”) cos ¢
where o/, @” are the mean distances of the comet, p’, p” the parameters, and
i, 1" the inclinations of the orbit to the orbit of the disturbing planet, before
and after the encounter. For the Sun g=1 and £*(l + v) =n?a? where a 1s

the mean distance of the planet, and if » be neglected

ﬁ"l S %p'% cost =a’ 1+ 2a _"}p”é cos ¢’
which is the criterion of identity proposed by Tisserand. It has been assumed
that the orbit of the disturbing planet is circular, but some allowance can be
made for the eccentricity of the orbit by taking into account the actual
motion of the planet at the time of the suspected encounter.

210. Let the problem of § 208 be now reduced to two dimensions ({=0).
Then
ppit +vpd=p(E+ ) +pn* +v(E—c) + vy’
=(p+v) (E2+ ) + pc + vl
Let the units be so chosen that k=1 and ¢, 4 ¢,=1, with the consequence
that u +»=n% The equations of relative motion may now be written

. . 00
E—Qnﬂ-—%
&i+2n§=aQ

F
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where
20 =p (207 + pi) + 7 (2071 4 )

and the integral of relative energy is
=20 - C.

These are the equations used by Sir G. H. Darwin, with the masses x =10,
v=1, in his researches on periodic orbits. Now it is obvious that ¢* cannot
become negative under any circumstances. Hence the curves of the family
given in bipolar coordinates by the equation

20 =

are of great importance in the restricted problem of three bodies, because they
represent barrier curves which cannot be crossed by trajectories characterized
by corresponding values of C. Thus if the barrier curve, or curve of zero
velocity, 1s a simple loop within which a part of the trajectory lies, then the
trajectory can never pass outside. If the lunar theory can be compared with
this simpler problem it is found that the orbit of the Moon lies within such a
closed curve surrounding the Earth, and therefore the Moon cannot recede
beyond a certain limiting distance from the Earth. This remark is due
to Hill.

The simplest view of the general character of the curves of zero velocity
is gained by considering them as the contour lines of the surface

20) ="z CNZ=\

If the axis of z is taken vertically upwards, and motion for a given value of C
is supposed to take place on the actual contour plane z=C, then it is
evidently restricted to those parts of the plane which lie underneath the
surface, since elsewhere in the plane the velocity becomes imaginary. Now
the main features of the surface are easily represented topographically. At
the points where the masses u, v are situated the surface rises to infinity, but
in the neighbourhood of these singular points may be treated as two peaks.
At any considerable distance from them the terms up,® + vp,* are predominant,
and the surface rises indefinitely in all directions. Now 2 may be expressed
in the form

20 =3 (u+v) + (o — 1P (1 + 2p7) + v (pu= 1 (1 + 2p.7)

and clearly has an absolute minimum value 3 (x+ ») when p, =p,=1, ie. at
the vertices of the equilateral triangle on the line joining the masses u, ».
These points represent the bottom of two valleys, and a simple consideration
of the continuity of the surface shows that these valleys must be connected
by three passes, one between the two masses and the others on the same line
but on opposite sides of the two masses and separating them from the rising
surface as it recedes in the distance. If it'be added that the highest pass is
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that which lies between the masses and the lowest is.on the other side of the
greater mass, the general order of development of the contour lines should be
sufficiently evident. The critical curves for Darwin’s special case, u =10,
v =1, are illustrated in fig. 7. The whole is symmetrical about the line S.J.

810 =0

211. The points at which the ovals coalesce or disappear evidently
correspond to critical values of Q. Take v<pu. The critical values are
given by

00 _0Q op, 90 9ps _
€ 0p 0F " Opy 0
20 _00 2, 30 O, _
on 0Op, Om Op. on

0

which show immediately that such points are points of relative equilibrium
for the third body. These equations are satisfied in the first place by

20 _20 _,

ap‘ =-§;2-_

or py=p,=1. This gives the “equilateral” points mentioned above, where Q
is an absolute minimum. But other solutions dre given by

0(pp)_ 1 | E+a, E-a
0&m) ppe| m s W

or 7 =0, together with 00/d¢ =0. This will lead to the three points collinear
with the masses. For the first, lying between the masses,

=0

prtpa=1, a_f'-—""za_g‘:l
so that
pii—p X pst (3p — 3ps” + [29) )
P i—ps . 1 - pd) (1—p.)?

g
7
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The actual solution in

240

This is a quintic in p,, with only one real root.
a particular case is easily found by trial and error from the first expression.

The second expression, when expanded, gives
£=3°‘“= 3p° (1 +patdp+...)
a=py+ipt+ip’ +...
pe=a—tai—}at...
and to the same order
C'=p 3+ 3p + 2p5) + v (207" + ps?)
=p(3+3a)+va?(2+2a)
= p (3 + 9a® + 223).

For the second collinear point, on the further side of the smaller mass v,

0 0p.
P1=1+P27 'a%=_a_%=+l

and hence
Pt = p_ ps’ (3ps + 3ps’ + py)

v

S pe?—pa  (1=p) (14 po)?

n
again a quintic in p, with only one real root. For the approximate solution

£=30.”=3p23(1 —pet+4plt—...)

a=ps—4p’+3ps...
pa= a+}at—fad...
and to the same order
C=p(3+3p2—2p% + v (2p," + p?)
=up(3+ 30 +va1(2 - 2a)
= u (3 + 90 — 2a2).
For the third collinear point, on the further side of the larger mass p,
Opr _Ops 1

pa=1+p,, a_f_ﬁ__
and therefore
= (2+0) (80 + 35+ ¢°)

B Ly
ps = ps 14+ (7T +120 + 652+ 03)

Hence
v_—0(12+240+ 190 +...)
g . T+260+370°+...

T iw

where py=140, p,=2+0.

and
— 120 (1 + 20) — 190% — ...

v

p+v  T(1+20)+ 130 +...
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which shows that
e e o
T12(p+v) 4+12a8
is a very close approximation. The approximate value of C at this point is
C=pB+3c)+v(5+%o)
= u (3 + 14a%) + Buad (5 — 42a%)
= u (3 + 150® — 14705,
When »/pu = 30® is small, as in the case of the planets compared with the
Sun, the above approximations are generally more than sufficient. In the

limiting case 4 = v and the arrangement of the points of relative equilibrium
is obviously symmetrical with respect to the rotating masses.

g

212. Let E=E& + np=mn,+y, where (&, n,) is a fixed point. The
equations of motion may then be written
& —2ny =+ Qo + Qyy + ...
i+ 2ni = Qu+ Qua+ Quy + ...
where
0
V7 ok
provided Q is regular at the point (&, %,) and x, y are not too large. If
(&> m0) 1s a point of relative equilibrium, or as it has been called a point
of libration, and «, y are very small, the linear equations
& —2ny = Qux + Qny
i+ 2ne = Qpae + Ny
are obtained, and these determine the nature of the equilibrium at (&, 7,).
For they are satisfied by the solution

= hcos (mt — @), y==kcos(mt—p)
provided
— 2mnk sin B = (m? + Qy) h cos a + kQ,, cos B

2mnk cos B = (m? + Qy,) b sin a + k£, sin B
2mnh sin a = hQy, cos a + (m® + ) k cos B
— 2mnh cos a = h€y, sin a + (m? + Q) k sin B.
These equations, which result from equating coefficients of cosmt, sinmt, are

equivalent to
(m?+ Q) hsin (a—B) = 2mnk

kQy sin (a — B) = — 2mnk cos (a — B)
(m?+ Q) ksin(a—B)= 2mnh
hQy, sin (a — B) = — 2mnh cos (a — B).
There are only three independent equations here, and this should be so
because the only quantities which can be determined are the ratio of

P. D. A, 16
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amplitudes h/k, the difference of phases a — 3, and m. The three equations
may be written
hE(m24 Q)= k2 (m*+ Q)
0, tan (2 — B) = — 2mn

(m? + Qg) (M2 + Q) = dm2n® 4+ O,
and these determine a series of infinitesimal elliptic orbits about a point of
libration when m has a real value. With certain simple developments such
a series can-be traced into a family of finite periodic orbits.

213. The third equation, that is the quadratic in m2

mt —m? (4 — Qg — Q) + gy Qoo — 02, =0
decides the question of stability and may be examined more closely. If the
roots in m? are complex or negative, real exponential functions of the time
enter into the disturbed motion and equilibrium is unstable. If the roots
are real, but of opposite sign, an unstable mode of motion is associated with
a possible elliptic mode and equilibrium is again unstable. Here the point
is surrounded by an unstable family of orbits initially elliptic. This is
illustrated by the collinear points of libration. For it is easily found that
when =0

=0, Qu=pCp*+1)+v(2p,2+1)
so that Q, is positive, Now at the point of libration between the masses
3p2 —1 0 20

1 op, T S
o0& Op;  Op,

b aE+

Prtp2=
and therefore, since 5 =0,
1 . 00 W 0 o * 5511 1
=gt ao = (ot ) = 23)
which is negative since p, < 1. Similarly £, is negative at the other collinear
points of libration. Hence at these three points the absolute term of the
quadratic in m? is negative and the roots are real and of opposite sign. Each
of the points is therefore surrounded by a family of unstable periodic orbits.
It has been suggested by Gyldén and by Moulton that the phenomenon
known as the Gegenschein is due to sunlight reflected by meteors which, in
spite of the instability, are temporarily retained in the neighbourhood of that
centre of libration in the Sun-Earth system which is opposite to the Sun and
at a distance of about 938,000 miles from the Earth. :
When both values of m? are. positive the disturbed motion is the resultant
of two elliptic motions, and equilibrium is stable. This may be illustrated
by the “equilateral ” centres of libration. At one of these

0 00 _ o*Q
aPl 3/72 aPlaF’z
E_)B_l_ ops _ 1 %_apz V3

=i0
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and therefore

= ap,2829 %2@_3
0= (%) 5 +(Z) 5=+

0p,\2 020} 0p,\2 0200
= () i+ (3) i =1+
_Q& opy °Q  0p, dp, Q343
B O O DR o e - 4, S

Hence the quadratic in m? becomes, since 7=y + »,

mt—m? (u +v) +2luy =0
and the roots are real and positive if
(p+ vy >27py
an inequality which is satisfied if u/v is 25 or greater. In that case the
equilateral centres of libration are surrounded by two distinct families of
stable periodic orbits which are ellipses in their elementary form, with periods

tending to 2m/m. If the masses are more nearly equal, the roots of the
equation in m? are complex, and no such periodic orbits exist.

Since the masses in the system Sun-Jupiter satisfy the condition of
stability, and the disturbing influence of Jupiter predominates over the
minor planets, it might be expected that planets would be found in this
group approximating to the equilateral configuration. Such planets, with
a mean motion nearly equal to that of Jupiter, have actually been discovered.

214. A valuable insight into the general character of the solutions of the
problem of three bodies is obtained from the periodic solutions because they
repeat themselves after every period. These solutions have therefore been
the subject of much laborious study. But such orbits will not be indefinitely
permanent unless they are also stable. Hence it is necessary to study them
in relation to those orbits which initially differ but little from them.

The original equations of motion give

: ¥ 3 . 00 00}
o P 2 12y =£ — — p —
CinatnCt D=6 5 0w
or
7? o)
R+2nv2=—v—ai—vN ........................... (1)

where R is the radius of curvature of the orbit, 8p is an element of the
outward drawn normal, and N may be called the component of effective
force along the inward normal. Hence if the tangent to the orbit makes the
angle ¢ with the axis of £ R =v/¢ and

: 2Q
v(p+2n)=——.
($+2m)==%
16—2
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Also the equation of relative energy gives, when the constant C' remains

unaltered,
81) p _oQ vov oQd

Y8s=°T % o op

Let the undisturbed orbit at P be defined by the quantities s and ¢, and the
corresponding point P’ on the neighbouring orbit by &s along the undisturbed
orbit and Sp normal to it. Then

(v+51))2—(v+d dls $dp ) ((Zp—wﬁs)g

or to the first order

d 0Q 8p 9 3s

os
+¢8 " —?)— s v

=— (¢ +2n) &p + v 8s.
Hence
2 (¢ +n) dp=vi9ds— L% e — o d (83)

@ T d

Again, let (u, u’) be the components of velocity in space of P in directions
coinciding with &8s, 8p. Since these lines are rotating with the absolute
velocity (¢ + n) the kinetic energy of unit mass at P’ is

(¢+“)3Pl+ { +€l—8—22 (¢+n)83}.

Hence Lagrange’s equation for &p is

d*dp : d . ov oV =V
o+ T 2(¢+n) ¢83 (¢+n)u (p+n)ydp= +W8p+5p—8§88'

Now this equation must be satistied when 8p=8s =0, and when the terms
which do not vanish have been removed, it becomes
d*ép ‘*’V ooV

A2 ) = s Gy p =S p+ Db

Also it must be satistied when 8p =0, 8s=vt, where St is constant, for this
also represents a point moving on the unvaried orbit. Thus

)
—2(dp+n)o—dv= apas
and therefore
a3 dés s o*V
a — 2@+ (G =5 d) - Gnrdp=Tstp
which owing to (2) becomes

d*dp o*V
vl +3(p+nydp= B = op.
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But
o =rifume 202 20 g
. p - oE
Hence finally
2
ddff+®ap=o .............................. 3)
where

O =n+3($+n)p— aQQ =0

a well-known result due to Hill.
Again, Lagrange’s equation for &s is
d?8s oV oV oxV

+~dt7+2(¢+ ) dt ¢8p+(¢+n)u—(¢+n)288—€s—+aap8 +53783

which must be satisfied when 8p =8s=0 and also when &p =0, 8s=vét.
Hence, after removing the terms which are independent of &p and &s and
then those which contain &p,

d i e e N
dt?—'l}((b‘l‘n)—vag—’v('&?—n).

This result may be used to give ® another form, namely

@=_%§+2n2+2(¢+n)‘«»-vm .................. 4)

where V2 = 0?/0p? + 0°/0s* = 0%/0£* + 0*/on>. This form may be more convenient
than Hill’s because V* (not to be confounded with the three-dimensional V?)
does not depend on any particular direction.

For some purposes it is necessary to take the arc s instead of ¢ as the
independent variable. Then (3) becomes

vd_s( d;p>+®8p 0

or again, if ép = vt oq,

d?&q
ds +V¥8¢g=0
where . d
s e G N,
Vv=rr0-jo i (1} ds)

0 gr2°—ﬂ+g <89)2.

0s

215. When the unvaried orbit is periodic, ® is a periodic function of ¢
with the same period 7. The equation (3) is therefore a particular case of a
linear differential equation with periodic coefficients. Its general theory may
be indicated. Since the equation is unaltered when ¢ is replaced by t + 7,
g (t+ T) isasolution if g (¢) is one. But every solution is a linear combination
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of any two others which are independent. Hence if g represents g(¢) and
G represents g (¢t +T'), g1, 9. being any two solutions,
Gi=ag+ By, G.= Y9+ 3[]2
where «, B, v, & are constants, not unrelated. For since g,, g, are two solutions
of (3)
9:9:= 92

and therefore " ¥

9201 — 1. = const. = G, G, — G, G,

= (¢:61 — 9:92) (a8 — Bry).

Hence a8 — By=1. Let f,, f, be two other independent solutions. Then

q=afy +bfH,  g.=cfi +df;

Gi=al +bF, G,=cl,+dF,
.and the result of eliminating ¢,, ¢», Gh, G. is

F,=Af,+ Bf,, F,=Cf,+Df,

(ad —bc) A = ada+cdB—aby—bcé
(ad —bc) B = bd(a—8)+d*B— by
(ad —bec) C = — ac (o — 8) — 2B + a’y
(ad —be) D= —bca—cd B+ aby+add.
Hence 4 + D=a+ & is a constant independent of the choice of particular

solutions, as well as AD — BC=ad — By=1. But it is now possible to choose
b/d and a/c so that B=C=0. Then

F.=Af,, F,=Df,, AD=1

and the functions f;, f; are defined by the property that they are multiplied
by constants when the argument is increased by the period 7. Hence the
general solution of the differential equation may be written
8p = a et ¢, (t) + ae ¢, (t)

where ¢, ¢, are periodic functions with the same period as ® and
cosh k7'=} (a+8), a constant which can be derived from any pair of inde-
pendent solutions. The quantities + %4 are what Poincaré has called
characteristic exponents. If %k is a pure imaginary circular functions are
involved and &p has no tendency to increase beyond a certain limit. The
periodic orbit is then stable. If on the contrary & is real or complex real
exponential functions are involved and 8p will increase indefinitely. The
orbit is then unstable.

where

The question of stability therefore involves essentially the determination
of k. But this is a matter of great difficulty in general. What is known as
Mathieu’s equation, generally written in the form

dy &
it (a+ 16gcos 22) y=0
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of which the solutions are elliptic cylinder functions, is only a particular case
of the general type (3) and it is the subject of an extensive literature. On
the astronomical side the reader may consult Poincaré’s Méthodes Nouvelles,
Tome 11.  See also Whittaker and Watson, Modern Analysis, Ch. XIX.

216. The original equations of motion,
z L R PORROU T
E—an—a—g, 77+2n§—a—,7

can also be given a canonical form. Let

m=E-ny, p=9+tnf
H=}(p+nn)P+3(p,—nEP—Q+1C
and then evidently

)
3 op,’ _a—f
.~_~aH .- 0H
"/‘—a"TZ: Pe _9—77

are equivalent to the above, and they are of the required form. The integral
of energy is H=0. Now consider the integral

t .
J=L (= H+ p.§ + poi) dt.

Between fixed limits its variation will vanish along a trajectory in virtue of
the canonical equations. Therefore it is a minimum (or at least stationary)
along a trajectory as compared with its value along any neighbouring path.
Let the time along any such path be determined by the equation of energy
H=0. Then the integral becomes

t .
J=[ @+ iy as
Lt S d
= [ME+ 4 n @b at
1
=f0 fvds + n (Edn —ndE)}
from which form, since v? = 202 — C, the time is absent. | Now

e 3 dn
5 uds_fo (Svds +0 52 d8§+v$d8n)

=f: {SUds tid <v gg) e a (v %) sn}

" e P

0
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and

[ n(edn—nd)=n [ (3dn — Sndg + £y —ndst)

1
= 20 [ (3dn - 81dg) +n [£8n = n SE],,
Therefore, if 8¢ = 87 =0 at the limits,

87 = f{avds_sgd( d‘f) snd (v Z>+2n(8§dn-8nd£)}.

Let the tangent to the orbit make the angle ¢ with the axis of £, and let &p
be the normal distance to an outer neighbouring curve, so that

df=ds.cosp, dn=ds.sing, Sf=08p.singp, &n=—38p.cos¢.
Then

8J=fl {8vds — sin ¢d (v cos ¢) 8p + cos pd (vsin ¢) &p + 2npds]
0

where
_ov, dé
Jie = = T W 2n
o o) v
o5 F BT 2n
R being the radius of curvature. Along an orbit K =0 therefore, and this is
a result already expressed in (1). It is further to be noticed that

oK 10Q (}_{)2_»)81) v R
op vop® \wop R/op Rop
1 {BQQ (1 G10) ) 100 v"’}

v op \wop R/vop R

Ao = (i 2) (v 20) -

when K =0, and since v = B¢ comparison with (3) shows that

oK

5

It follows that the action J round a closed orbit is greater than for any
adjacent parallel curve when © is positive at every point. In this case the
periodic orbit is in general] stable. Similarly the action J is a real mjnimum
when © is negative at every point. Then, as (3) shows, the periodic orbit is
obviously unstable.

=—v

217. This remark is due to Prof. Whittaker, who has given another
application of equation (5). The quantity K can be calculated for all points
on a given curve. Now let K be negative everywhere along a simple closed
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curve 4. Then by (5) the value of J will be diminished when taken round
another curve adjacent to and surrounding A. Again, let the quantity K be
positive everywhere along another simple closed curve B external to 4. The
value of J will also be diminished when taken round a curve adjacent to and
surrounded by B. Now consider the aggregate of all the simple closed curves
which can be drawn in the ring-shaped space bounded by 4 and B. There
must exist, if the space contains no singularity of Q, one of these curves
which will give a smaller value of J than any other, and it cannot coincide
with 4 or B for any part of its length. It represents therefore a periodic
orbit characterized by the constant of energy C, and thus the existence of
such an orbit is established when the two curves 4 and B can be found
which satisfy the conditions stated. The orbit is necessarily unstable.

The same author has given another elegant theorem. By Green’s theorem

ffV"’ (logv) d&dn =f [8%‘ (log v) dn — % (log v) df:'

where the first integral is taken over the area of a closed curve, and the second
over its boundary. But if the curve is a trajectory, K =0 and therefore

(log %) o dc;b 2n

E on d¢ 2n

’U

df d¢ 2n

- 5 (o8 ) 5 + 5 (og ).

=5§(10g1’)d—z 5 (logv )

[[92og ) dgan =~ [(%2 ae 2") d

= —f(d¢ + 2nde)

=c¢o— b+ 2n (4 — ).
This assumes that the enclosed area contains no singularity of the integrand.
But this function becomes infinite at the centres of attraction. Surround the
mass p at (—¢,, 0) with a small circle &, of radius p. Then since

? =20 —C ~ 2up,™

the integral round the circumference becomes

o) s o)

= — g5 JIGe + 0 dn = nag]

Hence

T fF e
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Similarly the corresponding integral round a small circle &, surrounding the
mass v tends to the same limit. Now if the outer boundary contains either
of the attracting masses or both, the boundary integral must be diminished
by subtractinig the integrals taken round «, or . as the case may be. Hence
the final result is :

”(agz >l°g” dEdy =jm — o4 — 2nT

where j= 0,1 or 2 according as the loop of the orbit contains neither or one
or both of the attracting masses, y is the total angle through which the
tangent to the orbit turns, and 7' is the time from one end of the loop to the
other. In the case of a periodic orbit in the form of a single closed curve
oy = 2.

218. The equations of relative motion are capable of a transformation
which is very useful in some cases. This may be deduced from the intro-
duction of conjugate functions in a general form. Let the original equations be

1 + 2115—- ”217_8817

or in the Lagrangian form

d (87’) oT oV

dt \og) ~ 0~ OF
d ELT)_QZ’JE
dt(aﬁ on  on

where y
T'=1%(E—nn)+%(5+nkp

and the integral of energy is

Y E+ P =2 E+)+ V=P

Now let I
E+um=fut+w), E=-1
so that
ok _on DOF_ Oy
ou ov’ v ou
and
@iee, 05t
@t~ "ot
Also let
J_2(&m)_0F oy _0F o
0(u,v) ou'ov ov ou
Then if

T=T,+T +T,
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where the suffix denotes the degree of the terms in %, % (or f', 7), 1t will be

found that
T,=3J (@ + 9%)

Tx=~nd(—ng~§+§g—z> ( '§+§ )
To=n*(E*+ 7).

The equations of motion may now be written

d 0Ty ~dyely olh 91y o7, , oV
i)t a(E) -t
d (O d @0y Of o, of, oV
dt \ov/ " dt v v o v
and the integral of energy is
Tg — To B V S5 }l.
It can be verified without difficulty that
d (oTy\ 8T,
7 (7)) ~ 7=~ s
Also :
ol, , oT, , oV _1aJ g o, 3V
8u+8u+_ 2 0u & 2)+_+Bu
W V-t 2 (Tt V)
10
=S5 (J(To+ V= R);.
Hence the equations of motion become
. s o
—(Ju) =2nJi =52 {J(Ts+V = h)}
19

(J'v) - 2nJu——j P {J (Lo +V =h)).

Now let
dt=Jdl, =J{V+in2(E+9)—h}

and we have
d*u dv o
T g T
d2 du 89

a2 g

with the equation of energy
3 du\? dv\? y,
(az) + (Gz) =2
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It is convenient to write
fHi=futw), fi=flu-w), E+v=ff,
43 N _h e g
oo ( ) * (8u> ou " ou =fifs.
219. - What is needed when V is the potentml due to two masses u, v at

a distance 2¢ apart is a transformation of the coordinates which will rationalize
both the distances p,, p,. Such a transformation is

and then

E+im=b+ccos(u+w), b=c(u—v)/(u+r)

where b is the distance of the middle point between the masses from their
centre of gravity. For

Pt =(E—b+c) +7u* = 4c* cos® § (u +1v) cos* § (u—wv)
pt=(E—b—c)+ 7*=4c*sin*§ (u + i) sin® § (u — ©v)

and hence
po,v M v
=E+F);=m+c(é§shv—cosu)'

Also

J=ff) = ¢ sin (u + @) sin (u — @) = }¢* (cosh 2v — cos 2u)
and

£+ n* =1, fo=b*+ 2bc cosh v cos u + % ¢*(cosh 2v + cos 2u).
Hence

Q' = pc (cosh v — cos u) + ve (cosh v + cos u)

+ }n*bc® (cosh 3v cos u — cosh v cos u) + {5 nc* (cosh 4v — cos 4u)

— 3¢ (h — $n°b?) (cosh 2v — cos 2u) /
and the equations of motion are
d*u dv oY
a7~ nc? (cosh 2v — cos 2uw) aT= 5u
g G + nc’z (cosh 2v — cos 2u) :Z, aéQ

The time is given by a final integration
t= :}c”f(cosh 2v — cos 2u) dT' = [plpsz.

These equations are in general very complicated, although they offer
essential advantages in studying the motion in the immediate vicinity of
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one of the masses. Two particular cases may be noticed. In the first the
masses are equal, u=v and b=0. The equations of motion then become

du
a1
aw
d7*

— nc? (cosh 20 — cos 2u) %= — ¢*h sin 2u + }nic*sin du

+ ne? (cosh 2v — cos 2u) % = 2uc sinh v — ¢%h sinh 2v + } n?c*sinh 40

which are equivalent to equations given by Thiele and employed by Stromgren
and Burrau. The other case represents the problem of two centres of attrac-
tion fixed in space, so that n=0. Then the equations become simply

2, .
g—%=(#—v)csinu—c%sin2u
d> ; Vg,
071—12=(,u+v)csmhv—chsmh2v.

Here the variables u, v are separated and the equations lead immediately to
a solution in elliptic functions. The comparison of this problem with the
simplest case of the problem of three bodies is instructive as to the difficulty
of the latter.



CHAPTER XX

LUNAR THEORY I

220. The theory of the Moon’s motion relative to the Earth has been
discussed with generally increasing elaboration and completeness by various
authors from the time of Newton to the present day. The methods which
have been employed also differ considerably, presenting peculiar advantages
in different respects, so that it cannot be said definitely that any one method
possesses an exclusive claim to consideration. But at the present time three
modes of treatment are certainly of outstanding importance, those adopted
by Hansen, Delaunay and G. W. Hill respectively. Hansen’s theory was
reduced to the form of tables by the author; these tables were published in
1857 and are still in common use, but will shortly be superseded. Delaunay’s
work took the form of an entirely algebraic development of the Moon’s motion
as conditioned by the Earth and Sun alone. His theory has been completed
by others and made the basis of tables recently published. Hill’s researches,
which bear a certain relation to Euler's memoir of 1772, deal only with
particular parts of the theory, but the whole work on these lines has now
been carried out systematically and completely by E. W. Brown and will
form the foundation of a new set of lunar tables now in course of preparation.

Here it is only possible to attempt a slight sketch of one method. For
this purpose Hill’s theory will be chosen, partly because it is destined to
receive extensive practical application, and partly because it contains original
features of the greatest theoretical interest. The reader who wishes to gain
a comparative view of the different methods which have been used in the
lunar theory will study Brown’s Lunar Theory and may also be referred to
the third volume of Tisserand’s Mécanique Céleste.

221. Let the mass of the Earth be £, of the Moon M and of the Sun m/,
the unit being such that the gravitational constant G = 1. Let the origin of
rectangular axes be K, (z, y, 2z) the coordinates of M and (&, ', 2’) the co-
ordinates of m’. Further, let » be the distance EM, +' the distance Em’,
and A the distance Mm’. Then (§ 23) the forces on the Moon per unit mass
relative to & can be derived from the force function

E+M »n wm

=~ ak +—A“"773‘(m” +yy +27)
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by differentiation with respect to z, ¥, z; and similarly the forces on the Sun
per unit mass relative to & can be derived from the function

4= E—-'_,—"i+1£—-]—y—(ww +yy’ + 22")
i A
by differentiation with respect to «, ¥/, 2. Hence the z-component of the
Sun’s acceleration relative to (7, the centre of gravity of X and M, is

/

oF’ e R w’—x T

dw E+Moc — @) % e A e
0 .Zl[ wl ,$l
E+W{(F+M) T +mr—,3}

E+M+m xz r—x

e LR

This expression will be derived by differentiating the function
E+M+w (é'_*_]L[)

E+M A
with respect to 2/, or with respect to z,, where (z, 3, 2,) are the new co-
ordinates of m’ when parallel axes are taken through @ instead of B. Let
be the distance m'G, 6, the angle m'GM and S=cos #,. Then
2M . e N ) -3

77'1S 4= @7[;27 }

F/=

T_lz{r‘2+E+M'
s Mo n Mz bt
.:1"111—{E+—M7—:1-P1+<EI']”—)§T—]2 2—...}

and
» oOF e -}
Al:{“ B St @y }
BN E e, }
, P*E+Mnﬂ+@ﬁmﬁﬁlﬁ“t

where Py, P, ... are Legendre’s polynomials
-P1=S7 P2=% 2'_'21) P3=%S3_
Hence, when expanded in terms of r/r,,

E+ M+ {1 EM gl
@+ Mprat* ™ i

Now the Moon’s parallax is of the order.1°, the solar parallax is of the
order 9” and the ratio M/& is of the order 1/80. It follows that the second
term in F,' is of the order 107 as compared with the first. 1t can be
neglected, at least in the first instance. F, is therefore reduced simply to
the first term, and the meaning of this is that the motion of G about m/, or
of m’ about G, is the same as if the masses K and M were united at their
centre of gravity.

e

71
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This motion is elliptic and the coordinates («;, ¥, 2,) can be treated as
known functions of the time according to undisturbed elliptic motion. The
influence of the other planets is left out of account in the first instance and
finally introduced in the form of small corrections. The first task, and the
only one considered here, is to find an appropriate solution of the problem of
three bodies, the problem being already so far simplified that the relative
motion of the Sun and the centre of gravity of the Earth-Moon system is
supposed known.

222. The force function F is expressed in terms of (2, ¥, ) and not the
coordinates (z,, ¥y, 2,) now supposed known. It is necessary to consider the
effect of this. The z-component of the Moon’s acceleration is

oF e—o @
a—_—(F M)——m A m;.,—,,
m( E m'( M
== (E+ M) 5= A”(E+M ”‘)"FS(E+M““")

since .
¥=x+Mzf(E+ M), z—a'=—a,+ Ez/(E+M).

This component is clearly derivable from the force function
E+M+m(E'+M) m' (E+ M)
r EA My

when " and A are expressed in terms of (=, ¥, #) instead of (<, ¥/, 2).
When A~ »'~* are expanded in terms of 7/r; this becomes

F=

_E+M w (E+ My E2— M2 o3 B3+ M3 o
e +71{ i Tultarayp et @eay e it }
E+M m'r? E—-M~»r —EM+ M2 ¢*
r T { 2+E+MEP3+"'(‘TM‘)2_NP }

for the term in 1/r, does not contain (z, y, z) and can therefore be suppressed.

As a matter of fact the force function which is commonly used for the
motion of the Moon is neither F, nor the function

E+M w mr
>

where 6 is the angle m’EM, but the function

E+M wm wmr

Y

F= —-¢os @

F,=

which is derived from F by substituting the coordinates of the Sun relative
to G for the coordinates relative to £. Thus

Ar=(z—mP+ (Y- )P+ (z—z)
=r?— 2 S +r?
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and therefore in the expanded form

E+M m

F,= +-{1+ P+ Pz+ }—-MS

_E+M m'r?

7

{P+ Pit P+ }

after suppressing /[r;. This is not the same as F,; but—for practical
purposes it can be brought into agreement by a simple device. Let a, o’ be
the mean values of r, ,. It is found that to a term of the series involving
(r/r )y correspond inequalities with the factor (a/a’)). If then

H—-Mya/(E+M)d
‘be substituted for a/a’ in the results which follow: from the use of F,, they
will be very nearly the same as if they had been derived by using F,. It

may be left to the reader to examine the order of the chief outstanding dis-
crepancy after this treatment of ,. It is easy to make the adjustment exact.

223. Let the axis Kz be taken normal to the ecliptic and let EX, EY
rotate in the ecliptic plane of (zy) with the Sun’s mean motion . The
equations of motion of the Moon are then

oF,
0X

g 4 = (L,
Y4+ 20X - Y_BT7

__OF,
" )

Now if £ + M = p, since na/*=m’ (more strictly m’ + p),

X—o'V—n*X =

F=E+n'2 (gr~S2 1) +...

the higher terms containing r/r, and therefore the solar parallax as a factor.
Let o' be the true longitude of the Sun and let ' =¢ when ¢=0. Then the
Sun’s coordinates are :

X'=rcos(v —nt—¢), Y =rsin@=nt-¢), 2=0

the axis of X" being always directed towards the Sun’s mean place. When
the solar eccentricity is neglected and the Sun’s orbit treated as circular,
¥ =nt+ € and r, =@, so that

X'=r=a, V'=7=0, rS=(XX'+YY)n=
Hence when the solar parallax and eccentricity are both neglected

Fo=pr 4+ 02 (3 X — 41?) = et + 02 (X* = } V2 — }.29)
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and when, still further, the latitude of the Moon is ignored, the equations
of motion become simply 4

X2V —8n2X = - pX/r*

ViowX =—,uY/7~‘}
These two-dimensional equations represent the simplest problem bearing any
real resemblance to the actual circumstances of the lunar theory. It is the
degenerate case of the restricted problem of three bodies when the two
finite masses are relatively at a very great distance apart and refers strictly

. to the motion of a satellite in the immediate neighbourhood of its primary.
These equations have great importance in Hill’s theory.

Again, when the solar parallax alone is neglected, F, may be written in
the form

4 2 13
Fy=pr= + 0 (3 X2 — §0%) + 0 {g ("’—z 8 — X2> — 3 (“—3 & 1)}
r, 7y
where. the third term, which vanishes with the solar eccentricity, is a quadratic
function in X, ¥, 2. Thus .
' Fo=prt4+n* (X2 -3V - 1) -1 (A'X*+ 2H’' XY + B'Y* + 0’2

where A’, H’, B, 0’ are functions of ¢ to be derived from the elliptic motion
of the Sun. The equations of motion now become

X-mV-3n' X+ AX + HY =— puX 18
V+owX +HX+BY=—pY/r
H +n% +0'z =—pz[r
and these are the foundation of the researches of Adams into the principal

part of the motion of the lunar node.

224. It is now necessary to give Hill's transformation of the general
equations of motion. Let

u=X4+.Y, s=X=.Y, £2=-1
LR B

T K=—(n—7z’—)5’ v=n—n.

Then, since 7* = us + 2%, n being undefined as yet,
]
22 F, = 2 r + 2m? ‘:— (P + Py [ry + ...)
1

=2u/r+Qy + Qs+ ...

where Q) Q,, ... are homogeneous functions in u, s, z of degree 2, 3, ... and
of degree 0, —1,...ina’. Let Q’'=0,/4Q,+....

The kinetic energy of the Moon 7' is given by
2T/M = (X —n' YR+ (YV+ ' Xy + 5
= (% + n'wu) (§ — n'is) + 52
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The equations of motion are therefore

i + 2n'ul-—fn’2u=28_8_1172

§—20'ts —n'%s =23_F2

ou
il QI’_’Z ;

- By P

Let

’ d i [ d
logt=v(n—n')(t—1t,), D_Cd—{__;(ﬁ

where ¢, like #, is a constant at present undefined. The previous equations
become

D+ 2m Du + m?u = ou/rs — aa_(.:
Ds — 9mDs +mis = ws/rs —
ou
! o’
D2z = xz[r* — %_87'

It is, however, convenient to separate from ), (accented for this reason) the
part which is independent of the solar eccentricity. This is

Q) — Qy=m?*(3X? —12) = § m® (u + 5)* — m® (us + 2°).
~ With this change the equations of motion take the form

D*w + 2m Du +%m2(u+s)—%=— aa%
D2 — 2m Ds +%m9(u+s)—i;—f=— aai; ............ (2)
D2 — m2z = if =—1 B_Q
r & 07
where O =Q,+ Q,+.... Thus
7 13
Q,= 3m{“—3 7«252-1(“3)‘4 — m¥® (‘13- 1) ............ (3)
4% J Ty

which vanishes with the solar eccentricity.
225. The next object is to transform the equations in u and s so as to
remove the terms involving »—%.  Since (§ 123)
U
ot

and F, contains terms involving ¢ explicitly only in €, in this case

d
S (L= T, + U) =

U + 2% — n'2us = 2F, — 12 %%dt+h
17—2
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or in the later notation

Du. Ds+(Dz)* + 2m”(u+s)ﬂ—mﬂz”+%{—c=(]—ﬂ+D—‘ (D)

where C is a constant of int‘egration,‘D—l 1s the inverse operator to D, and D,
represents the operator D applying to Q only in so far as ) contains ¢
explicitly. This corresponds to the equation of energy.

Agaln since 7% = us + 2%, the equations of motion (2) give
sDPu+ uD?s + 22D + 2m (s Du —u Ds) + $m? (u + s)* — 2m?2? — 2« /r
a1, R0 5 )90
| ——(s—é;+ua—u+25;)——p§2pﬂp
by Euler’s theorem, (), being a homogeneous function of degree p in %, s, 2.
The result of adding the last two equations is
D2 (us + 2°) — Du.. Ds — (D2)* + 2m (s Du — uDs) + §m? (u + s)* — 3m?2?
=C-X (p+1)Q + D1 (D) ... (4)
et
This is one equation of the required form.

The other equations are obtained simply by ellmlnatlng the terms with
1% as a factor between different pairs of the equations of motion. Thus

from the first pair
0 B.Q

D(uDs—sDu—2mus)+7m2(u~——s2)—s§— A RIS (5)
and when the third equation is used, :
x. o 00
D (uDz — zDu) — 2mzDu — Jm’2 (5u + 3s) =2 i tu o
"D (sDz — 2Ds) + 2mz Ds — Fm?z (3u + 5s) = 22 %s %—? ]
These combined give
D{(u+ts)yDz—2zD(u+s)—2mzD(uFs) —m2zW
_, (02  0°Q g 00
' (asia) (u+s)—ar
where w1nh the upper sign W =4 (v + s) and with the lower W=u—s. In
this more symmetrical form the real and 1mag1nary parts of u and s are
clearly separated.

Equations in the form of (4) and (5) have two advantages. In the first
place the left-hand members are homogeneous in u, s, z of the second degree.
Except for the constant C' this applies also to the right-hand members when
the parallax of the Sun is neglected, and the parallactic terms need rarely be
taken beyond the third and fourth degrees. In the second place, whereas
X and Y can be expressed as trigonometrical series in terms of ¢, u and s
can be expressed as algebraic (Laurent) series in terms of ¢ and such series
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can be more easily manipulated. Also if u=f({), s =/£(¢{"") and therefore
when either « or s has been caleulated the other can be derived 1mmedlately

226. The general method of the lunar theory, which is common to alt
forms, consists in choosing an intermediate orbit which bears some re-
semblance to the actual path of the Moon and in studying the variations
which it must undergo in order that the path may be represented accurately
and permanently. This intermediate orbit, since it merely serves as a subject
for amendment, will naturally be chosen with a view to simplicity. At the
same time, the more closely it represents the permanent features of the
actual motion, the less burden will be thrown on the subsequent variations.
Thus one might take the osculating elliptic orbit of the Moon about the
Earth as the intermediary, neglecting the effect of the Sun altogether. The
intermediate orbit adopted by Hill is called the variational curve and this
must now be defined.

When the solar eccentricity (¢') and the solar parallax are neglected,
0 =0. Also, when the Moon’s latitude is neglected z=0. Equations (4)
and (5) then become
D (us)— Du. Ds+ 2m (s Du—wDs) + $m*(u + s)*= C}
D (uDs — s Du — 2mus) + $m? (u* — %) =10
which must be equivalent to (1), whence in fact they can be directly deduced.
The constant « (or u) has been eliminated and the constant C' has been
introduced. There must be a relation between them which can be found by
reference to the original equations of motion. Hill’s variational curve is
defined as that particular solution of (1) or (6) which represents a periodic
orbit. Since the axes of reference rotate at the rate n’ the period of this
orbit must be 27 /(n—n') where n is the mean motion of the Moon. From
this it follows that the coordinates X, ¥ of the solution have this period and
can be expressed in the form of Fourier series in (n —n')¢, while u, s can
be expressed in the form of Laurent series in §& The coefficients will be
developed in powers of m, and this is an essential advantage of the method,
since it is precisely this development which is less easy by the earlier
methods. As a particular solution of the equations the symmetrical periodic
orbit involves no arbitrary constants beyond those already introduced, namely
n, which depends on the actnal scale of the lunar orbit, and ¢,, which gives
an arbitrary epoch corresponding with the fact that (6) do not involve the
independent variable explicitly.

The existence of such periodic orbits is assumed. The question has been
discussed analytically by Poincaré (Méthodes Nouvelles, Tome 1), who has
proved that they do exist in general. To some extent the assumption will
be found practically justified by the results. But there is no doubt on the
point. The periodic orbit in the actual circumstances could be found by the
method of quadratures.
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227. The assumption that the periodic orbit required is symmetrical
about both axes at once limits the form of the expansions. For with this
limitation X, ¥ must be of the form '

X e RN T A i (R ADE e ad )
0 0
where ¥ =0 when t=1¢,. Hence

=73 {} (Aot + Ao &P + § (Ao — A'up) E% ) =a 2 gy 20

—0

S {3 (Asna = Ase) £ + (s + A §} =0 S g, f0

8 <

s

where

Ao =2 (i +0pis), At =8(a— 0siy).
As 1t is necessary to multiply such series together and to exhibit the products
as double summations, it is convenient to write

w=aZa, ¥ =a ey, ,

s=ale ., =a ;“—zjm‘ é’“’jﬁei_l}
Du=a2Q2i+1)ay " =a é (2 = 26— 1) @yjgip £
Ds=a3(2i+ 1) a_y_, ¥ =a % (2] = 20— 1) Qgjye; L

or similar equivalent forms, so as to retain always a fixed coefficient a,; and a
fixed power ¢¥ in the typical constituent. The result of substituting the
series in (6) is:

a—*(C= %2 42 Qn; gy i §Y — %2 (20+1)(2)— 20 — 1) aga_gj0i ¥
+?zm 212 (46 + 2 — 2j) Zz Usjpai ¥
+ $m? %? s (20 —gjy0i + Cajsio + Osjsio) §¥
0= %? 2j (2 — 40— 2) Gz G_yj1i §¥ — 2m 2? 2j01z; Asjpo; §¥
g 1212 (ai (gjpiy — Ogj2i2) §¥

where 7 and j have all positive and negative integral values. The coefficients
of every power of { must vanish identically, and therefore

870 = 3 {(20+1F + 4m (2 + 1) + Jme} o + m* i asicy -.(8)
when j=0, and 1 '
0=3 (47 + (20 + 1) (26 + 1 — 2)) + 4m (20 + 1 —j) + $ M} 03 @_yjgai
i +fm? ZE i (Coj—si—y + Bsjpi—s)
0=- % 45 (2041 =7 + m) Qo a_yjy0i + e}m“? I P 1

when j has any other value.
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228. Owing to the introduction of a, one coefficient a, may be made
equal to 1, though retained for the sake of symmetry. Then, if m is a
small quantity of the first order, @, is found to be of order |p|, being a
function of m alone. This fact makes it possible to obtain the coefficients
by a process of continued a.pprox1mat;10n provided m is sufficiently small.
The terms containing @,as;, @yd—; in the last equations are obtained when
¢=j and 7= 0, and they are respectively g S s

(47 + 2 +1 +4m (j+ 1) + $m¥ apay + {42 — 2/ + 1 — 4m (j — 1) + §m®} a0y
and p

—4j (1 +j+m)apas; — 4 (1 —j+ M) @@ gy eevnnnnennn. «(9)
Let the two equations be combined so as to eliminate the second of these
terms. The result may be written :

S dy; ([2], 20] @sjrai +[2, +] Byjosia +[2), —] 0-gjnis} =0 ...(20)

where
DL 7 8] 2 — 4n;+m-+4.<(z—7)(7_1 m)
[2],21]_—3 8P —-2-4dm+m?
) ___3m2 42— 8j — 2 —4m (j +2) — 9m®
(2], +] = 16 ey R
[2j, -] e DR 2052 — 165 + 2 — 4m (5] —2) + 9m*
# i =Dt 87— 2_ 4m + m®

the common divisor being chosen so that the coefficient of a,ay, [2), 2],
is — 1, while [2j, 0] =0

If, on the other hand, the term in a,a,; be eliminated, the result will be
found to be

S g {[— 2, 20 - 2j] ajpui + [— 2, +] @gjsia + [~ 2, =] @yjsi o} =0
1

which can be deduced from the same series of equations (10) by changing
the sign of j and then writing ¢ —j for ¢ in the first term. This single series
is therefore sufficient. The last equation can also be written

‘? {["‘ 2j! — 2] oji—g5 0—si + [" 2_7., _] Qzj—gi2Qo; -+ [—' 2,7.: +] a—-ej—m:—zazi} =0

and hence the rule for connecting the pair of equations corresponding to + j:
in terms multiplied by [2j, 2¢] change the signs of j and ¢ throughout (both
in coefficients and in suffixes); in the other terms write [— 2j, — ] for [2j, +]
and [— 2j, +] for [24, ~], the suffixes being unchanged.

229. Since the coefficients [2], +] are of the second order in m, the orders
of the three terms are respectively

2i[+2]i—7|, 2|¢|+2]i4+1—5|+2 2|¢|+2|i+1+5]+2

which are at least ]
2071, 2]j-1{+2, 2|j+1|+2  °
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Let the equations be written down so as to include all quantities of the sixth
order (neglecting m?). This requires j=+1, £ 2, +3. The orders of the
terms with the only possible values of ¢ are:

j=1, i=2(6,10,14), 1(2 6,10), 0(2 2 6), —1(6, 6, 6), —2(10, 10, 6)
j=2 i=2(4.8,16),1(4,4,12),0(4 4 8)
j=8, i=3(6 10, 22),2(6, 6, 18), 1 (6, 6, 14), 0(6, 6, 10).
Hence the required equations are:
G s =2, 4] a,a,+[2, —2)a_ya_, +[2, +](2a.0_, + a) +[2, =] (2asa_, + a*-,)
Qs =[=2, — 4] ast_y + [~ 2, 2] asay + [~ 2, =] (205 a_s + )
+[=2, +](2aya_; + a?-,)
a,a, =[4, 2] a,a_, +[4, +] 2a,a, -
aa_g=[— 4, — 2] pa_, +[— 4, —] 2050,
ayas =[6, 4] a_sa, +[6, 2] ara_, + [6, +] (2aca, + a5?)
Ayt_g=[— 6, — 4] aa_, + [— 6, — 2] a_pa, + [ 6, —] (2asa,+ as’).
Thus, since a, = 1, if m® be neglected,

A= [2’ +]’ a_o = [—" 27 -]
and then, neglecting m®,

a, =[4 2][2, +]1[- 2 —-1+2[4 +][2, +]

a=[—4, —-2][2, +][-2 —]+2[-4, -][2, +]
These values will give a4, a_¢ as far as m® and inserted on the right-hand
side of the first pair of equations they give second approximations to a,, a_,
of the same order. It is to be noticed that each stage of further develop-
ment carries an equation four orders higher.

The ratio of the mean motions of the Sun and Moon, and therefore the
numerical value of m, is known with great accuracy from observation. Hill
adopted the value

m=n2"/(n —n")= 008084 89338 08312.

Hence it is practicable to introduce the numerical value of m from the
beginning, and the approximation to great accuracy in the calculation of
s, ... is then extremely rapid by the above method. This is the process
which has been adopted in the latest form of lunar theory. It is also possible
by giving m other values to trace the development of the whole family of
periodic orbits of lunar type. These orbits are of great theoretical interest,
especially for larger values of m. But it is evident that the effect of the
neglected parallactic terms will become more considerable, and such results
may differ sensibly from true solutions of the restricted problem of three
bodies. ‘Also when m exceeds } the question of convergence begins to in-
troduce practical difficulties and the method of quadratures, followed by
Sir G. H. Darwin and others, becomes necessary.
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230. To find the value of a recourse must be had to an equation of
motion which has not been reduced to a homogeneous form in u, s. Since
Q =z =0 and 7 = us, the first of (2) becomes in the present case

(D*+2mD + 3m?) u + §m’s = xu (us)_i’i
or ' J .
a s {(20+ 17 + 2m (20 + 1) + §m% 4y £+ + $ma S ay £ = xu (us) %,
i i

This equation must hold for all values of ¢, including &=1. Then U=§=a 2, sy,
and therefore .
aS{(2+1+m)+2m? ay=ra? (S ax) "

But (§ 224) k= p (n —n')?=p (1 4+ m)*n so that

nfa’=p (1 + m) (2 ax)? [ {(20 + 1 4+ m)*+ 2m?} ax]*...... (11)

It has been usual to write n%a® = u, @ being the mean distance which would
correspond to the mean motion » in the absence of solar or other perturba-
tions. Thus a=a (1 + powers of m) when the values of a, are inserted.
The precise form of this relation is required only when it is desired to
compare two theories expressed in terms of a and a respectively. The con-
stant a fixes the scale of the orbit and therefore depends on the parallax,
which 1s observed directly. '
"~ When the coefficients a,; and a have been determined, (8) gives the
value of C, if it be required. ‘

For the transformation to polar coordinates, '
reos(v—nt—e)=rcos(v—nt—¢e —§E)=XcosE+ YVsinE=4(uf +5¢)
rsin(v—nt—e)=rsin(v—nt—¢—§E)="YcosE—XsinE=4(s&—ul).

where e=¢' —(n—n') ¢, since £E=(n—n')(t—1t,) and «E=1log & Hence
rcos(v—nt—e)=a {1+ (a,+ a_,) cos 2§ + (a, + a_,) cos 4§ + }1 1a
rsin(v—nt—e)=a{ (a,—a_,)sin 28+ (a,—a_,)sin 4& + }J K

which lead to the determination of »* and v, the more simply because v —nt — ¢
is evidently of the second order in m.

231. The use of rectangular coordinates is a distinctive feature of Hill’s
method. But for some purposes polar coordinates present advantages. By
a simple change of units and notation (1) become

@p_odq_ g _ P

ae " Cdt =P e

d*q
TR

which can be reduced to canonical form by putting (cf. § 216)
P=p—9 ¢=4+p
H=3@+qP+4(d—py-ip -1
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The transformation to new variables, r, I; 7/, I, defined by
p=rcosl, p'=+cosl—rlsinl
g=rsinl, ¢ =7sinl+r1cosl

will leave the canonical form unchanged, since .

pdp+¢dqg—(dr+1Udl)=0

and therefore it is an extended point transformation (§ 125). Let ¢ be
eliminated from the equations by taking ! as the independent variable.
After writing out the equations in explicit form make the transformation

r=1/c, r=pla, I'=w/a?

and finally put e= ¢ The result is to give the equations

d

(w—1)£=-—3pe : 5
dp

(m—l)—o-lz=w2—p2+%cos2l+1}—e

(w—l)%(z—)=—2pw—%sin 2l

and the integral H = h becomes
3p2+ 3 (0 —1)2—%cos2l—(he§:+ e)=0.
Assuine a solution in the form .
g=t § (Lgne?‘"l/k, 6 = § bme'*’"”’/", €= § cmemnl/k‘
—w : —» -

For a periodic orbit described always in one direction as regards [ these
series are convergent, and if the coefficients are real, de, = — A_s, ban = b_sy,
Con = C—_qn, and therefore

1dr 3 . 2nl
p=;;ﬁ——-2%a2nsmT
i dl £ 2nl
w=1+(ﬁ=bo+2§meOST

1 & 2nl
e=ﬁ=4co+2§cmcos7.
The index k is arbitrary. It may be proved that if % is an odd integer
the orbit is completed in k circuits and is symmetrical about both axes, and
if k is an even integer the orbit is completed in % circuits and is sym-
metrical about the axis of p only. For Hill’s variational curve k= 1.

The substitution of the assumed series in the equations leads to three
series of equations which must be solved by continued approximation as in
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Hill's method. A most interesting result is that the series for e converges
with exceptional rapidity, so that the equation

778 = ¢, + 2¢, cos 2]

where ¢, = 93¢, nearly, represents the variational curve with an error which
on the scale of the lunar orbit is no more than half a mile. No simpler idea
of the nature of this curve could possibly be given. <o

It may be left as an exercise to the student to fill in the details of the
outline conveyed in this section*.

232. The method by which the variational curve can be determined
with any required degree of accuracy has been fully explained. But it must
not be supposed that this curve represents the lunar orbit in any true sense.
It is merely a particular solution of equations which are themselves only
a degenerate form of those which characterize the Moon’s motion, and the
only significant parameter involved is the mean motion of the Moon. The
next step is to seek the form of the general solution of the same equations.
With this object it is necessary to study the variation of the particular
solution and to determine a fundamental quantity c.

With some change of notation (3) and (4) of § 214 give

Zz?z R QEITE Boa il &b i bsinross i (13)
where, in the application to (1),
g V-

O =2 +2(J+nwy—VF+ 3 S0,

8N being the normal displacement to the variational curve, ¥ the inclination
of the tangent to the axis of X, and V the relative velocity. In terms
of u, s,

F=pr—+3n2X2

Ve=X4 ¥V2=1us=—12DuDs

since d/dt =wD. Hence, R being the radius of curvature,

¥ =V/R=(VX-X¥)) V=4 Gi— ué)/V’—%v(ll)): -]1))—:)

Also
1dV_1d @ de) d (L d_I_fj)_l_ 1 (dvey:
Vde  Vdt\2V dt 2Vz dt 4<V4(dt)
: DV? DV=
==»D (gps) - <2V2)
D D?s D Ds
——‘}”21)(1) Ds) W( + Ds>

* Cf. J. F. Steffensen, Royal Danish Academy, Forhandlinger (1909).
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Finally
vr=(2 + 2\ r= 2 @ux (aw) /s + B,
- (3 +57) s X = (5 i

Therefore, since v =n'— n, »’ = my and p = x1?,

V‘2_®=—/c/'r3—m”+2{§ (%—%)-{-m}ﬂ

e (DQ” Jl);j) 1 <%‘ % %2:)2 .................. (14)

Now since u=¢Zay &%, s = Sa; ¥ and D=¢d/d¢=— ¢ d/dE,
D2u/Du=3U;8, Ds|Ds=—3U g™
and U; can be calculated by equating coefficients in
S‘ (21 oL 1)2% c‘n+1 S‘ (21 + 1) oy g;zz+1 2 U; é'zr,
Similarly, by thei first of (2) when Q. =0,
u(er™® + m?) = 2uZ M; {% = D« + 2m Du + §m? (5u + 3s)
so that ;
28 aytHH . S M =2 {(20+ 17 + 2m (20 + 1) + §m?} ay £ + §m? Ea_ﬁv_?{’”"“
whence M; can be calculated in the same way, When U;, M; have been

found it remains to substitute the series in (14), a process which involves
squaring two series, and the result may be written in the form

20 = 2@,{23
Thus (13) becomes i !
D AN = (B0, M BN . 5o at oo oo o oSN (15)

and the derivation of ®; has been fully explained. It is easily seen that
®_;=0; and that M;, U; and ©; are of the order | 2¢| in m.

233. Owing to the symmetry of the variational curve © is a periodic
function with the half period of the curve, = /(n —n) Hence by § 215 one
solution of (15) has the form :

SN="2.0,0"

and c is the quantlty which is now required. The result of substltutmg
this series is

Sbi(c+ )yt =320; bj—i C”"’j
J i
which must be an identity, and therefore for tevery'value of j
bi(e + 2y = 2Oy
or more fully, since ®;=0_,, )

G0 _®2bj_g_®1bj_l+{(c+ 2j)2—®0} bj—®1bj+1—("‘)2bj+2— ———i)
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These equations are of infinite order. Nevertheless, let the coefficients b; be
eliminated in the same way as though their number were finite. Then
A (¢) =0 where A (c) represents the determinant of infinite order

(0_4)2“_60 -6, -0, -0, -0,
d 4$£-0, ' 42-0, ° -0, 42— 0O, ’._ £2-0, °
-0, (c—2) —7®0 s 99" -0, -0,
23S 6 e X 2-0Q, > 20-0,’ 22-0, ’ 2: - 0, %
-0, —@,__ »(32-—(")0 ) —ﬁ,_ -0,
T 02-0, 2-0, ’° 00-0,’ 02-0, ’ 02— 0, N
), =8, e {o+2) -8, |~
20, 2-0, ' 2-6,’ 2_@, 22— 0, L=t
— &), _®3 :_@,7 —@1 (C+4!)2—®0
40, $£-0, ' 4-06,’ 42-0, °’ 42-0, 7

each row being divided by such a factor that the constituent in the leading
diagonal becomes 1 when ¢=0. This is Hill's celebrated determinant,
which introduced the consideration of the meaning and convergence* of
determinants of infinite order into mathematical analysis.

234. The determinant A (—c¢) = A(c), for the change only reverses the
order of the constituents in the leading diagonal. Also A (c+ 2j)=A(c),
for the displacement of the leading diagonal along itself may be compensated
by moving the divisors of the rows. Hence if ¢, is.a root of A (c), + ¢, + 2j
are also roots. The highest power of c in the development is given by the
product of terms in the leading diagonal, and this product is

B e+2F =0, = ¢ (2 +VO

e 42-6, o (2O
= (cos e — cos 7 4/B,) /(1 — cos 7 /©,).

Ay (c)=

It follows that
3 A (e) = (cos me —cos c,) [(1 — cos 7 /B,)

for this contains the right number of roots, the same as A, (c), and the same
coefficient of the highest power of ¢. The roots are those already found, and
there are no others. But this equation shows that

A (0)=(1 — cosme,) /(1 — cos m +/B,)
and therefore ¢, is a root of

‘ Sin? Jarc, = A(0) SIN? $77 4By evevererrerierennans (16)

* Cf. Whittaker’s Modern dnalysis, p..35; Whittaker and Watson, p. 36.

3
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The solution of A (c)=0 is thus reduced to the calculation of A (0). The
latter determinant is convergent if 3;®; is convergent, and this may be
assumed for sufficiently small values of m.

As a matter of fact in the present case A (0)is not only convergent but
very rapidly convergent. It may be written in the form

AO)=] ...
v o 1 , -B86,, -56, , N
ves — B Oy, 1 , — B9, -89,
vy —Bia®, — B8, 1, —B.0,
o v 5. —Bis8;, — 8,0, g
where

Bi=1/(4)" - 8,).

Suppose every ©; to be multiplied by 4. If then the sign of 6 be changed
the sign of every alternate constituent in every row and every column is
changed. Multiply every alternate row and every alternate column by — 1
and the original determinant is restored. This involves multiplication of
A (0, — 6) by an even power of — 1, since the number of rows and columns is
equal. Hence A(0,—80)=A (0, 6), and A (0, 6) is an even function of 6.
But the power of 6 in any term of the development of A (0, 6) is the sum of
the suffixes of the ©); associated with it. Therefore the sum of the suffixes
in any term of the development of A (0)is even. Since ©; is of the order
12j|in m, this means that the order of every term is a multiple of 4.

It is evident that the determinant A (0) must be developed axially, the
term of zero order, 1, coming from the leading diagonal alone. There can
be no term in ©; alone, for ©, incapacitates by its row and column two units
from the leading diagonal as cofactors. Similarly a product ®;8; incapaci-
tates more than two such units unless their rows and columns intersect on
the leading diagonal. Thus ¢ =j and the only terms of binary type involve
squares.

235. The mode of developing A (0) will be sufficiently understood if m=
be neglected. The sum of the suffixes can only be 0, 2 or 4. Hence the
only possible terms are of the type

A0)=1+ A02+ BO? + (0,26, + DO
It is also easy to see how each of these terms arises. Thus
A®12=gl 0 :"':8.7'®1 !, B®a2=>_:l 0 !_/gj®2

J J

— Bj—l 0, 0 ‘ | - ,3]'_.2 O,, 0
4=- E Bij—u B=- 2 Bjﬁj__g.
Y, J
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The next term corresponds to three consecutive diagonal constituents, and
0®12®2 = 2 0 L Bj®1 T sz T QZ_:Bij—l,Bj—z ®12®2-
J J
= Bj—l ®1, 0 v 7 Bj—-l G)l
S5 Bj—? 8, — Bj—3®1, 0

Finally, the term in ©,* must correspond to four dlagonal constltuents only
and 1t is therefore 3

D®14 5 22 0 - Bz = Bj
1 =K Bi—l ®1 /3]——1 1) 0
D= 22 Bz —1 BJ:BJ—I =4°— 2’BJ 132 =1 QZBJ‘HBJ g—1
ig

for, as the two minors must not overlap, « cannot have the values j or j + 1.

It remains to calculate the values of these coefficients, Let ®,=4a2
Then

P8ty =y G 1
= = ¥ E i ! ; 1
?3201(201—1) (a—j+a+j—1) T 82a(2a + 1) (“_‘*'.7 +a—]+1>
“4 1 1 1 1 1
N ¥
o 8a(de—1) a+j 8a(4a2—1){ +2°‘~a2_]-2}
7r cot a 7 cot %W«/Q

~ Ba (402 =1)  44/8, (0, — 1)

The other coefficients can be calculated similarly by first reducing to the
form of partial fractions. Hill’s results include all terms of order less than
16, and with the value of m already given (§ 229) he obtained the value

¢, = 107158 32774 16012.

Without going further than the term of which the form has actually been

found here,
A0)=14+37m02cot Lm/B, /(L — O)NVO, ............ 17)

The argument given above as to the order of the terms refers to ©,, 0,, ...
and not to effects arising from @,. But 1— 0, is itself of the first order,
and therefore this expression neglects m” instead of m® Since m = 0-08 the
error in ¢, might be expected to occur at about the seventh decimal place,
and in fact it is about 5 units in this place. This simple expression, involving
only 0, and 0,, is therefore very approximate.

It may be noticed that + c(n —n') are the characteristic exponents of
the variational curve. Since c¢ is real this curve represents a stable orbit for
small variations.
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' 236. The introduction of the eliminant of infinite order was a bold and
original expedient on the part of ,Hill, though justified later by analysis.
But an analogous method had been used earlier by Adams, whose results
were published after the appearance of Hill's. They refer to the integration
of the third equation of (2) when =0, or

D2z — z (k1% + m?) =0.

If z be neglected in the coefficient of z, that is in »~2, the series already used
in § 232 may be inserted, and the equation becomes

Dz = (22 Mi§*) 2

which, since M; = M_; is of the order | 2¢|in m, is of exactly the same form
as (15). A solution is known to be of the type

z={ .2/31' i
and g must be determined from the infinite set

Bi(g+2r= ;'zMiBj—-i-

Hence the eliminant is A’ (g) =0, and the solution is given by
sin? $ g, = A’ (0) sin? 3m+/(2M,)
where A’(0) is the result of replacing ©; by 2M; in A (0).

Adams used the value m =n’/n = 00748013 exactly, which is not quite
the same as Hill’s value. He thus obtained the corresponding numbers

m = 0:08084 89030 51852, g,=108517 13927 46869.



CHAPTER XXI

LUNAR THEORY II

237. It is now necessary to consider the form of the general solution of
the equations (6); in the present chapter equations will receive reference
numbers in continuation of those assigned in the previous chapter, so that
the latter will suffice without referring specifically to the chapter or section
in which they occur. The solution of (15) may now be written

SN =&+°2b: 8%, logl=1t(n—n)(t—t).

The arbitrary constant #, makes it possible to assign any required phase to
the variation in relation to the periodic solution and as 8V is supposed small
(so that 8N? has been neglected) the coefficients b; may be considered to
have a small arbitrary factor. These two arbitraries make the small variation
otherwise general. Since ¢ has been determined it would clearly be possible
to determine real values of the coefficients (except for the arbitrary factor)
by substituting the series in (15), equating coefficients, and proceeding by
continued approximation.

Again, if 8o be the displacement in arc corresponding to 8N, by (2) of
§ 214 adapted to the present notation,

2 (o + 0) SN =— Vdit (ﬁ;’)
or (§ 232)
(91“—%+ 2m) 83 = VD (§‘T>
Du ™ Ds 3 V)

Hence, V being an even function of ¢, :3c has the same form as 8N. But
since : ] 4
Veosy=X, Vsing=Y
Vet =wDu, Ve “¥=uwDs
and
SN =38Xsiny—8Y cosyp =4 (Su.e ¥ —3s.ev) "
8o =8Xcosyr+8) sinyr =4 (Su.e ¥+ 8s.e¥)

it follows that

Su = ”—?f‘—‘ (5N +18a), 8s= ig‘?’ (180 — 8N).
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Hence du, 3s, like Du, Ds, are odd functions in ¢ with real coefficients, and it
1s possible to write

du=§=e ;2 b&®, 8s=fEeE 5_‘, by L%

the coefficients as expressed being the same in the two series since 8u + 8s = 28X
is real. For the purpose of this argument it is necessary to associate the + ¢
solution for 8u with the — ¢ solution for &s, and to notice that (&;/§)*° are
constant conjugate imaginaries with absolute value 1 which have been re-
garded as external factors of the series with real coefficients for 6N, «da, Su
and 8s. At the same time 8u — 8s is a pure imaginary.

Hence the general solution of (6), differing but little from the variational
curve, may be written
WS a.é‘E 2Am’-{—pc é’” glpcy = ag—‘ng—ﬁ—pc Ceiglpc
ip ip

where 7 has all integral values between + co and p has the values 0 and + 1.
Also A,;= a,; as in the variational curve and c is a determined function of m
which has been denoted by c,.

238. But the solution which is now sought differs by a finite amount
from the variational curve. The above form must therefore be regarded
merely as the beginning of the full development. Hence the restriction on
p will now be withdrawn and its values will be allowed to range between
+ . The coefficients of the first order 4., contain a small arbitrary para-
meter e and the higher coefficients 4., will be obtained by successive
approximation in the ordinary way, so that A,.,, will be of the order | p |
in e. The introduction of e into the solution will affect both A,; and ¢, and
ay; and c, represent those parts only which are functions of m alone and not
of e.

It is assumed that this process will produce convergent series. If they
converge they are true solutions of the differential equations, and not other-
wise. This recurrent question in dynamical astronomy cannot be dealt with
here. But the reader must realize its fundamental importance, and he will
understand why so much attention has been given, by Poincaré especially, to
discussions of this kind, although they may seem unproductive of new and
striking results.

It is now to be noticed that

D (éfzi+1 é*]pc) = (2i +1 +pc) ;ZH—I glpc’ D§2i+1+pc o (2?‘ L5 +]7C) é’2i+l+pc
and therefore that the result of putting & = ¢ will affect in no way the pro-
cess of calculating the coefficients. If this substitution is made it is only

necessary to retain c explicitly in the index of ¢ and to remember that the
argument of the trigonometrical term corresponding to £*+1+#¢ is

(21 +1)(n—n')(E=t,) +pc(n—n")(t—1).
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With this understanding the form of solution becomes
OSRERT A et s =al 1S3 g olrte, . (18)
) ]

ip
Comparison of these series with (7) shows immediately that the effect .of
substituting in the differential equations and equating coefficients of ¢¥+

will follow as before if
-A: ES: 22‘*‘}70, 2]+qc 3
»

be substituted respectively for
a, Z, 21, o' 28
Thus to (10) corresponds the equation
§2A2i+;vc {27+ qc, 20+ pe] A_yjssi—gerpe
(%0 +] Agesrgoge 12+ 90 ~1 4y s qope] =0 -..(19)
which holds unless j=¢=0. The form of the symbolical coefficients has

been given with (10), [2j + qc, 2j +gc] = —1 is the coefficient of A4y,
and [2j + gc, 0] = 0 is the coeflicient of 4,4_,; .. The counterpart of (8) is

a7t 0=22%{(20+ 1 +po) +4m (20 + 1 + pe) + §m’} A%ippe
tp
' is g’m? 22 A2i+pc A—eioz—pc-
ip
239. Of the first importance are the terms which depend on the first

power of the parameter e, When 8N was neglected A4, was identical with
@y, and therefore A, = a,; when e’ is neglected. Let

Ayyo=¢e, Ay .=e¢f.
The limitation to the first order in e means a return to the equations at the
end of § 237 and the only admissible values of g are + 1. With either value

p must be chosen so that ¢ occurs only once in the suffixes of any term, or
terms involving e® will be introduced. Hence (19) gives

{27+, 20+ c)apjpme +[2f +c, 2] ane_jis
e I, (et ec Oy Esis) 4125 46, ] (@) cbinl B )=
2 {[2j—c, 20 ~cla_yae’ +[2) —c, 2] ayejy
e (2 — ¢ +](@gjisei’ + tai€s i) +[2] — ¢, —)(Csjsivs€i + Amie_jia)} = 0.

Permissible changes in 7 make it possible to reduce all the suffixes of ¢, €' to
the form 7, and the simpler equations

2 {[2] +c, 2t + C] Ugji9i€;+ [2] +c, 20+ 2]] a2i+2jei'
+2 [2_] +c, +] Qgjni—0€; + 9 [2] + ¢, —] A sj—9i—s 6,;’} =0 . (20)
p {[2_} () 2t — C] a_2j+2isi’ + [2_] —C, L 2]] Qaiy95€;

+2[2—c, +] dysise +2[2] — ¢, ~] @y nisei} = 0
18—2
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are thus obtained. Since the numerical value of m is introduced from the
outset and ¢ has been determined, the coefficients of ;, ;" are numbers, which
in general become rapidly smaller at a distance from the central term. The
equations can therefore be solved by continued approximation. As they
determine the ratios only of ¢;, €/, it is possible to put

e—6 =1, e=0bie+Pie/, €& =be+ B¢
The equations for j=+ 1, + 2,... will then serve to determine the coefficients
b, Bi, bi, Bi, where by=8,/=1, B,=0b,=0. Forj=0,
O=...+[c,2+clae +[c, 2] e +2[c,+]a_e+2[c,—]a_.e&’ 1

— A€, +2[c,+]ae+2 [c,—] a_se (21)

+[c,—2+c]a_ e, +[c,—2]a_ € +2[c,+]ate+2[c,—]as€ 1 +...

with a similar equation obtained by changing the sign of ¢ and interchanging
e. €. Either of these two equations, with ¢ —¢, =1, determines ¢, and ¢,
and hence ¢;, ¢ in general. The two must lead to the same result, and
together are merely a check on the value of ¢, which, had it not been deter-

mined otherwise, could in theory be deduced from the whole set of these
equations.

240. Before continuing the development of a method the whole aim of
which is a systematic advance towards great accuracy in the complete results,
and which is therefore apt to obscure the main features of the actual motion
of the Moon, it will be well to consider the kind of results which have already
been obtained implicitly or can be readily deduced. For this purpose a low
order of approximation must be adopted and m* will be neglected. Then it
is easily found that

w=[2 +]=fymt + e, a,=[~2, —]=— jpme— g
2My=1+4+2m+§m? 2M,=2M_,=3%m?+12m?
U,=1, Uy=§m*+3m?, U_ =-12m’—Lm?
Oy=—-2M;+2(U,+m)’=1+2m — { m?
0, =—2M+2(Uy,+m) (U, + U_))—(U,— U_)) = —2Em* — 5'm?
To the order named, the combination of (16) with (17) gives
¢ =v8,+106,/(1-8,)v6,

=1+ m— §m?— 2% m?= 107263
and similarly

So'= ’\/(2Mo) 15 -2”12/(1 g 21”0) \/(21”0)
=1+ m+ §m®— §3m*=108521.

The numerical value of g,, corresponding to m = 0-08085, is much nearer the
truth than that of ¢,. Also it follows from (11) that

a=qa(l—{m?+im?.
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Then (12) give
rcps (v —nt —e) =a {1 — (m? + Zm?) cos 2§}

rsin (v — nt — €)= a (Lm? + L2m?) sin 2§
whence i
‘v =nt+ e+ (Lm? + 1Em?) sin 2§

r=a{l —}m’+ im®~— (m®+ Im?®) cos 2£}.
Terms depending on m only are called variational terms. The coefficient of
the principal term of the variation in longitude is thus

1dm? 4 13m?® = 001013 = 2090”

which is some 16” in defect of the true value. This term was discovered
observationally by Tycho Brahe, and its period, indicated by 2£ (or 2D in
Delaunay’s notation), is half a synodic month.

241. The equations (20) for j=+1, when the leading terms only are
retained, become simply

={2+c,cla+2[2+c,+]} & +[2+c, 2] ase
ea=[—2+c clase+{[—2+c,—2]a+2[-2+c, -] &
&=[2-c¢ 2]a, e+ {[2-c,—cla_,+2[2—c,+]} &
€a={[-2-c,—2]a,+2[-2~c, -]} &+[—2—c, —c]a,e.
It is to be noticed that [z, y], [#, +] contain as a divisor
D,=22"—- 2~ 4m + m?
and that this has the factor m when +#=2—c. It is easily found that
[2+¢c,cl=—3F [2+c 2]=—3§, [2+c+]=1fm’
[-2-c—cl=—1 [~2-6-2]=—4} [-2-c~]=—fkus
[—2+c c]=Im=+58, [—2+0,—2]=Im+ 4
[-2+c,~]=4m+455m? [2—c,+]=—}im—28im?
[2-¢ 2]=—im™—33, [2-c¢,—c]==}m -

as far as the present low order of approximation requires. Hence with the
approximate values of az, G50y,

6 = JPlem?, — Afm?e,

_1—(mm+§ 2m?) g + (122 m + P85 m?) &
6= = (fm + mY) 6 — (Hm + 3pdmY e
€, = — &Pm?e, — 13z me,.

It has been seen how the order of e, €' is lowered by the divisor D,.
A similar cireumstance affects the coefficients of (21) more seriously, since

D,=2¢*—2—4m + m*=— 223 m?%
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The disappearance of the terms below m? explains why an extremely accurate
value of c is required in the numerical development. Without continuing
the series for ¢ beyond m?, D, is here limited to a single term, and therefore
only the terms of the very lowest order in (21) can be taken into account.
This equation 1s thus reduced to

[c, 2] ase) — e, +[e, — 2+ c] a_se_, + 2[c, +] e, =0
where

[e, 2] =[c,= 2 +c] = —3f5m™, [c,+]=—Fm™

Hence

75 [@ie+ita) — e+ (G5 — 5 (Fret+PPe)=0

which gives quite simply 3¢, + & = 0, and with ¢, — ¢’ =1, =1, & =—§.
These values, though representing only the terms of zero order in m, are true
within 1 per cent. It follows that

€ =Hm?, e, =—4Em —§5Em?
A J
& =4m + 3m?, €, =—Fm*

where, owing to the imperfect values of ¢, ¢, the second terms in e_,, ¢/ may
also be defective.

242. The terms thus found in (18) are

w= el (ef° + /L + 6l + el + /P kL)

s=ael 7 (e +6&C+ el + e, 8>+ g'd + e’_1§2+°)
to which correspond (§ 230) :
reos(v —nt — €) = ae (€ + &')c0os p+(e + €_,)cos (2 + )+ (&' +e_,)cos (26— )}
rsin (v — nt — €) = ae {(e — &")sin P4(e; — €'_,)sin(2E + )+ (&' —e_,)sin(2E - p)}
where

p=c(n—n)({t—t)

is the argument of the trigonometrical term corresponding to ¢ 'These
terms are additive to the variational terms already obtained.

The fundamental terms are
reos(v—nt—e)=a(l- %é cos ¢)
rsin (v — nt — €) = ae sin ¢.
Now in elliptic motion (24) and (25) of Chapter IV give, to the first order

n e,
reosw=a (—3e+ cos M + }ecos 2M)

rsinw=a( sin M 4 e sin 2M)

whence
reos(w—M)=a(l —ecosM)

o sin (w — M) = 2ae sin M.
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These can be identified with the former by putting a =a, e =2¢, ¢ =M, and
v=nt+et+w—M

=w+{n—c—n)t+etcn-n)t

=w+ {1 —¢/(1 + m)} nt + const.
This shows that to this extent the motion of the Moon is purely elliptic, with
eccentricity }e, but that this motion is referred to a line rotating uniformly,
given by

vo={l—c/(1 +m)}nt=_(fm?+ 15 m*+...)nt
Thus ¢ determines the motion of the lunar perigee, which completes a revolu-
tion in the direct sense in rather less than 9 years. The above approximation
gives 128 sidereal months or 3500 days.
In the older lunar theories, beginning with Clairaut, the rotating elliptic

orbit is adopted in the first approximation.

243. The result of collecting the terms found so far as necessary is
rcos (v — nt — €) =a {1 — m? cos 2£ — Le cos ¢
— (¥m +132m?) e cos (28 — ¢) + FHme cos (2£ + ¢)}
rsin (v —nt —e) =a {{lm?sin 2§ + e sin ¢
+ (4 m + 13 m?) e sin (2 — ¢) + Fym’e sin (2€ + ¢)}.
The effect of dividing the latter by the former is to add to the second series
the terms
m?e (cos 2£ sin ¢ + 14 sin 2£ cos ¢p) = m?e {37 sin (2§ + ¢) — o sin (2 — @)}
Hence the longitude is approximately
v=nt+ e+ 13 m?sin 2§ + esin ¢
+ (3P m + 202 m?) e sin (2§ — ¢) + 1Zm’% sin (2£ + ).

As a constant of integration introduced at one stage of the present
method, e may be defined in any suitable way for the later stages. Its
value depends on the exact definition adopted and will be found by com-
paring the final results with observation. Thus }e as defined by Brown is
not to be identified with the e of Delaunay, for example. The difference is

not great, however, and its value may be taken to be 0:0549. Thus the co-
efficient of the principal elliptic term in longitude, e sin ¢, is of the order 6°:3.

The term next in importance has the argument 2£ —¢ (or 2D—1 in
Delaunay’s notation). The coefficient is right to the order given, though the
above derivation left this doubtful, and its value gives

(*¢m + 2% m?) e = 73’ nearly.

The true coefficient, depending on e alone, is 4608”. This inequality is
the largest true perturbation in the Moon’s motion and is known as the
Evection. Its discovery from observation is due to Ptolemy.
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“The term with the argument 2E + ¢ (or 2D + 1) is much smaller. The
above coefficient gives 157”7, while the truc value is about 175” for the part
depending on e alone. It will be noticed that the greater part of it is
due not to a true perturbation in the rectangular coordinates but to inter-
ference between the variation and the principal elliptic term in deriving the
longitude.

244. The terms depending on the first power of the solar eccentricity ¢
will be next considered. With z=0 and the solar parallax still neglected,
=, and (4), (5) become

D2 (us)— Du. Ds+2m (sDu —uDs) + §m?(u + s)*=C—3Q,4+ D71 (D)

o5 Lra0,
e 2 3m? (u? — ot
D (uDs — sDu — 2mus) + m? (u? — s?) $ o~ %

where (3) gives ,

4]

OR=hine ;l—s (3r38% = %) — Jm?* {3 (u + s)* — dus}.

1

Now
rS=(XX' +YY)r =L (u+s)cosy — ke (u—s)siny ;
where (§223) ' =v —n't — ¢ =v" — ¢’ is the solar equation of the centre.
Hence
1282 = ] (u? + s°) cos 2 + dus — $¢ (u? — %) sin 2y’

and thevefore

’

O5=m? ;% (3 (w+ 32) cos 2y + Yus — $o(u — 8*) sin 2’} — fm? (3u® + 3s* + 2us)
1

where u, s have the values given by the variational carve. The Sun’s mean
anomaly is

¢ =n({t—t)=mn—n)(t-1t)=—.log &
The whole disturbing function must ultimately be developed in powers of
¢™ as far as necessary, the coefficients involving u, s, @’~* and ¢. But for the
immediate purpose it is easily verified that to the first order in ¢/,

‘3

T

7 7
a3 / / 4 as 4 4 (L’ ’
i ;€08 2y' =14 3¢ cos ¢, ;]—381n2x=4~e sin ¢’

b}
Q,= %m‘zel {u2 (=3 + %Cs_‘m) + (6" — %gs—m) + us (&™ + é’s*m)}
Dy = fmo’ {u* (= 36" — £6™) + 8 (36" + 3&7™) + us (&7 — &™)
Thus the right-hand members of the equations at the beginning of this
section will be of the form
a_‘ze’ 2 E2i+pm §2i+pm’ a2e’2 E,2i+pm §2i+pm
for, as in § 238, the suffix of & may be suppressed in the calculation with the

proper understanding as to the argument corresponding to {™ in the results.
The solution is of the form

u=alE 3 Ay pnl?™, s=al 'S S A_y LT
tp ip

Hence
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where : -
Ay=ay, Asrm=¢€n, Ay nm=¢€n;

and p has the values 0, + 1 only, until higher powers of ¢ are taken into
account. The solution follows the same course as in § 239 except that there
are now terms on the right-hand side of the equations. The equations of
condition corresponding to (20) are thus

2 {[% + m, 20+ m] agjraimi +[2) + 10, 20+ 2j] oo
l +2([27+ m, +] ypia i 2[2] + m, =] 0y g; 29} = Bgjim.
This form results from the linear combination of a pair of equations obtained
by comparing coefficients of {¥*® and in these the leading terms by analogy
with (9) are respectively
+ {42+ 27 + 1+ 4m (j + 1) + $m?} a,e’n;
+{4-2/+1-4dm(j—1)+3m%} e,y +...=€¢'Eyn
=4 (A +j +mlaen -4 A -7 +m)aen_j+...=€¢Eyin
where j' is written for j+ im. The combination is such that the coefficient

of #'_; vanishes and that of #; becomes —1. Hence

(=g +m) Eynt{4?-2/+1—dm(j —1)+§m?} Ey,n
44 (8j — 2 — 4m + m?) j

v
y) 2j+m =

The divisor, which appears also in the symbolical coefficients [ ], becomes
small only through the factor j, when j = 0, 4§ = m2

245. 'The calculation of n;, / when m is given its numerical value at
the outset, proceeds as in the case of ¢, ¢/ with this difference, that the
equations contain definite right-hand members. A particular solution of the
differential equations is required, representing a forced disturbance of the
steady variational motion. Hence no new constant of integration enters.

The machinery is of course absurdly elaborate when only the main parts

of the leading terms are sought, but this plan will be pursued. It is easily
found that

Q= fmle'a® {— § (L + £77™) + L (0™ + §724) + (1 + 6a_p) (& + &™)}

with the neglect of m in the coefficients of {#*+™, but not ¢™. The operator
D, applies to &+™ only and gives a multiplier + m to every term, while the
operator D! applies to { generally and gives divisors + 2 + m or + m. Hence
to the same order in m

Dy (Dt Q2) = %mzelag {(1 + G(b_g) (g"' = é’—-m)}.
Also

S W = WA [ (P — £ (N — ) ¢ Ba, (0~ )
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Hence
En=K pn=-3m*(1+6a_), E,=-FE_o=12m%_,
Ey'=(-m™ +3) by — im—E, = m + 32m?
B p=(m7'—§HE n—tm2E _,=—3m— Slm?

Thus 7,, 7/ must be of the first order in m and give rise to terms of at least
the third order in the equations for j=+ 1. These contain no small divisor
and for the lowest order they give immediately :

- =Em =}Hyn=75m?

- =By =}E n=— 33 m’

—Na = -E”—2+m =—1 E—2+m + o §4 —2+m '330“ m?

= 77,—1 & E’U—z—m 5= %E—a—m + 97 El—e—m =5l '}gmz-
Coefficients of the form [m, y] are of the order — 1 in m, but they multiply
terms of at least the fourth order in the equations for j=0. These give
therefore to the second order

-1 +2[m, +]am, +2[m, —Jay_,=E"

S "Iu/ +2 ["‘ m, +] ao"l’—l +2 [_ m, "] AogN— = Eu—m
where
[m, +]={-m, +]=—4, [m, =]=[-m, -]1=4%

— ¢ y A 3
—=$m—4m?>, —n/=—3m+ fm?2

Accordingly

Thus the principal terms depending on the solar eccentricity may be put
in the form

7 cos (v—nt —e)
=ae {(1,+10') cos ¢' + (1 +1'_1) cos (28 + ¢) + (n,” + 1) cos (2£ — ¢')}
=ae¢ {3m’cos ¢’ + $m?cos (2£ + ¢') — Tm? cos (2£ — ¢")}

rsin (v — nt — €)
=ae {(no— 1) sin @’ + (9, — 5'_;) sin (2§ + ¢') + (9, — 9—,) sin (2E — ¢')}
=a¢ {— 3 (m — m?®) sin ¢’ — Hm?sin (2§ + ¢') + LTm?sin (2£ — ¢')}].

In deriving the longitude there are no interfering terms of this order, and
the last line without a gives the additional terms depending on €. The
term with argument ¢ (or 2’) is called the Annual Equation after its period.
The value of ¢ is 001675 and the coefficient of this part of the term,

— 3¢ (m —m?), is — 770" as compared with the complete value —659”. For
the argument 2& — ¢’ (or 2D —1’) the coefficient 1Ze'm? is + 109", the true
value being + 152", and for the argument 2£ + ¢’ (or 2D + 1) the coefficient
—1em? is — 15”5, the true value being —2176. The discrepancies are
considerable and show that the parts depending on higher powers of m are
large. As series in m the cocfficients converge slowly, and hence the great
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advantage of the Hill-Brown method, which by employing an accurate
numerical value of m from the beginning avoids expansions in this parameter
altogether.

246. In deriving the terms with the characteristic «’~" alone, ¢ is neg-
lected and therefore Q, =0, D;Q2 =0, and

0 =0,=2m2a¢? Py =m?a 7 (5r*8* — 3r*Y)
= tm*a’ {5 (u + s)* — 12us (v + s)}

since rS=X =} (v +s) when ¢ =0. The terms on the right-hand side of
(4), (5) are thus
— 40, = — tm?a 7 {5 (w0 + &) + Bus (u + )} =ala " By, §FH
BQ 00,

___‘3 =1 (5 (ud — A — — a3/ .. 2141
oo~ U 2= m2a " {5 (u—&*) +us(u —s)} =a’a' T EE 5, §

respectively. The additional terms required in the solumon must be of the
form
w = a2 ! gzam,ﬂ é‘?H—l’ s=aq ! ;—1 2“—25—1 é‘E'H-l

in order to produce odd powers of & Similarly 0, has the factor ¢~* and
gives rise to terms with the same arguments as the variational terms. The
solution follows the same course as for the terms with characteristic ¢4 and
the relation connecting £”,, with Ky, By, 1s the same as before when
J=j+4% -

The principal terms are given by 2j+1=+1, + 3. The divisor Dy is of
the order m when j’=+1 only. But , contains m* as a factor. Hence,
when terms of the order m® are neglected in E’y.,, m® can be neglected
in m~2{; and the variational coefficients a,, @_, are not required. Thus it is
enough to write

—40,=—tm2@a% 7 (5(F+ )+ 3+ ™)
s T u O = — it 5 (€ — £+ (€= )

and therefore

> 1 ] ¥
el ? 2 _—b __—2%6'3 +TZ_4_E3 =_T%n]2
i ’ 9
=3 = E —g = 745?.‘ 14_3 -+ _{1_434_ E 3= —{59% m2

Also, to the same order in m,
By =(=jmm = f) Bt (- dm™ = ) By = m + 4’
B =((m? + ) E+ (- im™ =3 £ =—4m — Him’.
The equations for a;, a_, can be adapted from (21) and its correlative by
putting c=1, ¢, =¢/=a, and ¢ =e_,=0a_,. To the second order in m
these give
[1, 2] a0, — o, +[1, = 1] apa_, + 2[1, +] a0, = E”
[, Vay—a_+[—1, —2fa,a,+2[-1, =], =E"_,
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whenee
—gyme, — oy +ma_, —ima_, =48m + 135m?
Fgmo — o — 3fma, + 4fma, = —4jm
and therefore
LN = 15 452 The e h i 1 2
o, =315m + 4im? o, =—4tm — Alim?

The additional terms in their elementary form are thus

rcos (v—nt —e)=aa"’ {(al +a_,) cos & + (o -3 a_g) cos 3§}
($2m + 32m?) cos £ — 23 m? cos 3¢}

= a?q {
rsin (v —nt — ) = aa’ ™ {(a, — a_,) sin & + (a; — a_) sin 3§}
i

=a%e ! {- (¥ m+ 32 m?) sin £ + 5 m*sin 3§}

and the last line, divided by a, gives the corresponding terms in longitude.
The mean parallax of the Sun is 8”80 and of the Moon 34227 ; to the
above order a/a’= 0002571, This gives —114” for the coefficient of the
first term (argument & or D) and 176 for the coefficient of the second
(argument 3£ or 3D), whereas the complete values, with the characteristic
a/a’ alone, are — 125” and under 1”. The term with argument D is known
as the Parallactic Inequality. Its period is one lunation (or synodic month)
and the comparison of its theoretical coefficient with observation gave
probably the best determination of the solar parallax until the direct geo-
metrical method based on the observation of minor planets was adopted.
This use of the parallactic inequality is not entirely free from objection
because the Moon cannot be observed throughout a complete lunation and
systematic error may be suspected, due to the varying illumination of the
lunar disc.

247. Hitherto the terms of u, s which are of the first order in the
characteristics e,¢’,aa ™ have alone been considered. If the third coordinate
z be assumed to be of the first order the first two equations of (2) show that
u, s contain in addition only terms of the second and higher orders. The
third equation of (2) has already been considered in § 236, and when Q is
neglected terms in z of the first order are given by the equation

Dz = (23 M;t%) 2.
Let
n=gn—n)({t—1t)=— Llogé’2
Then the general solution is of the form
vz = ak Zk; (§r+e — %)

where a preliminary value of g has been found in § 240 and k, ¢, represent
the two necessary arbitrary constants. As before the suffix of ¢, has been
suppressed because it does not affect the calculation, though the proper
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argument must be retained in the results. The coefficients k; are deter-
mined by equating terms in §¥*¢, so that

kj (2J + g)2 — EQM,'I{/‘J'_,'
and it is possible to write &, = 1.

In obtaining k;, k_, to m? only it is possible to neglect &, k_, and approxi-
mate values of M,, M, = M_, have been found in § 240. Thus the equations
are =

2+grk =2Mk +2Mk
2—grk,=2Mk_,+2M_k,
where
2+g)r—-2M,=8 (2-gP-2M,=-4m —3m®, 2M,=2M_, =§m*+ 12 m’
Hence
k=5m?, kb,=-—{%{m—3jm?
and to this order in m
o= k[ = 5 = (fm + 3w (£ = 0 + fyme (4 — )
z = 2ak {sin 9 + (m + 33 m?) sin (2€ —») + S m?sin (2€ + 7)}.

248. Here the fundamental term is
z=2ak sin y = 2aksin {g (n — ') (t —1,)}
and its general meaning is easily seen, though the exact definition of k must
be adapted to the final approximation and then determined (like e) by direct
comparison with observation. The maximum value of z is 2ak. But it is
also approximately a tan /, a being the mean distance in the orbit projected
on the plane of the ccliptic and 7 being the inclination of the orbit to this
plane. Hence k is nearly 4 tan 7, and differs little from Delaunay’s y=sin {7.
Its provisional value may be taken to be 0:0448866 = 9260".

At a node z=0 and the period between successive returns to the same node
is 27r/g (n — ). In this time the mean motion in longitude is 27n/g(n — »’).
Hence the mean rate of change in the position of the node is

{2n[g (n — W) — 27} + 27w/g (n —n)=n—g(n—n)

=n {1 —g/(1+m)}=n(-Fm*+§Im?)
with the approximate value of g found in § 240. Since this expression is
negative the lunar node has a retrogade motion and completes a circuit in
6890 days or 189 years, which is reduced by about 100 days when the com-
plete value of g is used. These facts have an important bearing on the
theory of eclipse cycles.

In deriving the elementary terms in latitude with the characteristic k it
is enough to take from the variational solution

r=a (1l — m?cos 2§)
and to the order m® the latitude is
z[r = 2k {sinn + (§m + }3m?) sin (2€ — n) + i m?sin (2€ + 9)}.
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The first term, with argument 7 (or Fin Delaunay’s notation) is the principal
term in latitude. Its coefficient is 5°8". The second term, with argument
2E — 7 (or 2D — F), has been called the evection in latitude. Its coefficient
as found above is 610”6, the true value being 618”4. The third term, with
argument 2£ + 7 (or 2D + F) has the coefficient 83”2 as compared with the
true value 94'5.

249. © It is now possible to sketch the whole method of the subsequent
development. The greater part of the practical work of calculation has been
based not on the homogeneous equations used above, which present advan-
tages in special cases (especially the calculation of long-period terms), but on
the original equations (2),

Du+2mDu+§m2(u+s)—ﬁ€__%%
2 _xz__ 00
D% m s =

It is unnecessary to use the equation in s because s = f(§71) if u=£(); two
real equations are replaced by a single complex one. Also the characteristics
entering into u and z are distinct. Hence the treatment of the equations in
w and z is also distinct. The order of a characteristic is the sum of the
positive powers of the parameters e, ¢, aa’~!, k which compose it; m 1is
a mere number for this purpose, and retains its identity only in the argu-
ments. Now suppose that a complete solution u =u,, s=s,, z=2 to the
order u in the characteristics has been obtained. The next step is to find
the solution u=u, +u,, s=8, +5,, 2=2 + 2, where u,, s,, 2z, represent the
terms of order u+ 1. Insert these values in the equations, retaining only
the first powers of u,, s, z,. The result is, since 7* = us + 22,
(D + m)? (u; + uy) + 3 m? (u, + uy + 38, + 385) — € (uy + us) 7,~°
+ §rouy 7 (W 8y + Up 8y + 22,2,) = — aa(‘:
£ oQ
(D2—m?) (2,4 2,) — & (&1 + 25) M2+ Sear 8 (S + UsS + 22025) = — § — P

Now terms of order less than u + 1 must be satisfied identically and therefore
terms linear in w,, s,, z, may be omitted. Also terms of order higher than
p#+ 1 can be neglected. Hence u,, s,, 2, may be used in calculating Q, and
in conjunction with wu,, s,, 2z, 1t 1s possible to write u, =u,, 8, =3, 2z,=0,
72 = U8, = p,’, where u,, s,, z=0 is the variational solution of zero order.
Hence the equations reduce to

(D + m)? uy + uy (3 m? + $p,)+ 85 (3m2 + § ru’p, %)
— a > —3 2 I'
—_(as) +ruyr 2 = (D*+ 2m D) ul‘(22)

Dz, — 2, (% + kpy~*) = — % ( ) + k28— Dz }
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where the terms with D have been retained on the right-hand side, though
apparently of order not higher than g, for a reason to be explained later.
For the moment they can be left out of sight.

250. Since the treatment of the two equations is separate but quite
similar it will be enough to consider the first. It is convenient to write
=1+ %/, $ =S5, + 8 and to expand the term xw,7,® in terws of u/, s/, 2,
rejecting the variational part xu,p,~® and the linear terms. The form of
the known solution has been made sufficiently obvious, and it is clear that
the right-hand side, when developed, will contain an aggregate of character-
istics A each of order w+ 1 and each associated with one or more series,
Each constituent part may be taken to be of the form

A =angs (485 + A'_ L)
i
where
T=qcC+qm+ q;g
1> @2» 9» having fixed integral values (positive or negative) in the series con-
sidered, while 2¢ may have odd integral values when aa’~* occurs in A.

The part of the solution required to satisfy this series is of the same form

Uy = 37\;2 (M§2i+r . X’_ic—zi—v)

and A;, A" are to be found by inserting this expression in the equation. This
may be written

(D + m)® u, + Mu,+ Ns,§?= A
where

M=im?*+4up, 2 =3M;¢ N =3m?+ drulp, "= EN;E%

The series M, in which M; = M_;, has already occurred in the determination
of ¢, and g,. After substitution of the series for u,, s, comparison of the
terms in {*®+7+1 on both sides of the equation gives

Z+r+1+mpd +EMN, +3SNN =4
(Qj +7—-1-— m)2 K’_j S E.M,;X’_j_i + ZN,-XH,- = A,—j

This series of linear equations, in which the coefficients M;, N; rapidly diminish,
must then be solved by successive approximation. When this has been
carried out for each series 4 and every characteristic A, all the terms of order
#+11in u, s have been determined. The treatment of z is precisely similar.

251. But one important question clearly arises. Is the set of linear
cquations consistent and definite ? If the modulus of the set, which can be
written as a symmetrical determinant of infinite order since M;=M_,,
N;= N_;, is not zero, the solution is certainly definite. This is the general
case. But consider the determination of ¢;, ¢/ the co-factors of the character-
istic e of the first order. By the above method these will be obtained from

(23) by putting 4;=4'_;=0 and 7=c. The consistency of the equations
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now requires the modulus to vanish. It is obvious that this condition in fact
must lead to a determination of = which will be identical with the value of
¢, though the latter was found above in a formally different way. When
the equations have thus been made consistent the solution only becomes
definite when the arbitrary condition ¢ — ¢, =1 is added, and this condition
is equivalent to a definition of e.

It is.now evident that the modulus vanishes whenever = = ¢, or for every
series based on the same argument as that of the principal elliptic term.
The consistency of the lincar equations requires a relation between the
coefficients 4;, Aj which may be expressed by equating the modulus to zero
after replacing any column in it by the series 4;, 4;. But owing to the
symmetry of the modulus this relation is capable of a much simpler form,
Let the equations (23) be multiplied by ¢;, ¢_; and let the sum be taken for
all values of . Then the coefficient of A; is

(2_] +7+14+ Il'l)2 &+ ZMiEj_'_i + gNiel—j-{-i =0
i i

because, since XM;e;, ;= S M_;e;_; = EM;e;_;, this is one of the equations of
condition. Similarly all the coefficients on the left-hand side vanish, and
the required relation appears in the form

0 = 2 (AJEJ + A,_jG’_j) ........................... (24)
J

The reason for retaining the terms (D?+ 2mD)w, in (22) will now be under-
stood. Without them there is no reason why the relation (24) should be
satisfied, and in fact it will be contradicted. But let u, contain terms of the
form

() =82 (B + B 347)

(D + 2mD) (uy) = £Z {[c*+ 2¢ (20 + 1 4+ m)] B;§*+e
: +[ef + 20 (2i = 1 — m)] B'_it—<)
where terms obviously of order less than u + 1 are omitted. Then clearly, if

the value of ¢ here be regarded as unknown, it will be possible to adjust its
value so as to satisfy the relation (24).

252. The matter is made clearer by considering the actual facts. In the
first order there is one such series, with the coefficients ¢;, ¢/. In the second
order there is no such serics and the question does not arise. The primitive
value ¢, suffices. In the third order series of this type reappear, associated
with the characteristics €?, ce® ck? e (@aa’™*)*. The contemplated change in ¢
is associated with e through the first order terms. Hence the relation (24)
in the third order will give in succession the parts of ¢ which contain
e?, ¢2 k?and (aa™)%. Similarly still higher parts of ¢ may be found in con-
junction with the inequalities of a higher order. It is natural that the
motion of the perigee (and the value of the characteristic exponent) which
was determined for highly simplified conditions, should require adjustment
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when the conditions are more complicated and the deviation from the periodic
orbit is no longer infinitely small. A

For c let ¢, + M'’8c be written, where X'8c is the part to be determined, its

characteristic being A, and let
Aj=Bj+DjSC, A,_j=B,_j+D’_j80

where B;, B_;, D;, I'_; are calculated numbers. With the new.value of ¢ the
quantities A;, A’_; satisfy a certain relation identically as required, and the
equations (23) become consistent, but the solution is not definite because any
one of the equations can be derived from the rest. An arbitrary condition
can be imposed, and the form A/=2, is chosen. The solution is then con-
ducted in the following way.

The equations for j= 0 are left aside. Three separate solutions are then
made of the remaining equations: (1) A;=b;, M_;=0'"_; when A =2A/=0
and A;=B;, A'_j=B_;; (2) \j=d;, M_j=d'_;when A =2/=0 and 4;=D;,
A’ ;=D_;; and (8) Nj=f;, M_j=f— when M=2%/=1 and 4;=4"_;=0.
The last, which under the different condition A, — A,/ =1 would have led to
€, €_j, is independent of A;, A’_; and applies in all cases. The complete
solution is therefore

7\] = bj 47 djSO +ﬁ7\0, K'_j = b'__j =6 d'_j&: +f’_j)»0.
When these are inserted in the equations for j = 0 the result is of the form
by + dodc + foho =0y + dy 8¢ + f A= 0

and 8¢ and A, are thus determined. The value of 8¢ must also satisfy the
relation (24), so that a check on the accuracy of the work is provided. The
solution of the equations (23) for the case when T=c is therefore complete,
and the derivation of the higher parts of ¢ has been explained. It may be
noted that on the left-hand side of these equations the primitive value c, 1s
to be retained for = at every stage, both because it is associated with terms of
the full order u+ 1 and because the theory of the equations depends on the
fact that the modulus vanishes. On the other side ¢ will receive its full
value so far as it has been determined. When a new part of ¢ comes to be
determined in conjunction with inequalities having the characteristic A, 8¢ is
always associated through (D?+ 2mD) (u,) with the terms in u, of the first
order in e. Hence the new part of c itself always has the characteristic
N = e\, and the numbers d;, d’_;, like f;, f'—;, are the same in all cases.

253. With the equation for z matters follow a precisely similar course,
and the exceptional case arises when 7=g. The conditions are simpler,
because A;j+\_j=0 always, and therefore the arbitrary relation has the
form A, =X, = 0. The terms of the first order with suitable arguments have
the characteristic k, and the part of g found in conjunction with inequalities
having the characteristic A contains the characteristic k™A

REDEAS 19
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The arbitrary condition A, =2A," adopted in all cases has an importance
beyond that apparent in the actual calculation. The aggregate of the terms
considered up to the final stage of approximation gives for the one argument

u=aef(el+e' ) +al (L + &) I,
s=ael (el + &' L) +al (L + &) I,
uf? —sf=ae (& — &) (L= L)

The last expression remains unaltered throughout the course of the approxi-
mations. Hence the constant e is defined as “the coefficient of asinl in
the final expression of psin(v—nt—€) as a sum of periodic terms, where
v—mnt —¢ is the difference of the true and mean longitudes and p is the
projection of the Moon’s radius vector on the plane of reference.”

Similarly the terms of the form

1z =akk, ({5 — %)
in the first approximation have no addition made to them subsequently,
since Ay =2A, =0. Hence the constant k is defined as “the coefficient of
2a sin I in the (final) expression of z as a sum of periodic terms.”

There is no reason to alter the definition of a, which is based on the
variational curve. But it is then to be noticed that the constant of distance
in the projection on the z plane will no longer be aa,, where a,= 1, but will
be affected by terms with various characteristics which arise in the course of
the approximations as the constant parts of ¢ or s¢. Either m or a, since
they are connected by a certain relation (11), may be regarded as an arbitrary
constant of the solution.

The remaining three arbitraries have been denoted by ¢, ¢, ;. These
may be replaced by €, =, 6, the mean longitudes of the Moon and its perigee
and node at the epoch £=0. Then

D= (m—-n)({t—t)= (n—n)t+e—¢
Il =¢c m—n)(t—-t)=c(n—n)t+e—w
P'=m(n—n)(t—-t)= nt+e—o
F=gn-nw){t-t)=gmn—n)t+e—0
where ¢ is the mean longitude of the Sun at the epoch ¢ = 0 and =" is the
(constant) longitude of the solar perigee. The time ¢ is not an arbitrary: it
depends on the Sun alone and is one of the data of the problem.

The formulae for transformation to polar coordinates were given in § 230
for two dimensions only. It is necessary to replace » by p, its projection on
the plane of the ecliptic, where p*= X*+4 ¥*=us. Then

u§™ = p exp. ¢ (v — nt — €)
s¢ =pexp.—¢(v—nt—¢)
z =ptan¢
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where ¢ is the latitude. Hence the true longitude and the latitude are
v =nt + e + $¢(log s¢ — logug?)

292 Z\ z\°
=tan—’—=~—l(——) +1(—) —F - I
¢ o Y R Y

The constant of the Moon’s horizontal equatorial parallax is based on q,
where n?a*=F + M. To obtain the parallax at any time this constant must
be multiplied by

\

a _a fus+2’ -4
e
In these expressions for v, ¢ and ar— the variational parts u,, s, are separated
from the other terms wu,, s,, z, and the expressions are then expanded in terms
of the latter. Advantage can thus be taken of the expansions already obtained
in the course of the previous work. The conversion to the final form of
coordinates therefore entails no great amount of extra labour.

254. This completes in outline the solution of the main part of the
problem, in which the Earth, Moon and Sun are treated as centrobaric
bodies, and the orbit of the Sun, or the relative orbit of the centre of mass
of the Earth-Moon system, is treated as an undisturbed ellipse in a fixed
plane. A large number of comparatively small but highly complicated
corrections are still necessary in order to represent the gravitational motion
of the Moon in actual circumstances. They may be classified thus :

(1) The effect of the ellipsoidal figure of the Earth, and possibly of the
Moon. ‘ :

(2) The direct action of the planets on the relative motion of the Moon.

(3) The indirect action of the planéts, which operates by modifying the
coordinates of the Sun. These indirect effects are in general larger than
the direct effects, and are sometimes sensible in the lunar motion when they
are insensible in the relative motion of the Earth and Sun. Among the
indirect actions of the planets may be specially mentioned

(4) Lunar inequalities produced by the motion of the ecliptic, and

(5) The sccular acceleration of the Moon’s mean motion, which arises
from the secular change in the solar eccentricity ¢’ under the action of the
planets.

Tt is impossible to discuss these matters profitably in a short space. "The
reader will find references in Professor Brown’s Treatise and detailed results
in the memoir* which contains his complete and original theory.

* Memoirs R. Astr. Soc,, Lni, pp. 89, 163 ; 1av, p. 1; nvi, p. 51; wLix, p. 1.

19—2



CHAPTER XXII

PRECESSION, NUTATION AND TIME

255. In order to investigate the motion of the Earth about its centre of
gravity O we take a set of rectangular axes OXYZ fixed in space and a
second set Owyz coinciding with the principal axes of inertia. These are
fixed in the Earth and move with it. The two sets are drawn in such a
sense that the positive directions of the corresponding axes can be brought
into coincidence by a suitable rotation. Their relative situation is defined
by the three Eulerian angles 6, ¢, ¥, where @ is the angle between 0Z
and Oz, ¢ is the angle between the planes 0XZ and 0Zz, and +r is the angle
between the planes 0Zz and Ozz. Then the coordinates are related by the
scheme :

X 6 Z
z cosfcospcosyr—sinpsiny  cosOsindcosyr+cospsiny —sin §cos ¥
y — cos Bcos ¢ sinyr—sin @ cosyr —cosfsinpsinyr+cospeosyr  -sin 6 sin
z sin 6 cos ¢ sin 6 sin ¢ cos @

The result of resolving the angular velocities 6 which is a rotation in the
plane 0Zz, ¢ which is a rotation about 0Z, and + which is a rotation about
Oz, about Oz, Oy, Oz is to give the equivalent angular velocities about these
axes, namely

@, = B sin ¥ — ¢ sin # cos ¥
@, = 6 cos Y + ¢ sin 0 sin r } A ey (1)
w; = + ¢cosf

which are Euler’s geometrical equations.

Let A4, B, C be the moments of inertia about the axes Ozyz and L, M, N
the moments of the external forces about these axes. Then the dynamical
equations may be written in the well-known form :

Ao, — (B -0)wyw;= L
Bay = (0 =AY w ;="M SN S . (2)
Co; —(4-B)ww,=N
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256. The external forces which are here considered are due to the action
of the Sun and Moon. An approximate expression for the action of either
of these bodies is sufficient and easily found. The potential of the Earth
(mass m) at a distant point P has been found (§ 18) to be

A+B+C’—-3[)

V= sz =G(T+ =

where OP =r and [ is the moment of inertia of m about OP. This expression
is true as regards terms of the second order in the coordinates of points in m
relative to the centre of gravity 0. Terms of the third order will clearly
vanish in the sum provided that the mass m possesses three rectangular
planes of symmetry: and this is sensibly true in the case of the Earth.
Terms of the fourth order are small in consequence of the ellipsoidal figure
of the Earth and are neglected. Now 7V is the work done by unit attracting
mass at P when the particles of the mass m are brought from infinity to
their actual configuration. Hence the work done by a finite mass near
a distant point O’ is

U=6s (2'3 gt g 3 ) o
2r
_afmm  m(d'+B+ 0~ 3]) A B O—=3F
o RO a0,

by similar reasoning, if O’ is the centre of gravity of the attracting mass
m', 00" =R, A', B', ' are the principal moments of inertia of m” at 0’ and I’
1s the moment of inertia of m’ about OO’. Now since A, B, C and I are of
the second order in the linear dimensions of m, terms of the second order in
the linear dimensions of m’ can be neglected when associated with them.
Let the coordinates of O’ relative to O be (, ¥, z) and of P relative to 0" be

(& m, ). Then
= @ B () + (2 O

?I=A(x+EP+B(y+n7+ 0+
But since O is the centre of gravity of the mass m’
SEdm’ =ZSpdm’ = Z¢dm’ = 0.
Hence if the expression to be summed be expanded in terms of £, 7, {, the
terms of the first order vanish in the sum and terms of the second order are
neglected. To this order of approximation
g il = 3] A+B+C 3(42’+ By*+ (C2)
it R ks
and if I now represents the moment of inertia of m about O0’, the complete
expression for U becomes
mm/ nL(A’+B'+C" 3y m(Ad+B+0- 3[)
U=6{g +" T

G2 —

dm’' = Gm'’ {
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This represents the mutunal potential of two masses m, m’ with sufficient
accuracy. In the usual astronomical units (§ 24) G =4%% The mass of the
Sun is unity and for the masses of the Earth and Moon we take & and fE.
Then if the mean distances of the Sun and Moon are a’(= 1) and @” and the

mean motions »” and »n”,
G+ F) =n"a®

; GEQ +f)=n"a"
257. The moments of the external forces about the axes Ozyz being

L, M, N, the work done by them when the Earth receives a small twist
defined by the rotations dw,, dw,, dw, about the same axes is

dU = Ldw, + Mdw,+ N dw;.

But U depends on the orientation of the Earth only through the occurrence
of I; and
) R = Aa*+ By* + C2?

(=, y, z) being the centre of gravity of the attracting body. Hence
dU=-3Gm' (Azx dz + By dy + Czdz)| R°.

But with due regard to sign, when the axes are rotated,

de=ydw, —2dw,, dy=zdw, —zdw,, dz=2zdw,—ydw,
Hence, equating the coefficients of dw,, dw,, dw; in the two expressions
for dU, '
L=3Gm' (C—B)yz/| R, M=3Gm' (A—C)az|R’, N=3Gm'(B—A)zy|R.
These apply to a body possessing three distinct principal axes. But the

Earth may be regarded as an ellipsoid of revolution, for which B=4 and
C>A. Under these circumstances

L=3Gm (C—A)yz/R>, M=-3Gm (C—-A)zz/R’, N=0.
On the other hand, the term in U which depends on the orientation of the
Earth is more generally

U'=-3Gm'I|R*=—-§Gm' (Aa* + By? + C2*)| R®
——3Gw (20— A — B) 2+ (4 - B)(a*— ) +(4 + B) B} | B
a useful form for some purposes. The last term on the right, being inde-

pendent of the orientation, can always be rejected; and when the Earth
is considered uniaxal, it is possible to use simply

U" == §Gm (0= Ay RLiic.. oo S i caenton 3)
258. With B= A and N =0, the third equation of (2) gives
w;=0, wy=n
and the other equations of the set become
Ao, +(C— A) nw,= L
Ao, — (C— Ay nw, = M.
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The actual motion of the Earth is a steady state of rotation disturbed by the
external forces and this steady state will be found by putting L= M =0.
The equations then give
o, + pw, = W, + prw, =0
where
p=n(C—-A4)/A.

Hence the steady state is given by

w,=hcos(ut +a), w,=hsin(ut+ a).
But the instantaneous axis of rotation in the Earth is the line

zloy=9y[w,=2]w;

or

zlhcos(ut+a)y=y/hsin(ut+a)=2z/n
which indicates that if & is fairly small the terrestrial pole describes a small
circle of radius & /n about the axis of figure in the period 27 /u. This is the
Eulerian period of 4 /(C— 4) (roughly 300) days. Now the angle between
the Zenith of a place and the Pole is the co-latitude of the place, an angle
which can be constantly observed. Hence the latitude of any place should
exhibit a variation with a period of about 10 months. Until a quarter of
a century ago no variation of latitude had certainly been detected. Since
that time variations (of the order of 0”3) have been systematically observed
and studied and have also been traced in the older observations. But
analysis has proved conclusively that these variations contain no part which
conforms with the Eulerian period. They cannot therefore be explained by
the free motion of the Pole on a rigid Earth. Hence observation justifies
the belief that A /n is insensibly small.

The variations of latitude observed are always very small and constitute
a highly complex phenomenon. The periods of the chief components of the
motion of the Pole are about 12 and 14 months.

259. Corresponding to the free movement of the Pole on the Earth’s
surface we have, by (1),

0 =w,sinr + w,cosyr= hsin(ut+a+)
$sin 0 = w,sin ¥ — w, cos Y = — L cos (ut + o + ).
For the plane OXY we take the plane of the ecliptic which varies but
slightly in consequence of planetary perturbations. The value of € is about
23°. Hence 8 and ¢ are very small in comparison with », a fact in accord-
ance with observation even when the disturbing effects of the Sun and
Moon are operative. Hence, further, 4 differs only slightly from n.

The rotational energy of the Earth is 7', where
2T = 4 (0,® + 0°) + Cow;?
= A (62 + ¢*sin?6) 4+ C (Yr + ¢ cos O).
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Hence the Lagrangian equations of motion are

i(Aé)—AdS”sinﬁcosG-l—C'siné)(«]}+ .cos9)=w
dt % ¢ 8
& e Y oU
% {A¢sin® @+ Ccos 8 (Y + ¢ cos 6)} =%
d C . aU
410+ deosd)] Lo
But since
s B e, WS §,
bT[}_l\ =0, ¥+ pcosf=n

the first two equations become

Aé—A¢"‘sin9cos9+O’n¢sin0=%g_{
d B IS U
a0 (4 ¢ sin® @ + COn cos 6) ="

It has been seen that n is very large compared with 8 and ¢, and it follows
that those terms are of predominant importance which contain » as a factor.
Neglecting the other terms on the left the equations become simply

e s
$= Tnsino 00
ppl
" Cnsinfog’
The complete justification for omitting the terms rejected must be sought
by substituting in them the results which follow from the latter simple form
of equations, when it will be found that they are practically insensible. The
form to be used for U is given by (3), so that

U=—3G(C— A)Sm'z2| B

a sum of two terms corresponding to the Sun and Moon. For each dis-
turbing body 1t is necessary to find the product of 22/ R? and a®/ R® expressed
in appropriate terms and with a suitable degree of approximation.

260. The axes XYZ being fixed in space are defined so that 0Z is
directed towards the pole of the ecliptic for 1850.0 and OX towards the
equinox for the same epoch. By the scheme of transformation

z=Xsinf@cos ¢ + Y sin @sin ¢ + Z cos 6.

The position of a disturbing body, such as the Moon, is more conveniently
referred to a similar set of axes for another epoch ¢. The necessary changes
may be considered successively, thus:
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(i) Rotate the axes about OZ through the angle  so as to bring 0X to
the position OX;. Then

X=X,cos0Q—-Y,sin), V=Y, cosQ+X,sin), Z=17
where Q is the node of the ecliptic for epoch ¢ on the ecliptic for 1850.0.

(1) Rotate the axes about OX, through the angle ¢ so as to bring O,
to the position OY,. Then

X=X, Y,=VY,cos1~2Z,sint, Z,=Z,cosi+ Y,sinz
where ¢ 1s the inclination of the ecliptic for epoch ¢ to the ecliptic for 1850.0.
(ii1)) Rotate the axes about 0Z, through the angle N — Q so as to bring

0X, to the position 0X,. Then

X, = X, cos (N—Q)— Yysin(V - 0),

Y.=Y,cos (N —-Q)+ X;sin(N-Q), Z,=Z,
where N is the longitude of the Moon’s node reckoned through Q in both
ecliptic planes.

(iv) Rotate the axes about 0.X; through the angle ¢ so as to bring OY,
to the position OY,. Then

X;=2X, Y,=Y,cosc—Z,sine, Z,=Z,cosc+ Y,sinc
where ¢ is the inclination of the Moon’s orbit to the ecliptic for epoch ¢.
But, if (X,, ¥,, Z,) are the Moon’s coordinates,
Xi=rcos(w—N), Vi=rsin(@w—N) Z,=0
where 7 is the radius vector and v is the longitude of the Moon at epoch ¢
reckoned in its orbit; this longitude is the sum of three arcs in the two
ccliptic planes and the plane of the lunar orbit. Now 7 <1° and, for the

Moon, ¢ is of the order 5°. Terms of the order 2, ¢® and 7c are therefore
neglected Then the result of eliminating (X3, Ys, %), (X,, V), Z,) gives

Xy=rcos(v— Q)+ Lc®rsin (v — N)sin (N - Q)
Y,=rsin(v—- Q)—Lcrsin(v — N)cos (N — Q)
Z, =crsin(v—N)
and the result of eliminating (X, Y, Z), (X,, ¥, Z,) gives
2= X,sin O cos (¢ — Q)+ ¥,sin 8 sin (¢ — Q) + Z, cos 0

47 {¥Y,cos0 — Z,sin @ sin (¢ — Q)}.
Hence

z/r=sinfcos(v—¢)+ccosfsin(v—N)—Lc*sindsin (v — N)sin(¢p — N)
+ 4 cos € sin (v — Q).

In squaring this expression terms not involving 6 or ¢ can be rejected,
because they disappear on differentiation. Also terms involving v with
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coefficients above zero order are found to be negligible in effect. Under
these conditions the result becomes ~
22[r*=1}sin*0 + §sin*fcos 2 (v — )
+ ¢ sin 6 cos @ sin (¢ — N) + v sin § cos O sin (p — Q)
+ ctsin?fcos 2 (P — V) — Fe*8InP .ovoneiinn. hroniisbibins (4)
261. Certain expansions in terms of the mean anomaly in undisturbed

elliptic motion are now required. When ¢* is neglected in the formulae
of § 40, (22), (26) and (27) of Chapter IV become

rla=1+Le*—ecos M — Le* cos 2M
a*x[r*=(1—3e*) cos M + 2¢ cos 2M + 2L¢? cos BM
a*y[r*= (1 — 5e*) sin M + 2¢sin 2M + 27 ¢*sin 3 M.
The latter give, w being the true anomaly,
a*sin 2w /7 = (1 — ¢*) sin 2M + 4e sin BM + 43 ¢* sin 4M
atcos 2w /1= e+ (1 — ¢%) cos 2M + 4e cos SM + 43 ¢* cos 4 M
at/ri=1+ 3¢ + 4e cos M + Te? cos 20
whence, after multiplication by r/a,
a’sin 2w/r*=[—}%esin M] + (1 — §e*) sin 2M + [Le sin BM + 17¢? sin 4 M |
@’ cos 2w /[r*=[—secos M]+ (1 — 3¢ cos 2M + [Le cos BM + LZe?cos 4 M ]
a?/r*=1+ $e* + 3ecos M + [$e? cos 2 |.

The eccentricity being small, of the same order as ¢, the terms [ ] which
involve M and are not of zero order, are immediately rejected. Now

M=n”t+;1.—a'
vV =w+w

where 7t 4+ u is the mean longitude of the Moon in its orbit and = is the
longitude of the lunar perigee, both being measured partly in the two
ecliptic planes for 18500 and the epoch ¢ and partly in the plane of the
lunar orbit. From the expression (4) can now be derived

a2 [ =(} — e+ §¢®)sin® 6 + csin 6 cos § sin (¢ — N)
+ 2 sin 6 cos € sin (p — Q) + ¢*sin*Gcos 2 (p — N)
+4sin?fcos 2 (0"t + u — ¢) + 3esin® cos (0t + p — =)
the final term being retained though periodic and not of zero order.
For the Sun ¢= 0 and hence similarly
a2 [r®= (% + 1€*)sin® @ + ¢ sin 0 cos 0 sin (P — Q)
+4sin?fcos2(n't+ p' — @) + 3¢ sin*f cos (n't + p’ — =').
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262. These expressions give the means of forming U, for

=—3G(C—-A)3m'2/ R

SEEGES | /o
@  a® 1+f

For the Moon (§ 256)

and for the Sun

G’ E (i SRS
B 1+ -
Let
C-4 fu* C—4 n*
[o=="a T EOer iR Y e Gy LA T W L el
K. =3%. TR T Ki=3. G T E e (5)
Then
U as 2t a3z
EL=—K2'—75—_K1'—_—7”

=—(K,}—-ic+ i)+ K, (3 + 1e¢?))sin?0— § (K, + K,) ¢ sin 20 sin (¢ — Q)
— K, {3cos2(n't+p — )+ 3e cos(nt+ u — ')} sin?
—K,{}cos2(nt+ pu—p)+3ecos(n't+ pu— =)} sin® 0
— K, {csinfcosfsin(p— N)+1c?sin*fcos 2(p—N)} oovevniennninnnnn (6)

The dynamical equations (§ 259)

b= w0 30 (on)

i g s (E)

~ sin0 9¢ \Cn
which result must be solved by continual approximation. This process,
when guided by the facts of observation and limited to practical require-
ments for a period of a century or two, is very simple. For it is known
that € is very nearly constant, while ¢ changes progressively but very slowly.
Hence it is possible to discuss the secular effects, or precession, and the
periodic effeets, or nutation, separately. '

263. The last three lines in the expression for U/Ch, containing six
terms, give rise to periodic terms in 6, ¢, which can be neglected in the
first instance. The secular changes come from the terms in the first line.
With sufficient accuracy we may write

tsinQ =gt 1cosQ=g't, =e+et
the quantities e,, e,, ¢ and ¢ being given by the theory of the Sun’s motion.
The corresponding changes for the Moon are negligible in effect or rather
are treated differently. Hence the equations for the secular movements of
the Earth’s axis are

¢=—{K.,(1-§c+3e) + K, (1 +§e)} cos 6

cos
sin

(fe= (K, + K,) cos 0 (g cos p + g sin ¢) ¢.

— (K, + K,) 299(g’sin¢—gcos¢)t—SK,eoel.tcos9
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When ¢=0 (1850:0), & is the mean obliquity of the ecliptic for that date
and may be denoted by e. Also ¢, being the angle between the planes
0XZ and 0Zz (§255), is 90° by the definition of the axis OX. The periodie
effects at the time ¢=0 are excluded from consideration here, but their
influence is small. Hence initially

¢=90"—{K,(1-3c*+3e)+ K, (1 +%e?)} cose.t

cos 2¢, ,

— {:} (K, + K,) 2t + 3 K, ee, cos eo} 28 e (7)
0

0 =6+ % (K + K,)cose. gt

The length of time during which these expressions will be valid depends
on the numerical values of the quantities involved. For a short interval
from 18500 (a century or two) the preceding equations hold good, and may
be written

¢m =90° — at — BF

0, =€ + fyte.
the suffix m denoting mean values from which periodic changes are excluded.
Thus ¢,,, & define the position of the mean equator at the time ¢ relative to
the fixed ecliptic (18500), the coefficients «, 8 and y being now determined
by (7). The motion of the mean equator on the fixed ecliptic, measured by
90° — ¢u, is called the luni-solar precession in longitude. The angle 6, — &
may be called the luni-solar precession in obliquity.

264. It has been convenient to use a fixed set of axes XYZ, where
Z represents the pole of the ecliptic for 18500 and X the mean equinox for
the same date. It is now necessary to introduce a new set of axes X'V'Z’,
where Z’ represents the pole of the ecliptic for the epoch ¢ and X'’ the
corresponding mean equinox, i.e. the intersection of the mean equator and
ecliptic at the epoch £. Let z represent the N. pole of this mean equator,
its position being defined by ¢, 6,,. The longitude of Z’ in the X YZ system
18 2 — 90° and ZZ’ =+, where
tsin Q =gt + At?
tcos =gt + h't

the terms of the second order being omitted above because they clearly give
rise to terms of the third order only in the luni-solar precessions.

Let us consider the spherical triangle ZZ’z, of which two sides are
Z4Z =1 and Zz=0,. Since XZZ'=0-90° and XZz=¢,,, the angle
Z'7z=u—0+4+90°. The side zZ’, which is the mean obliquity of the
ecliptic at ¢, will be denoted by 8,,/, and the angle ZzZ’, which is called the
planetary precession, will be denoted by «. Hence

cot ¢ sin &, = cos @y, sin (Q — ¢,,) + cot a cos (2 — ¢,,)
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Hence to the second order
S e $ (9 +9") tcos &+ (9t + Wt — agt?) sin ¢,
Aaligy - sin € + 39t cos €
=gt+ P —agl+ g% Cob €, ceirnirriniiiiiiiianns (10)
Therelations between the varioussets of axes are shown in fig.8. The equator
X'y (epoch t) cuts the fixed ecliptic XV in «, where Xz =2ZY = 90° — s
the luni-solar precession, and zX’=axzX’'= Z2Z’=q, the planetary pre-
cession. Let ZX’ cut XY in D, so that XD is the negative mean longitude
(1850:0) of X", the mean equinox at ¢&. This arc is called the general pre-
cesston and will be denoted by 90° — ¢, so that D = ¢,/ — ¢,,. The angle
DaX' = Zz= 0, and 2DX’ is a right angle. Hence

tan (¢, — dn) = tan a cos 6,

and to the second order
bn = b+ @ coS €.
Thus by (8) and (9) the general precession may be expressed in the form
90° — ¢,/ =Pt + P't?
where
P =a—gcote,

P'= B —cot e (h +ag — g9’ cot &)
and by (8) and (10) the mean obliquity of the ecliptic is
0, =€+ Qt+ Q¢
Q=9
Q=9+l —ag+ }g°cote,.

where

265. To find the periodic effects, or nutation, it is necessary to return
to § 262 and write
¢=¢,+P, 6=0,+06.

Now ¢,, and 6, have been calculated so as to satisfy the secular terms which
arise in the equations of motion from the first line of the expression (6) for
U/Cn. Hence the six periodic terms of the last three lines alone are now
relevant, and the dynamical.equations become
b =— K, {cos2 (W't + p' — })+ 3¢’ cos (W't + pu' — @)} cos @
~ K, {cos 2 (n"t + p— )+ 3ecos ('t + pu— =)} cos 6
— I, {esin (¢ — N') cos 28 /sin 6 + } c2cos 2 (¢ — N) cos 6}
O={(K,sin2(Wt+p' — )+ K,sin 2 (0t + p— $)} sin 8
+ I, {ccosBcos(p — N)— Le*sin §sin 2 (¢ — N)).
The Moon’s node makes a circuit of the ecliptic in 18% years in the retro-
grade direction, so that it is possible to write
N=N,- N
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To the first order in ¢, which is alone necessary, 8 =¢, and ¢ =90° —at; the
coefficient a can clearly be incorporated with =/, »”” and N, before integration
in those terms in which ¢ occurs, though the change in »’, n” is unimportant.
Then on integration

D = K, cos e {—917, sin 2 ('t +p') — 37?’ sin (W't + p' — 'm")}

: ot 3e . -
+ K,cos e, {W sin 2 (0t + p) — ;376/ sin (0t + u — w)}

c . 5 Gt
+ K, {F} sin (N, — N,t) cos 2¢,/sin ¢, — Ay, sin 2 (N, — Nit) cos Go}

3 ( e ’ K ’”.
®=smeo{£—;ll,cos2(nt+,u)+2—n—?f,cos2(n t+,u,)}

+ K, {% cos g, cos (N, — Nt)— ﬁz\r— sin €, cos 2 (N, — Nlt)} g
1] 1

It is unnecessary to add integration constants because these are incorporated
in ¢, and 0, and, except as so far explained, annulled by definition at the
initial epoch ¢= 0 (1850).

266. © is the nutation of the obliquity of the ecliptic, and — ® is the
nutation of longitude, ¢ and ® being measured in the direction of increasing
longitudes. The numerical quantities involved are of such an order of
magnitude that a fair standard of accuracy has already been obtained in the
formulae. If more precise results were needed, it would be necessary (1) to
carry the expansions for the disturbing bodies further, and (2) to continue
the process of integration by successive approximation to a higher stage.
The latter process would clearly introduce terms of the form atsin (nt + a).
Among the terms of the former origin those depending on three times the
Sun’s mean longitude (#'¢ + ') are the most important, and it may be left as
an exercise to the reader to determine them.

By far the most important terms in the nutation are those with the
argument (N, — Nif). The other terms being omitted, let

YR G ) Ly W oot T et ary L (11)
z = [®]sin e, = A’sin (N, — Nyt) cos 2¢,/ cos €,
y=—[B8] =—cos(N,— Nyit).

Since /’is an angle of a few seconds only, # and y may be considered as the
rectangular plane coordinates of the Earth’s pole relative to the mean pole,
# being measured in the direction of increasing longitudes and y upwards
towards the pole of the ecliptic. The relative path of the true pole is
therefore the small ellipse

22 cOs? €, + ¥ cos? 2¢, = ™ cos? 2¢,
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described in a period of about 18 years. Since cos e, > cos 2¢, the major axis
is directed towards the pole of the ecliptic and, since 4 has the same sign
as y, the sense of description is such that the relative longitude of the true
pole is increasing when it lies between the mean pole and the pole of the
ecliptic, that is, it is clockwise when viewed from a point outside the celestial
sphere. The centre of this elliptic motion is carried by precession almost
uniformly in the direction of decreasing longitudes round the pole of the
ecliptic.

267. Since the manner of the investigation has been controlled by the
actual magnitude of the various quantities involved, it is necessary to intro-
duce numerical values if the results are to be properly understood. Three
quantities are, based on observation, and not derived from theory, namely,
the obliquity ¢, at the fundamental epoch 18500, the precession constant P
and the nutation constant /. The values now accepted are

€ =23°27'31"7, P =50"2453, 4'=9"210.
The eccentricity of the Earth’s orbit is given by
¢ =e,+et=0016 7719 — 0000 000418 ¢
and the position of the ecliptic by
tsin Q =gt + ht* =+ 0705341 ¢+ 0”000 01935 ¢*
1cos Q=g't+ h't2 = — 046838 ¢ + 07000 00563 ¢

the unit of time being a Julian year of 36525 mean solar days. The Sun’s
period relative to the equinox is the tropical year, and the corresponding
mean motion is therefore

n' =27 x 365'25/3652422 = (-28332.
The eccentricity and inclination of the Moon’s orbit are
e=005490, c¢=>5°8"43"=0089802.

The tropical period of the Moon is 27-32158 days, and hence the mean

motion in a Julian year is )
7' = 83997 radians.

The retrograde motion of the Moon’s node has a sidereal period of 67935
days. The corresponding mean motion, corrected for precession, is

N, =0'33757 radians.
It is now possible to derive the values of K, and K,. In the first place,
by (11),

Y4
K,=A#N,[ccose, =37"T4.
Also

a= P +gcote=50"2453 + 071231 = 50"3684.
But, by (7) and (8),
asece =K, (1 —3c+§e?) + K, (1+§e?)

-
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whence '
5491 = 01992425 K, + 1-000422 K,
and thus
H,=17"45.
Since any error in ./’ affects K, directly and hence K, equally, greater accuracy
would be superfluous. The expressions for the luni-solar precession (§ 263)
now become : *
90° — ¢ = at + Bt = 5073684 ¢t — 07000 1077 ¢
O = € + & =23° 27 31”7 4+ 07000 0066 ¢
while the general precession (§ 264) becomes
90° — ¢,/ = Pt + P't*=50"2453 ¢+ 07000 1107 ¢
and the mean obliquity of the ecliptic
0n' =€+ Qi+ QF X
= 23° 27" 31”7 — 0746838 ¢ — 0-000 0008 #*.

268. In giving the numerical values of the terms in the nutation (§ 265)
the notation is changed to that employed in the Nautical Almanac. The
results which follow from substituting the above constants are :

®=+17"23sin 8 — 0”21 sin 28 + 1727 sin 2L
— 0”18 sin (L — 7r) + 0”721 sin 2( — 007 sin ¢,
O =4+9"21cos 8 —0709cos28 + 0755 cos 2L + 0709 cos 2(

where L is the Sun’s mean longitude (nt + '), 7 is the longitude of the
Sun’s perigee (=), ( is the Moon’s mean longitude (n”¢ + u), g, is the Moon’s
mean anomaly (nt + pu — =), and & is the longitude of the Moon’s ascending
node (N, — Nyt). In the Nautical Almanac the nutation of the obliquity of
the ecliptic (®) is called Aw, and the nutation of longitude (— @) is called
AL. Comparison shows that no tern with coefficient exceeding 0”05 has
been omitted here.

- Two important astronomical constants are involved implicitly in the
constants of nutation and precession, namely the mass of the Moon and the
ratio (C— A)/C, which has been called the mechanical ellipticity of the
Earth. For the equations (5) may be written

fo_E o n* 0-4_2 nk

Ly RANEY a8 W
the mass of the Earth, £ =1/333432, being negligible. Here K, and K,,
expressed above in seconds of arc, are angular motions in a Julian year,
and n, n’ and »n” are sidereal mean motions in the same unit of time. With
sufficient accuracy the above values of n’ and n” may be used, and for n the
value 27 x 366}. Hence

S/ +f)=0012102, f=1/816

P. D, A, 20
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for £, the ratio of the mass of the Moon to the mass of the Earth, and
aor 1,
C 3042
for the mechanical ellipticity of the Earth. The mass of the Moon is also
obtained as a by-product from the observations of a minor planet in a refined
determination of the solar parallax. The value of f found by Hinks in this
way was 1/81-53.

269. The practical application of the results obtained for precession and
nutation belongs to the domain of Spherical Astronomy and will not be
pursued in detail here. Nutation is so small that its effects can be, and
are, treated independently of those due to precession. Of the latter some-
thing more may be said in order to define the two quantities employed in
calculating the effects of precession in right ascension and declination.

Let o, & be the R.A. and declination of a star at the epoch t. These refer
to the system of axes X'y’z (fig. 8), which differs by a simple rotation
through the angle a about z from the system «yz. Hence the coordinates
of the star in the latter system are

z=cosdcos(a+a), y=cosdsin(a+a), z=sind
whence, by differentiation with respect to ¢, it easily follows that
& + a = (zy — y£)/cos® &
8 =2/cos 8.
Now the relations between the systems ayz and XVZ are expressed by the
scheme :

X i Z
z sin ¢ —cos ¢ 0
y  cosf@cos¢ cos f'sin ¢ —sin
z sin @ cos ¢ sin fsin ¢ cos 6.

Here XYZ are constant, and differentiation of the linear formulae for xyz,
when X YZ are finally expressed in terms of «, Y, 2, gives

&= (ycos@+zsinb)
y=—=zcosf.p— 20
2= —zsind. ¢+ yb.
Hence, when #, y, z are expressed in terms of a, o,
éc+d=—cos0.¢3—tan8sin(a+a)sin6.<f>—tan800s(a+a). 6
& =—cos(a+a)sin@.q +sin (a+ a) 6.
These differential expressions are required to the first. order in ¢, and af

being of the second order may be rejected at once. Hence (the symbol »
being used here in a new sense)



268270 | Precession, Nutation and Time 307

d=m+nsinatand— pcosatand

§=ncosa+psina
where ] ! P
m=—da—cosf.p, n=-sinf.¢, p=asind.¢p+0
and 6 may be replaced by ¢, With the numerical values given in § 267, (9)
gives

-

a=+0"1342¢ — 0000 2380 ¢

@=+071342 —070004760¢
and from the luni-solar precessions

$ =— 50”3684 + 0”000 2154 ¢

0= + 0000 0132 .

Hence
m =+ 460711 + 0”-000 2784 ¢

n =+ 2070511 - 0”000 0857 ¢

while p = + 0”000 0002 and is altogether negligible. Thus m and » are the
important quantities known as the annual precessions in R.A. and declination.
The total precession in R.A. from 1850 for a point on the equator is

[ mdt = mit + mg? = 46”0711 ¢ + 07000 1392 £2

S0

The expressions found for 6, & are the coefficients of the first power of the
time and these terms suffice for short intervals only. The further develop-
ment of formulae for the transformation of coordinates from one epoch to
another according to the methods of astronomical practice must be sought in
such works as Newcomb’s Compendium of Spherical Astronomy.

270. It is now possible to consider in some detail the astronomical
measure of time. The third equation of (1) is
w; =Y + ¢ cos 0.
Here w; is the angular velocity of the Earth about its axis of figure and is
a constant previously denoted by n. As this symbol has been used with
another meaning in § 269 it will now be replaced by . The angle ¥ is
the angle between.a meridian plane (Ozx) fixed in the Earth and rotating
with it and the plane (0Zz) passing through the pole of the fixed ecliptic.
For the fixed meridian we adopt the meridian of Greenwich. The rotation
‘\i/‘ refers therefore to the Greenwich meridian relative to z¢ n fig. 8, and
+=+v —d will measure the same rotation relative to zz. But the angle
between the Greenwich meridian and 2z, 2’ being the equinoctial point at
the time ¢, is the hour-angle of the First Point of Aries, i.e. the sidereal time
at Greenwich. Thus, T being Greenwich sidereal time,

t=y—d=0w—{—dcos .

(559

(=]
|

(S
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It is the true equinox which is now involved, affected both by precession and

nutation, so that
d=¢n+®d, 0=0,+06.
Hence _ 3 b
F=w — & — ¢y cos 0, — D cos 0+ ¢, Osin by,

=w+m—®cos § —n®
=w+m—®Pcose,

with sufficient accuracy, for n® can be neglected since ® -is small and n
is about 10~ and & being small cos # may be replaced by cose,. Hence
integration gives for Greenwich sidereal time

T=Tot+ ot +mt+mt2— DPcose .ooeveriennninnnns (12)

where ¢ is measured in Julian years of 365:25 mean days and reckoned from
1850 Jan. 0, Gr. mean noon. The quantity ¢ is an equi-crescent variable in
the sense required by the dynamical laws which have been used; its origin
and unit are for the moment of importance only so far as they condition the
numerical values of the coefficients. On the other hand the sidereal time =
is not uniform, being affected by secular and periodic terms. Hence r is
merely an intermediate standard of time. But this in no way affects its
practical utility. By far the largest term in ® cose, is

157803 sin & = 1*054 sin &

of which the period is nearly 19 years, and m, is very small. The irregularities
in T are therefore very small and gradual, and far less than the natural
irregularities in the rate of the most perfect sidereal clock. Since this
instrument shows the hour-angle of the First Point of Aries, it also shows
the right ascension of stars on the meridian, and this principle serves both

to determine the error of the clock and to measure the apparent positions of
the stars.

271. In the next place a mean Sun is defined which moves in the plane
of the equator with the uniform sidereal mean motion u. Its R.A. at time ¢,
reckoned from the true equinox, is therefore

A=A4,+ pt +mt + mt?— Pcos ¢
and its hour-angle
T'=r—A=7— A+ (0—pu)t
is the measure of Greenwich mean time. 'The constants occurring in 4 are
adjusted as far as possible to secure identity with the mean longitude of the
actual Sun affected by aberration. This may be written in the form
L=N+Nt+ 082 — b+ (Pt + P#)
= L+ Lt + Lt
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where A, is the true mean longitude of the Sun when ¢=0, A, is the sidereal
mean motion, and 2X,; is the secular acceleration which arises indirectly from
the perturbations of the other clements of the Earth’s orbit; k=20"47 is
the constant of aberration; and (Pt+ P’#?) is the general precession in
longitude. The adjustment of the constants in A and L gives

A= 1L,, ,“+m1=L1

and leaves outstanding between L and A the secular discrepancy (L, — m,) £
which would lead ultimately to a departure of the actual Sun, apart from
periodic effects, from the meridian at mean noon. This quantity is small
and far from certain in amount, and will have no practical effect for many
centuries to come. Now at 1850 Jan. 0, Greenwich mean noon, .

T=t=0, r,=4,=1L,
and the effect of adding one mean day to 1" or ¢ is
24" = 360° = (w — u)/ 36525

whence
/36525 = 24" + (L, — m,)/ 36525

(0 +1my) 36525 = 24" + I,/ 36525.
Now, according to Newcomb,
Ly=279°47 5872 = 182 39= 1188
L, = 129602776674 = 86401*84449
L, =+ 07000 1089 = + 0000 00726

while in the latter unit (1° = 15”)

my = + 3507141, my, =+ 0000 00928
so that
L,/365°25 = 23655533, (L, —m,)/365°25 = 236*54692.
Hence in numbers the equation (12) for Gr. sidereal time becomes

7 =182 39" 1188 + (24" 3" 56*55533) D + 0000 00928 #* — P cos ¢,

where D = 36525¢ is the number of days reckoned from 1850 Jan. 0. When
D is given an integral value this expression gives the sidereal time at Gr.
mean noon and its value (less a multiple of 24") is tabulated for every day
in the Nautical Almanac. When the nutational term is omitted,

At = (24" 3™ 5655533 + 0000 00005 t) AD.
The secular term is also negligible, and hence

1 mean day  86636*555

m&; -5 _864605— = 1002 7379
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Another period which differs little from the sidercal day, but must not be
confounded with it, is the period of the Earth’s rotation on its axis, measured
by w. Its ratio to the mean sidereal day is

o+m _ 86636:555

272. A catalogue of astronomical positions gives mean places freed from
nutation and reduced to the equinox of a common epoch. Such an epoch is
always the beginning of a tropical year and this expression must be defined.
It is the moment when the mean longitude of the Sun as above described,

L=L,+ Lt + Lt
is 280° =18"40™. It follows that the length of a tropical year is

24k

m. 36525 mean days

¥ 36525 ¢,
~ 1°000 021 3483 + 0-000 000 000 168 ¢

= 365242 20272 — 0000 000 0614 ¢

or 365242200 mean solar days at the epoch 1900. For the present the
secular change is unimportant. Once the beginning of the tropical year
is fixed in a particular calendar year, its beginning in any other year
may be found by adding so many tropical years. But the details will be
better illustrated by a direct example from the year 1900. When ¢= 50,
L' =18"40m44*123. Now 50 Julian years exceed 50 years of 365 days by
12} days, whereas the calendar inserts 12 leap days between 1850 and 1900.
Hence this is the mean longitude for 1900 Jan. 0-5. The mean longitude
for 1900 Jan. 0 (Gr. mean noon) is therefore L' — } L, /365'25 = 18" 38™ 45*845
and must be increased by 74155 at the daily rate 236*555 in order to
become 18"40™  This requires 0-3135 mean days, and the beginning of
the tropical year in 1900 is therefore Jan. 0-3135, the fraction of a mean day
being reckoned from Greenwich mean noon. This epoch is recorded briefly
as 1900°0. It is to the mean equinox of this date that the observations of
the year are reduced in the first instance.

273. Such in outline are the main features in the astronomical methods
of reckoning time. They involve certain constants which, being based on
the comparison of theory with observations, are capable of improvement.
But there is no absolute standard of time. Ultimately no doubt the con-
tinued comparison of theory with observation according to such a system of
time as that described above will bring to light discrepancies in the motions
of the heavenly bodies of a kind which cannot be attributed to errors of
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observation. Then the question will arise whether these discrepancies can
be removed by a mere adjustment of an accepted system of constants in-
volved in the measure of time or whether the fault lies in the theory. fhis
is the ordinary experience of practical astronomy. It may, however, prove
that what have been regarded as constants are not really constant at all.
Thus o, the rate of rotation of the Earth on its axis, may vary owing to such
causes as the secular cooling of the Earth and the effect of tidal friction.
There is, indeed, reason to think that this is so. But ultimately it is only
possible to adopt such a system of measuring time as will reconcile all
celestial phenomena as far as may be with the simplest possible body of
laws. In the meantime to deal with discrepancies as they arise is among
the most critical problems of technical astronomy.



CHAPTER XXIII
LIBRATION OF THE MOON

274. The form of solution found suitable in discussing the rotation of
the Earth depends on special circumstances and is by no means general.
The Moon’s rotation similarly presents quite special features which require
very different treatment. This movement is governed to a high degree of
approximation by Cassini’s laws:

(1) The Moon rotates uniformly about an axis which is fixed with
respect to the Moon itself. The period of this rotation is identical with the
sidereal period of the Moon in its orbit, namely 27-321661 days.

(2) The pole of the lunar rotation z makes a constant angle (1°35")
with the pole of the ecliptic Z, which may here be regarded as a fixed point
on the celestial sphere.

(3) In eonsequence of the nearly uniform regression of the lunar node
on the plane of the ecliptic and the nearly constant inclination of the lunar
orbit (5° 9'), the pole of the Moon’s orbit P is known to describe a small
eircle about Z in a period of 183 years. The arc of a great circle 2P contains
also the pole Z. In other words, the planes of the lunar orbit and the lunar
equator intersect on the ecliptic, the latter plane being intermediate between
the two former.

These laws were discovered by observation and they are so exact that
later work with more refined instruments has failed hitherto to determine
any divergences from them with a satisfactory degree of certainty. They
define as it were a steady state of motion, and it is necessary to inquire
under what conditions such a state is possible, and to what oscillations it is
subject according to theory.

275. The first of the above laws corresponds with the well-known fact
that the Moon always presents the same face to the Earth, or more truly
that a large fraction of its surface (nearly 2) is always concealed from obser-
vation. In order that exactly the same face should be seen at all times
three further conditions would be necessary and the failure of these conditions
gives rise to three distinet components of what is called the apparent or
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optical libration of the Moon. These conditions and the corresponding
effects of their departure from the facts are :

(1) The motion of the Moon in its orbit about the Earth must be
uniform. But owing to the equation of the centre and periodic perturbations
the actual place of the Moon may differ from its mean place by as much as
8°. Hence an oscillation in the central meridian, which is known as the
libration in longitude.

(2) The axis of the Moon must be normal to the plane of its orbit.
Actually the angle which it makes with the normal to the orbit is

1° 85"+ 5° 9 = 6° 44/,
The monthly effect of this is called the libration in latitude.

(3) The point of observation must be the centre of the Earth. Owing
to the position of the observer on the Earth’s surface, which varies with the
rotation of the Earth, there is a parallactic effect which is called the diurnal
libration.

These three effects which together constitute the optical libration of the
Moon are purely geometrical consequences of the known conditions, and
entirely independent of the dynamical libration which is now to be examined.

276. When the rotation of the Moon is in question the action of the
Earth as a disturbing body is clearly preponderant and the action of the
Sun is neglected. Let O be the centre of gravity of the Moon, OX YZ a set
of ecliptic axes, fixed in space, and Ozyz a set fixed in the rotating body and
coinciding with the principal axes of the Moon, the corresponding moments
of inertia being 4, B, C. Now since the axis of rotation is nearly or quite
fixed in the body it must practically coincide with a principal axis; for a
permanent axis in any other position would require a constraint which is
obviously absent in this case. This principal axis will be identified with Oz.
As in § 255 the two sets of axes are connected by the angles 6, ¢ and 4, and
0 = Z0z being always of the order 176, its square may be neglected. The
relations between the coordinates are then given by the scheme :

X b4 Z
2 cos(p+y)  sin(pty)  —Beosy
y —sin(¢+ ) cos (p + ) 0 sin
Zgeam s 0lcosdh @ sin ¢ ' 1
and Euler’s geometrical equations become
@, = @ sin ¥ — ¢6 cos ¥
w2=(§cos1;r+¢'195in\p

“’a=‘[f+d"
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The dynamical equations are again of the form

Ao, — (B —C) wewy =L

Bi, —(C — A) wge, = M

Co; — (4 — B) w,0,=N
where (§ 257)
L=3Gm(C—-B)yz/r, M=3Gm (4 —C)axz[r", N=38Gm(B—A4)axy/r*
m being the mass of the Earth, (z, ¥, ) its coordinates and » its distance
from the Moon. Let (X, Y, Z) be the ecliptic coordinates of the Earth

relative to the Moon. The inclination of the Moon’s orbit, ¢=5°9, is so
small that ¢* will be neglected. Then (cf. § 65)

—X=rcos(Q+w+w), —YV=rsin(Q+w+w), —Z=rcsin(w+w)
where () is the longitude of the Moon’s node, (22 + ) the longitude of the
Moon’s perigee, and w the Moon’s true anomaly. But

A=0+4+ow+w

is the longitude of the Moon in its orbit. Hence, by the above relations
between the two sets of coordinates,

—z=rcos(A—¢p—v), —y=rsin(A—¢—1)
—z=1r0cos (A\—¢)+rcsin (A — Q)
the product c¢f being neglected in # and y. Let
C—B=Aa, A-C=BB, B—A=C0Cy.
Then the dynamical equations of motion become
@, + aw,w; = 3Gmar= sin (A — ¢ — ) {0 cos (A — ¢) + ¢ sin (A — Q)
@y + Bwyw, = 3GmBr—2cos (A — ¢ — ) { cos (A — )+ ¢ sin (A — Q)}}...(l)
oy + yo, 0, = $GEmyr=sin 2(A — ¢ — )
As the figure of the Moon is to all appearance sensibly spherical, @, 8 and v
must be fairly small quantities. And since, further, the instantaneous axis

is nearly fixed in the body and very close to the axis of z, w, and w, must be
very small in comparison with w,.

277. It follows that in the last equation the term yw,w, can be neglected.
Hence this equation becomes, in view of the third geometrical equation,

$+ v =2Gmyr—3sin 2 A=p=v) coiviniirannnns (2)
The Moon’s mean longitude is nt + ¢, where #’ is the Moon’s mean motion

and € is a constant. The Earth’s mean longitude, as seen from the Moon, is
therefore w +nt+ e But according to Cassini’s first law,

;= +y=n’

¢ + P = n't + const.

or
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the constant depending on the choice of a fixed meridian on the Moon’s
surface. Let it be so chosen that the latter expression is equal to the
Earth’s mean longitude. The corresponding meridian is called the first
lunar meridian. In order now to allow for a possible inequality in the
Moon’s rotation an angle y is introduced such that

d+Y+x=m+ntte. i ()

This angle represents an oscillation in the position of the first meridian.
According to Cassini’s laws xy = 0 and observation proves that xy is certainly
very small. The equation (2) now becomes

X=—3Gmyr?sin2(x+ X —nt—€) ....ceeeunninnin. (4)

It is clear that the conditions of stability are only complicated by the
inequalities in the motion of the Moon. Therefore we substitute for the
moment a uniform circular orbit with mean distance «', so that A =n't 4 ¢,
r=a’ and

X = — § Gmya’~* sin 2x

=—gn%y (1 +)?sin2y .oviiiiiiinnn (5)
where f is the ratio of the mass of the Moon to the mass of the Earth ; since

by Kepler’s third law
L AR TR R U S (6)

But the equation of motion of a simple pendulum of length / and inclined to
the vertical at an angle 6 is
0=—gl'sin @

which can be identified with (5) by taking x = 40 and 3ny (1 + /)= gl
Both equations can of course be solved generally in elliptic integrals. But
it 1s enough to notice the physical fact that the pendulum is capable of
small vibrations provided 6 is small initially and g is positive. Similarly y
if initially small will remain small provided « is positive, i.e. B > 4. Now, if
the inclination of the lunar equator to the lunar orbit be neglected, (¢ + )
measures the displacement of the axis of # from the equinox from which the
longitudes are reckoned. Under these simplified conditions the first meridian
contains the axis of # and always coincides with the central meridian of the
apparent disc. The axis of x is therefore directed approximately towards
the Earth and this defines the axis about which the moment 4 is less than
the moment B. This is the first condition of stability. It is also to be
inferred that A #B. For if 4 =B, =0 and a small disturbance would
introduce a secular term in % which observation shows to be absent.

278. If o' =4 (1 +f)7 the more general equation (4) for x becomes

X=—8n" (¢ [rPsin2(x + A —nt—¢).
Now (A—n't —¢) is of the order of the eccentricity of the lunar orbit
(-055), x is still smaller and o /r differs from 1 also by a quantity of the
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order of the eccentricity. Hence if the square of the eccentricity be
- neglected,
¥ =—3n"y (x + A —n't —¢)

or

X + 3ny'y = — 3y S Hsin(ht + 1)
where the terms under X represent the equation of the centre and periodic
inequalities of the lunar motion. This is the ordinary equation for forced
vibrations and the solution may be written in the form y =1y, + ¥, where x,
is a particilar solution, corresponding to the foreced vibrations, and y, is the
complementary function, corresponding to an arbitrary free vibration. It is
easily verified that

x1=3n"y'S 7 —I.:;]—an)/ sin (kt + 1)

and
X2 =K sin [n't /(3y) + k]
where K, k' are arbitrary. Terms in y, can only become sensible by reason
of H large or & small, and the most promising terms in the lunar theory are
consequently the equation of the centre (or principal elliptic term):
ht+l =g, H=+22639"1, h=47033"97
and the annual equation :
h+h' =0, H=-668"9, h=3548"16
where g, is the Moon’s mean anomaly, ©® is the Sun’s mean anomaly, and
the unit of time is the mean solar day, so that »’ = 47485”:03. The corre-
sponding terms in y; are
377 = 11715 AL
X = GganT o ¥ sin g, — 0001865 o RO G ORSAL T 5 (7

It is easily seen that, 4" being certainly very small, it is the second of these
terms which 1s the larger. But the determination of its coefficient from
observation has not yet been made with satisfactory certainty. Since the
Earth’s distance is about 220 times the Moon’s radius a geocentric angle
of 1”7 is the equivalent of 4’ in selenographic arc near the centre of the lunar
dise. As the quantities to be looked for are likely to be of this order, or
rather still less, and the observations are very difficult, positive results must
be awaited from the study of the large-scale photographs of the Moon which
are now available. According to Franz, using the heliometer observations of
Schliiter, the coefficient of sin © is about 2’, giving v of the order 00003,
and the arbitrary libration K, which should have a period of rather more
than 2 years, is practically negligible.

279. Sinee, by (3), w; + x =n’" where y may now be supposed very small,
the first two dynamical equations may be written

o, + an'w, = L/A}
@, + Bn'w, = M/B
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E=0cosy, np=0siny

E=0cosy+ psiny — (¢+\P)9sin~!f=wz—wm}
#=0sin y — $0 cos Y + (¢ + ¥) 0 cos ¥ = @, + 0§
Again w; may be replaced by »’, being multiplied by & and # which are
small. Hence (8) become
F—(Q—a)nE+anm =L[A
E+ 1+ ) — pn*E=M]B.
Expressions for 1,/ A, M|B have been given in (1) and if f=1/81 be
neglected in (6) these are

L|A =3an (a'[r)*sin (A — ¢ — ) {8 cos (A — ) + csin (X — Q)]
M|B=3Bn"(a|r)?cos (A — ¢ — ) {0 cos (A — @) + ¢ sin (A — )]
and as they are already of the order € or ¢ multiplied by a or 3, the other
quantities involved are only required to the first order in e, the eccentricity

of the orbit. Now g, being the mean anomaly, by Ch. IV (9) and (30)—or
in a more simple way—

a@|r=1+ecosg, w—g =2esing,
where
f=nt+te—w, w=A—w
w being the true anomaly and = the longitude of perigee. Also x is in-
significant here, so that by (3)

PP =TAntte=gi+ T+ Teeriiienn (10)
Hence .
A—¢p—Y=w—g, —m=2esing, —
sin(A—¢ —Y)=—2¢sing;,, cos(A—¢p—yY)=-1
(¢/[r)sin(M— ¢ —r)=—2¢sing, } an
(a’/r)scOS(X—d)—\P‘):—1—3600591 ...............
Again,

cos (A — @) = — cos (¥ + 2esin ¢,) = — cos ¥ + 2esin g, sin 4

0 cos (A — @) = — 0 cosyr + ef cos (g, — ) — ef cos (g, + ) ...(12)

and finally
A—Q=w+w—-0=¢g,+w— 0+ 2esing,

sin(A —Q)=sin(g, + w — Q)+ 2esing,cos (¢, + = — Q)
csin(M — Q)=csin(g, + = — Q)
+ ce sin (29, + @ — Q)—cesin(w— Q) .oceeennnnn. (13)

It is now necessary to introduce (11), (12) and (13) into L/A4, M/B, to
reject terms of the third order in e, ¢ and 6, and to resolve the products
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of circular funetions which occur into single functions. The result of this
simple reduction gives
L/A =3an" { efsin (g, + ) +efsin(g, — ) —ec cos(w — Q)
+ eccos (29, + = — Q)}
M/ B =38n" {38 cos (¢, + V) + s e cos (g, — ) — ecsin (= — Q)
' —3%ecsin(2g,+ @ — Q) —csin(g, + @ — Q) + 0 cos Y}

(14

The last term in M /B is 38n*, which may be transferred immediately to
the other side of the ecorresponding dynamical equation. This leaves one
term only of the first order in M/B: the remaining terms in L/4 and M/B
are entirely of the second order.

280. Let the actual dynamical cquations, after transferring the term
38n"%¢, be replaced by the forms
ij—(1 —a) WE+ on'*n=38an I cos (pn't +q)
E+ (1 +B)n'n—48nE=3Bn" P sin(pn't + g)}
A particular solution is £ = @ sin (pnt + @), n = @ cos (pn't + q), provided -

Q(=p+a) —Q(1-a)p= 3aP'} (16)
Qi oy ol e
or
JCRR B R T
a(l+B)pP -B(p—a) P LB(l-a)pP—a(p*+4B) P s
» 5 3
(PR -1 -a)(L+R)p A f

In this way any periodic terms on the right of the equations can be
represented by corresponding terms in £ and 5. But the coefficients @, @’
involve P, P’ multiplied by the small quantities a or B, and are therefore
extremely small unless A is also very small. Now A=p*(p*—1) when
a and B are ignored and therefore, ceteris paribus, sensible terms can be
obtained only when p is very near to 0 or + 1.

Solutions of the same form constitute the complementary function and
are determined by (17) when P=P"=0. Then p is given by

A=p'—p*(1-38—-0aB)—4aB=0
2p*=1-38-0aB + ¥/{(1 = 38 —aB) + 16a3}
It is enough to retain in p the terms of the first order in a, B, and thus
2p*=1-38-aB +(1 — 38 —aB + 8aB)
so that if p,, p, are the two roots,

P=1-=38, p.=2(—ap).

or
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Thus the periods of the two possible terms are determined with sufficient
accuracy, the former being nearly a month, and if the corresponding co-
efficients are @, Q,, @, @, then by (16) to the lowest order only

@ /=-1 @/ =2v(-8/a).
Hence a solution of (15) when 0 is substituted on the right-hand side is
E=0Q sin {(1 —§B)n't+q} + Qsin {2 y/(—aB) t + ¢}
m=—Qcos {(1-3B) 't + u} + 2 /(= B/a) Qucos {2 W/(~aB) t + g3}

and as these expressions contain four arbitrary constants @y, @., ¢, ¢ they
represent the required complementary functions.

These arbitrary terms again appear to be insensible. The important
point is that a8 must be negative, for otherwise the circular functions would
be changed into hyperbolic functions and the motion would be unstable.
This means that (('— B) (4 — C) is negative, or again that C is not inter-
mediate in magnitude between A and B. This is the second condition of
stability which has been found.

281. To terms of the first order only,
L/A=0, M|/B=-3Bn"csin(g, + = — Q)
where, the secular inequality of the node being taken into account,
Ghtwm=nt+e Q=0Q,—unt, w=+0004019.
Thus in applying (17), P’=0, P=—¢, p =1+ u, and therefore

T = 308¢ (18)
Atpyr—a (Q-0)(1+p) 1 +p)@u+p)+1+p)BB+a)—4a8

If a, B and p be regarded as small quantities of the first order and those of
the second order be neglected,

Q=—-0Q =3Bc/(2u+3B)....... N A (19)
so that £ and 5 contain the terms
3 —38c
&= 9 fgﬁsm(gﬁw Q), 5= 3 +dﬁcos(g,+w Q) ...(20)

These terms contain the explanation of the steady motion of the Moon’s axis,
which is expressed by Cassini’s laws.

For the coordinates of the Moon’s pole of rotation relative to the pole of
the ecliptic may be taken as

X=0cos¢p==Ecos(p+ )+ nsin(p + )
Y=0sin¢ = Esin (¢ + ) —ncos (¢ + ).
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Let the free components £, 7, be ignored and also the forced oscillations of
the second order which have still to be found. Then

X=Qsin(p+m—0Q—¢—v)
Y=Qcos(h+w—Q—¢p—1)
But by (10)
pty=gtotn

X=QsinQ, Y=-Qcos.

But the longltudc of the pole of the lunar orbit is Q — i, so that its
coordinates are similarly
X' =¢sin{), Y’ =-—ccos.

Hence these two poles are always exactly on opposite sides of the pole of
the ecliptic provided @ is negative. This requires, since ) is given by (19),
0> A >—32u. Hence C> A, which is a third condition to be satisfied by the
moments of inertia. The resultant of the three places the moments in the
order

and therefore

-

C>B>4

where C refers to the axis of rotation and A4 to that axis which in the mean
is directed towards the Earth.

It is now clear that the further conditions necessary in order that the
second and third laws of Cassini shall remain approximately true are one
and the same, namely that those terms which have been neglected in the
above argument are really small in comparison with (. This quantity is
the mean value of 6, and its numerical value is 91”4 according to Franz.
With ¢ =308"7 and p = 0004019 it follows that

—B=(C—4)/B=0000612
which should be tolerably well determined. It is to be noticed that a, 3,
are not independent, but connected by the identity

a+ B+y+aBy=0.

The product is negligible and if ¢ =00003 as given above, then a is of
exactly the same order as «.

282. The terms of the second order in ¢, ¢, @ can now be found without
difficulty, since here it is legitimate to give 6 and ¥ their values in the
steady motion. Thus @ = 6,, its constant mean value, and since in the steady
motion ¢ =1 + 3,

VY=g+w—Q+1ir
Hence without the terms of lower order already treated, the expressions (14)
become

L/ A =3an” {¢(6, + c') cos (2¢, + w — Q) — e (6, + ¢) cos (= — Q)}
M|B=38n"{—35e(0, +c)sin (29, + = — Q) — }e (6, + ¢) sin(w — Q)}.
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The corresponding terms in £, 5 can be found in the way explained in § 280.
But since = and Q change slowly p is nearly 2 in the case of the terms which
contain 2¢, in the argument. Their counterpart in £, 7 is therefore negligible.
With the other pair p is very small. The secular changes in the node and
perigee may be expressed by :
; 0=, —un't, w=w,+wn't
so that p=u +», and 2P = P'=—¢(0,+c¢). Hence (17) give
LU - Tl
20(1+B)p-B(p*-a) B(l—a)p—2a(p*+4pB)
P ~ 3¢ (6,+0)
F=a) (P + 48) - (12 (1+ B)

which, when simplified by the removal of all but the most significant quantities
in the denominators, become

Q/20=0Q'|B=3%e(f+ c)/p.

The terms of the second order are therefore simply

cos(w —0)...... (21)

y O, +c . 3 6.+
53—3016 ;-;} sm(w—ﬂ), 773_766;1;_,, A

Now »= 0008455, u + v =1/80 nearly, and 8,4 ¢ =400". Also e= 00549
and with the above values of a and B, 3ae=— $Be = 000005. Hence both
coefficients are numerically 1”6, and

£ =1"6sin(w —Q), 5 =—1"6cos(w— Q)
the period being 80 lunar months or 6 years.

283. When the several ‘terms found are combined,

E"‘&""Ez‘*‘fu, N=m+ 7+t
and by (9)

;=17 — o, w2=r§+ @41].
Now with the approximate forms (20)

Ex=—n'n, =0k
and from (21) ‘
E=n'(p+v)n, Mn=—n(utr)&.
Hence, putting w;=n" here and neglecting the arbitrary terms &, 7, the
existence of which has not been established by observation,
o /'==1+p+v)&, wfn'=1+p+v)n
and (u + ») is relatively unimportant here.

One remark is necessary however. For the sake of simplicity and in order
to concentrate attention on the main feature of the motion, the coefficients
of & and 5, in (20) were made numerically equal by the simple expedient
of neglecting u?(= 0:000016) in comparison with u. Consistently with this

P. D. A, ' 21
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the factor (1 + u) has beencomitted in finding éz, 7., and the result is that
&, 7, do not appear in ®,, ®,. This factor can only be reinstated correctly
after u? has been restored in §,, 7,. Now by (18) &,, 5, are of the form
E={(1+uP—alGsing. n=—(Q—a)(1+pu)Geosg

where g =g, + = — Q. Hence

Eafn'=(+p) (1 +p)-a Geosg ‘

oW =(1+ ) (1 =) Gsing
and the contributions to ,, », are given by ~

Aw, /0 =—a(2p+p?) Gsing

Ao,/ =(1+ p) (2u + p?) G cos g.
The factor a shows that Aw, is very small and if u? as well as a be now

rejected,
Aw, /0" =0, Aw,/n' =—2un,.

Hence in a numerical form the forced rotations are finally given by
[0 =—E=—1"6sin (= — Q)
wy/n =13 — 2un,=—1"6 cos (w — Q) — 0”7 cos (¢, + & — Q)
since GG =—91"4 and p = 0:004.

With the more exact expressions the coefficient in £ is numerically
greater than that in #,, the difference being —pu (1 + p+ @) @ or — uG. .This
amount, 22”7, may be divided equally between the two coefficients without
disturbing the observed mean inclination of the lunar equator to the lunar
orbit, and thus

,=—91"6sin (¢, + = — Q), 7,=91"2cos (g, + = — Q).

g g

Lastly, by (7), if x, the free libration in longitude be ignored,
011~ 0000242

033 — Y 9T 0001865 —

where the coefficients are expressed in circular measure. Thus the position
of the instantaneous axis, relative to the principal axes of the Moon,

w/n'=1—yn'=1-— .y cos ©

zloy=y|w,=2]w,
is determined. It has therefore been seen under what conditions Cassini’s
laws are approximately true, and how far they must necessarily be modified
by disturbing actions.

The latest results from observation, by M. Puiseux of Paris, seem to be
at variance with the foregoing theory. It is probable that it will be necessary
to treat the Moon as a deformable body, as the observed variations of latitude
have shown to be requisite in the case of the Earth. The above theory is
very largely due to Poisson.



CHAPTER XXIV
FORMULAE OF NUMERICAL CALCULATION .

284. If we consider a function of one variable or argument only, for the
sake of definiteness, it can be represented in three distinct ways, namely :

(1) By an analytical form, e.g. sin « or a hypergeometric series F (a, 3, 4, 2).
The effectiveness of such a form depends on the knowledge of its properties
and the facility with which it submits to the ordinary operations of mathe-
matics.

(2) Graphically, by a curve. This gives a continuous representation.
Values of the function corresponding to particular values of the argument
can be obtained and the processes of differentiation and integration can be
performed mechanically. But the accuracy of the results is limited in
practice.

(3) Numerically, by a series of isolated values. This gives a discon-
tinuous representation, but one capable of very great accuracy. In theory
this does not serve to define the function, for it may vary in any manner
between the given values. Even in practice the representation does not
cover terms in the function with a period of the same order as the intervals
between the values. But with due care this limitation causes little in-
convenience.

Each mode of representation has distinet advantages of its own and to
pass from one to another is a problem frequently arising and often attended
by great difficulty. The form (1) may be considered the ultimate expression
of natural truth, but it has no absolute superiority. Thus integration may
be practically impossible in this form and must be replaced by a mechanical
quadrature.

A function determined by a series of cbservations or experiments falls
generally under the form (3). Now the variable quantities which occur in
Astronomy, e.g. the coordinates of the Moon, are in general so complicated,
even when an expression in analytical form is available, that for practical
purposes it is necessary to use an ephemeris, or a table of values calculated
for equal intervals of time (not necessarily one day, as the name would
imply). It is therefore necessary to consider how functions represented in

21—2
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this way may be manipulated so as to give intermediate values by inter-
polation for comparison with the results of observation, and also to render
numerical differentiation and integration possible.

285. Let w be the constant interval of the argument and y, = f (a + nw)
be the function to be considered, the values of y, being given for consecutive
integral values of n. A simple difference table can be formed thus:

e+ (n—1)w | Yny
Yn— Yna
a + nw Yn Ynt1 = 2Yn+ Yn
) Yntr = Yn
a+@®+ 1w | Yan
Now let two operators A, & be introduced such that
AYa=Yat1=Yn; 8Yn=Yn—Yn--
Then it follows that
AdYn = A (Yn — Yn—1) = Y1 — 2Yn + Yn1=8 (Yn+1— Yn) = SAYn.
Hence the operators A, § are commutative, and similarly it is easily seen
that they obey all the laws of ordinary algebra. The inverse operators
A7, 87! may be defined so that AA™=1, 86'=1. Then the table of
differences may be replaced by a table of operations which, acting on y,, will
reproduce the difference table, thus:

A9 &
)
1 Ad
A
Ad™ A?

The two operators are not indépendent, for the position of Ad in this table
shows that they are connected by the homographic relation

Ad=A-3, 8=AQ1Q+A)"Y, A=81=8)".ccccc..... 1)
Let « be the variable, so that y = f(z), and let D = d/dz. Then
1+A)f(x)=f(z+w)
=f(@)+wf () + Jw f7 (x) + ...
={14+wD+ jwD+ ...} f(z)

orl+ A =e"". Hence
(1 +A) fz) = e™P. f(2)
=f(®) + quf' (z) + 3¢ f" (z) + ...

=f(z + qu).
Thus

Y

f(x+qw)={1+qA+(g) A? 4 }f(z)
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which is Newton’s original formula of interpolation and can be written in
the form :

yn+q={1+qA+<g> A2+...}yn ..................... )

where | g | by a proper choice of » may always be taken < }, and in any. case
should not exceed 1. The coefficients are simple binomial coefficients.

286. The differences A, A2 ... are diagonal differences in the table.
But the most useful formulae involve central differences, lying on or adjacent
to a horizontal line in the table. If the blank spaces in the odd columns are
filled by the arithmetic wmeans of the entries immediately above and below,
the operators in the complete central line are

1 3(&6+9) A8 F(A+8)As  (Ady
which can also be written, by introducing two new operators X, &,

1 k K kK K:
where

k=1(A+8), K=A8=A-3
A=k+3K, 8=k-1K, k-1K:=K)

Thus %k cannot be expressed rationally in terms of X, and in order to find a
formula in terms of central differences 1t is necessary to expand in terms
of K, keeping only the first power of £. Thus

A+A0R=1+k+sK)=kus+vg.euvereninnen.. 3 (G))
where

= (D a+ 1+ (1) A+ R K+ 18 + .

vy =(1+ $K)1 + (g) 1+ 3K (K + 3K + ...
It is easily verified that
g (14 3K) + vy =g, g (K +3K?) +0,(1 +3K) =vg4

Also (Z) +<7'31)=<q:‘-1)'

=3 (L) (=2 + 3Ky (K + LY +r (14 JE o (K 44Ky

since

=sfi@-2)(f)+e+n(,0 o)} (L BB (B 1
w51 {(9 1) + (2 g 1)} (14} Ky (K + 1K

=13 (w A 1) (1 + JKy—-1 (K + 1KY = Yqu,.
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It is therefore possible to write
ve=1+qZh,K", u;=q+22(r+1)b, K"

Let b, become b," In v,,,, 4,4, and equate the coefficients of K7 in the first,
and of K" in the second, recurrence formula. Thus

2rb, = 2rb, + (r — 1) b, + ¢b,_,
(q o 1) b", == OTb,- + JZ (7" o 1) br—l g qbr+ %(]br—l
and, on 'eliminating 2 '
2 2r—1)b,=(@+r—-1)(g—7r+1)b._,;.
This shows that
it (q S 1) 4
"\ 2r—-1 ) 2r

where A is a constant, and since b, = 1¢, 4 =1. Hence

- q+r—1>£r
q+2(2 +1)K v_1+q2< 1) g e (6)
and the first terms of the complete formula are therefore
1 T s,
Yntg = {l+q b+d. K+q<q?, )LK+9(9 ) K
9(9'12)(9'2) kR + .. }J,, ...... )

This series was found by Newton, but is generally known as Stirling’s formula.
It is here taken as fundamental, and other results are deduced from it.

287. The formula of Gauss depends on the even central differences and
the odd differences of the line below, the operators being therefore

R K K
A AK
These are, in terms of &, K,
1, k+iK, K, (L+3iK)K, K?
But (5) may be written in the form
A+Ay=((+3K)uy + (vg— Huy) =L . uy+ V,
where by (6)

9 o g+ q ,
Vi = 8 y(uq_1+2( _1)(.97-%)K

~1+3(* +9’”‘1) RN (8)

ar
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This gives the coefficients of the even central differences, the coefficients of
the odd differences of the adjacent line being still given by w,. The first
terms of the complete formula are therefore

q(q 1) K+q(q 12).AK+9((12_}:?(Q_2).K2

yn+q—{1+q A+

+q(q —12)(q =2) AR+ } 3] o TSR TR )

If the order of the difference table were reversed, — & would take the place of
A and the sign of w would be changed. Hence similarly

It i@
g {1—q sy i o 8 }y,, ...... (10)
By choosing either (9) or (10) ¢ can always be taken between 0 and + §.

288. The formula of Bessel contains the odd differences in the line
immediately below the central function, with the mean even differences
of the same line, so that the operators are

1434, A, (1+30)K, AK, (1+3A)K, ...

The odd differences arc thus the same as in the formula of Gauss, and

therefore
(L4A)Y = Aug+ V=1 + AV, + A(ug— V)

=(1+1A)V,+AU,
where, by (6) and (8),

e R Qe T

=(g-¥ {1 a3 (9 i ; 1) 27]‘{:: »1-} ............ (11)

This gives the coefficients of the odd differences, and the coefficients of
the even (mean) differences are given by V,. Hence the first terms of the
complete formula are

pis= {1+ 10+ @-p-A+ 15D a i K - p T D sk

+LEZED 1 g0 K4 (- LD ks Ly, 1)

Bessel’s own form differs from this in the first two terms, being written

0 3 =L e
yn+q={1+q.a+ﬂq2-i D 1+38)K + } Yn
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which is of course equivalent, but is not symmetrical with respect to the
middle of the tabular interval. To make this symmetry clearer, let p + § be
substituted for ¢ in (12), which then becomes

?/u+g+p={(1+ ) +p.a+ %(1+1A)K+p 3} AK

+(P:‘312$P2_"%),(1 +%A)]\’2 (P —%)(p AI(2+ I(yn v en(LB)

When the sign of p is reversed, the terms of even order are unchanged and
the terms of odd order are simply reversed in sign. If terms of the two
orders are computed separately, two interpolations—corresponding to % p—
are obtained at the same time. This is of great advantage in systematic
interpolation to regular fractions of the tabular interval, e.g. in reducing the
12-hourly places of the Moon to an hourly ephemeris. Stirling’s formula
presents a similar advantage. But (13) becomes particularly simple at the
middle of an interval, for then ¢g=1 or p =0, and the odd dlfferences dis-
appear. Thus

Ynri={(1+38) —F (A1 +3A) K + 135 (1 + 34) K*
SR (15 3A) 74 s e (14)

and. this gives intermediate values with great ease and accuracy.

289. When the values of a function y are known only at irregular
intervals of the argument z, as in an ordinary series of observations, the
function is strictly indeterminate in the absence of other information as to
its form. Nevertheless, when n values y,, ..., y, are known, corresponding
to @y, ..., &y, a formula ]
z Y=0p+Ox+ ... +0p 2"
can be found which is satisfied by the n values and within the interval
x, to , will generally resemble the true function closely. The n coefficients
can be determined by the linear equations

Yr = Uy + OQTp + ... + Ayy "7

(r=1,...,n). These can be solved in the ordinary way, but it is immediately
obvious that the result can be written

(z—2)...(x—z,) 2

(@ L) 1 (A e AR (15)

where the numerator of the fraction writter does not contain (z — «,). For
this equation becomes an identity when z,, v, are substituted for #, 4. The
expression on the right is a polynomial of degree n—1 in « and the equation,
since it is satisfied by every pair (#,, y,), must be identical with the previous
equation, the coefficients in which can be written down by comparison. The
formula (15) is due to Lagrange and is directly suitable for interpolation,
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differentiation and integration. An illustration of its use in a case where
n=3 has been given in § 71. When = is large the formula naturally be-
comes inconvenient for practical purposes.

290. Returning to the function with known values at regular intervals
of the argument, let us consider the process of mechanical differentiation.
By (2)

wD =log(1+A4A) =040-—3A%+1A3— .0
wD? = (log (1 + A)2 = A*— A%+ 1L A% — }

These formulae are suitable only in simple cases where great accuracy is not
required. The loss of accuracy is a natural tendency when differentiation is
concerned. The forms (16) also apply only to the tabulated value of the
argument. But since

z=a+n+qw, wD=wd/de=d/dg

a formula of differentiation can be derived from every formula of interpolation.
Thus Bessel’s formula (12) gives

WY nig={A+3(29-1). (1 +38) K + % (6¢°— 69 +1). AK + ...} yn }(17)
Wy ng={(1+30) K +3(29—1). AK+5(6¢°= 69—1).(1 +3A) K2 +.. .}y,

and analogous forms may be derived similarly by differentiating (7) and (9)
with respect to g.

But there are some particular cases of special simplicity and importance
in the formulae of central differences. According to (6) u, is an odd function
and v, an even function of ¢. Now when ¢=0, d/dg is the coefficient of ¢
and d?/dq® is twice the coefficient of ¢* in ku, +wv,. These coefficients can
easily be taken from ku, and v, respectively, and give, by (6) or (7),

2 2 92 2
wb =k fi- F K+ R —L'_z—,'—:”—zfu...}
(A5 TRAUIES L (SeH (18)
wyy, =k — 1K + 355K = Jd5kK3+...) Y
and
1 2 fji3310: 1 G e
B B = e 3= R
w2 D? 2!1( 4<IK+ o1 K 8 P s d s (19)

Wy, =(K - K+ e K =5l K4+ .. )y
Both (18) and (19) involve the alternate differences in the central tabular

line.

Similarly when V,, U, are expressed in terms of p =g+ instead of ¢ as
in (8) and (11), V, is an even function and U, is an odd funetion of p.
When ¢=1, p=0 and d/dq is the coefficient of p and d*/d¢® is twice the
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coctlicient of p* in (1 +44) Vo+ AU,. These coefficients can readily be taken
from (13), which sufficiently indicates the law of formation, and thus
oA ERE e T o
w_D(1+A)_A{1 Tt E 4) T
. . : ...(20)
wy'n_*_%: {A—%.lAk+%.¥AII2—1%. E‘—’AK3+ .}yn
and

3w D (1 +A)%—(1+%A){ (12+32)414+(‘3“ 5*+1250 412, ‘32)6‘42

—(3.52. 774+ 12.52. 724 12,32, 72+ 12, 32, 5)8]1{4-3 }
M2

WY,y = {(1+%A)K 4‘(1+1A)K‘*’+§00 4,2(1+11.\.)1(3

o IR e b

The distinction between the operators (1+A)% and (1 + 1A) must be
carefully noted. "That on the left, (1 + A)é, indicates an addition of half the
tabular interval to the argument, so as to apply the differentiation at the
right point, which is the middle of the interval. That on the right, (1 + 34),
merely denotes the mean of adjacent differences in a vertical column of the
difference table.

291. Convenient methods for mechanical integration or quadrature can
now be deduced. The formulae for differentiation just found, (18), (19), (20),
(21), are of the form y

wD =kS, (K), wD? = 8, (K)
wD (1+A) = A8, (K), wD*(1+A)R=(1+1A)8,(K)
S (K) denoting a power series in K, Hence
w1 D = k8, (K), w2 D =1/8,(K)
wr D1+ A =(1+A)A—1/8y(K), w2D-2(1+A)} =1 +4)(1+34)"/S(K).

The coefficients of the reciprocals of the K series must be expressed more
appropriately, thus:

J = k[l =k (K + 1K)~ = kK- /(1 + 1K)
(1+A) A= =871 = AR
(1+A) (1+ 5A)" =(1+38) {1 + JA (1 + A) 7 = (1 +34) (1 + 1A9)
=(1 + $A)/(1 + }K).

It is therefore necessary to multiply .S, and S, by (1 + 1K) before finding the
reciprocals of the series by division in order to have results for D=1, D=2 of
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exactly the same form as those already found for D, D% These results are
easily found to be

o e (R B R J0 — ALER ey W (22)
P Ty WS LS G TS ¢ A SRR (23)
wr DA+ AR = A K+ — 4o K+ 885 K2 =) e (24)

CwrD2(1+ A = (1 + §A) (K = & + 13ds K — w8805 K2+ ...)..(25)

The developlﬁent is here carried as far as differences of the fifth order.
This is generally sufficient.

It is now necessary to examine the meaning of these purely formal
results. The operator K, like its components A, 8, is such that KK 1= 1,
and therefore, as A represents a move two places to the right in the table,
K~ represents a move two places to the left. The difference table now
requires an extension not hitherto contemplated, and the central line of the
table of operators, with the adjacent lines above and below, now becomes:

SK— 8 &l SK ...
RIS Y ] K (kK] K*  [kK?]...
[(1+34)K—] AK— |[1+3A] | A [(1+34) K] AK [(1+34) K*] AK® ...

Here 1 corresponds to the original entry y, in the table. The natural
differences as directly formed are expressed simply, while those which are
means of the entries immediately above and below are enclosed by [ ].
But while the symbols occurring in the columns to the right of the central
column (representing the function itself) will be readily understood, the
construction of the columns to the left must now be explained. The numbers
in the first column to the left are such that their differences appear in the
central column. Thus

(AK7— 8K ) yu=yn, AK 'Y=y, +8Ky,

and when one number -in this eolumn is fixed, the rest are formed by
adding successively (when proceeding downwards) the tabulated values of
the function. The entries in this column therefore contain an additive
arbitrary constant. The second column to the left is related to this first
column in exactly the same way as the first column to the central column,
and therefore contains another arbitrary constant, but is otherwise definite.

The use of four different operators in the table may seem excessive, since
they are all expressible in terms of one. In fact

A=eP—-1, 8=1-¢"?, k=sinhwD, K =4sinh*iwD

and this suggests another mode of devclopment which has here been de-
liberately avoided. But all these operators have simple special meanings
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and it is important to notice that k8~ and (1 +}A) are equivalent, but quite
distinet from Ak~ though in the complete table, in which the mean differ-
ences are filled in, they all three denote one vertical step downwards.

292. As with A" and the other operators, D~ is such that DD1=1, or
D, D" represent inverse operations. And since D represents differentiation,
D represents integration. Thus take the formula (24). The column Ak~
being formed with an arbitrary constant, the right-hand side of the equation,
operating on ¥,, will produce a function (represented in tabular form) which
is wr D1 (1 + Ay, =wt D Ynsy On the application of D or differentia-

tion, this becomes w'y, . ;- Hence the meaning of the formula is
a+mw 4
w [T yda = (AR 4 4 A = 4o AK + oy AK* = ..} g (20)

where m is written for n + §. The lower limit is arbitrary. But the right-
hand side also contains an arbitrary constant, and this constant can now be
chosen so as to fix the lower limit of integration. For let this limit be
a+ 3w. If then m =1, n= 0 in (26)

0=(AK'+ 4 A -3 AK + 5855 AK2 = )Y eneen (27)
and the value of AK™.y, is now determined. With it the whole of the
corresponding column can be definitely calculated by successive additions of

the values of the function. When 'this is done, (26) represents the definite
integral of y between the limits @ + 3w and « + (n + §) w. 3

Quite similarly the meaning of (22) is seen to be
+nw
w ] " yde = (kK — 35k + s kK — b3 RE? 4 ...) 7 ...(28)
where the lower limit is @ when
0=(kK" =& k+ ;G hK — 335K+ ...) Y.

But the latter form is not convenient, because kK~ y,, which is hereby deter-
mined, is the mean of two numbers not yet known. Now

K1 Yo=AKy,+ 6Ky, y=AK'y,—8K™3 =

and therefore
AK7 yy =G+ 75/ — M5 hK + g3 ik K2 — ) Youernnnnn. (29)

Thus AK—.y, is determined, and the calculation proceeds as in the previous
case. It is to be noticed that, though (27) has been derived from (26) and
(29) from (28), (26) can be used in conjunction with (29), giving a and
« +(n + })w as the limits of integration, or (28) with (27), glvmg a+ nw as
the upper limit and a + 4w as the lower limit.
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293. In a similar way (23) and (25) give the second integrals, thus
a+nw z
w'”f [f ydw] de=(K7't 15 — 3o N +oidso K2— .0 Yu oo (30)
b c

a+mw %
w U ydw] do=(1+30) (K7 = 5+ oblo K — 1885 Ko+ ...) Ua
b . ¢

where m =n + } as before. The lower limit ¢ of the subject of the second
integration is arbitrary. But if the first summation column, on the left of
the function y, has been based on (29), c=a; if it has been based on (27),
¢=a+ 3w. The lower limit b of the second integration is also arbitrary and
corresponds with the additional arbitrary constant in the second summation
column K- The latter is easily determined by taking the case b=a, n =0
of (30). Thus
O=(K'+& st K+l K2 — .. )Yoeevernrennnnn. (32)

This gives K~ v,, and the whole of the second summation column becomes
determinate when the first column has been fixed. Or again, if the lower
limit b is to be a + jw, (31) gives when b=a + w, m =4, n =0,

0= (1 +$A) (K — Js + tbbo K —rdfdfos K+ .. 0

K1 0= — %AI(—I Yo St (1 5 %A) (?zlz e T%%(—)‘ K+ Tg?g )yo . .(33)
This is quite general whatever the value of ¢, or of AK~'y,, may be. But as
¢ = b usually, (27) can be used in this case, and then

Kyy= (e (1 +A)— 375 (3 + 28) K + 5% (5 + 30) K2 — ..} g .. .(34)

il

or

When the second summation column is based on (34) and the first on (27)
#=a+ 3w is the common lower limit for the double integration. When
(29) and (32) are used in forming these columns, z = a is the common lower
limit. Ineither case (30) and (31) give the values of the double integrals
to the upper limits £ = a + nw and # = a + (n + §) w respectively.

No attention has been given here to the limitations of the method which
are imposed by the conditions of convergence of the expansions employed.
In general the question is settled in practice by obvious considerations. But
for a critical estimate of the accuracy attainable it is clearly important.

294. There is also a trigonometrical form of interpolation, otherwise
known as harmonic analysis, which is of great importance. This is intimately
related to Fourier’s series, and indeed amounts to the calculation of the
coefficients of this expansion. It will be well to recall the principal pro-
perties of the series, which may be stated thus:

The sum of the infinite series

o+ 3 (ancos nz + by, sin nx)
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(n a positive integer), where

f2m o g *
=§17—rj f(x) do, an=3—rj f(z) cos nz de, b,,:}__f f(2) sin nw da
0 0 . =5
is f'(x) throughout the interval 0 <& < 27, provided f () is continuous.

At any point # in the interval where f(#) is discontinuous, the sum of
the series is } { f(z — 0) + f (« + 0)}.

It is assumed that the number of finite discontinuities and the number of
maxima and minima of f(#) are finite. These conditions are more-than
sufficient and are always satisfied by the empirical functions of practical
computation.

The expansion is unique in the sense that no other coefficients can make
the given series represent the same function over the stated interval so long
as n remains integral.

If the series is absolutely convergent for all real values of # it is also
uniformly convergent. Its sum has then no discontinuities and has the
same value at =0 and z = 2. 4

The sum of the series is a periodic function, with the period 27. If f (x)
is also penodlc with the same period, it coincides with the sum of the series
for all values of «, but otherwise the functions coincide only in the interval
O<z<2m If f(z)=f(—x)=f(x+ 27), f(z) is represented by a Fourier
series containing cosine terms only (b, =0). If f(z)=— f(—2)=f(x + 27),
f(z) is represented completely by a series containing sine terms only
(@ =a,=0). Similarly an arbitrary function can be represented within
the interval O to 7 either by a sine series or by a cosine series when one of
the functions + f(2m — z) is assigned to the interval = to 2.

295. When the function is given—and the term function has here an

exceptionally wide meaning—the coefficients in its expression as a Fourier’s

" series can be calculated by a special kind of integrator, known as an Harmonie

Analyser, of which several forms have been invented. But here the equivalent
arithmetical processes will be considered.

When the function is represented by a definite number of distinet values
it is obvious that only a finite number of terms in the series can be deter-
mined, and it is necessary to assume that the practical convergency of the
series is such that the remainder after a certain point is negligible. Let the
finite series be

2
u=da,+ 3 (a;cosif+ b;sin1i0)
i=1
with 2n + 1 corresponding pairs of values, v = u,, § =6,. From the linear

equations ,
¢ Uy = @y + 2 (a; 0810, + b; sin 16,)
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the coefficients a,, a;, b; can be found in the ordinary way. It is also easy to
represent the result by a formula analogous to Lagrange’s formula of inter-
“polation (15). But when 6, = 2r7/(2n + 1) the solution can be effected in a
very simple way.

It s necessary to consider the sums of two very simple series. In the
first place ‘

s-1 s-1
S sinra= X {cos(r—})a—cos(r+4%)a}/2sin fa
r=0 0

= [{cosfa —cos(s — §)a}/2sinfa

=sin §sasin §(s—1) a/sin ta
and this is 0 if a= 2pm/s. Even when p =p’s, p and p’ being both integers,
and therefore sin § a = 0, this remains true, for every term of the series is then
zero. Similarly

8—1 Ol
Scosra= X {sin(r+4)a—sin(r—3)a}/2sinia
r=0 0

= {sin(s— %) a +sin }a}/2sin {a
=sin §sacos § (s —1)a/sinia i
and this is 0 also if « = 2pn/s, unless p =p's. In the latter case each term of

the series is 1 and the sum is 5. Thus both the series vanish for a = 2pr/s,
except the cosine series when a = 2pz.

296. Let u=u, be the value of the function corresponding to the value
of the argument § =ra. The series will not now be limited to a finite number
of terms. Then

s=1

2 upcosjra= a,Z cosjra + XX (a; cos jra cos tra + b; cos jra sin ira)
r=0 ¢ ir 3

=, % cos jra + § E3a; {cos (¢ +j) ra+ cos (i —5) ra}
” ir

s_l - . ) . 3 . . . . . . .

S u, sin jra= a,2 sin jra + 23 (a; sin jracos ira + b; sin jra sin ira)
r=0 r ir

=413 3b; {cos (7 — j) ra — cos (i +j) ra}

when «=2mw/s, for all the sine terms vanish immediately in the sum with
respect to 7. The cosine terms also vanish in the sum unless j, 7+ or ¢ —j is
a multiple of s (including zero). Thus, j having in succession all values from
1tof(s—1),oris, .

&

141 3

S 2 Up=0+ 3 Ay, (3=0)

S r=0 m=1

ops=1 2

Z S upcos T = G+ S (Cmej + Qnpf) p veveeerenens (35)
$ =0 $ m=1

2.551 . 2rm

L5 UpSIN —— = bj + = (bma+j e bms—j)

S r=0 S m=1
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When s equidistant values, u, ..., s, (1, = ), are known the operations

indicated on the left are easily performed. Then, if the series converges so

rapidly that the higher coefficients can be neglected, a,, a,, by, ... are deter- -
mined, as far as ay_y, b3y if s is odd, and as far as a;,, by, if s is even.

The lower coefficients will naturally be calculated much more accurately than

the higher, for there is little reason to suppose a4, small in comparison with

@y - But it is well te compute the higher coefficients as a practical test of

convergence,

297. It is usually convenient to make s an even number, and indeed a
multiple of 4, so as to divide the quadrants symmetrically. Let s =2n and

let the terms of higher order than a,, b,—, be neglected. Then (35) become
1 1 1 jro 1 . gro

= i==3 S ==3 T

L Ur, G= 2y COS, b; L Sy sinTo (36)

(]:1, e 5 n—l). Whenj=n,
12(_ 1)Tur=2an» 0=bn—bn

so that a, is determined, but not b,; and this is natural, for 2n coefficients in
addftion to @, cannot be derived from 2n values u,.

Let n—j be written for j in (36). Then

17 1 ).
a»—J s S u, cos (rw —‘7—7[7—1-) = 1 S(=1yu, cosjﬂ

9:=0
1 ” 7T 1
b= a 3, u, sin <T7r —37> S 3 (=1yu, sm]—
Hence ;
J_;(aj+an_,)—%{ u2cos—— + ...+ Uy, COS —Q—;liﬂ
| TAdL ) 4
e {uo 3 (u2 + Ugy_g) COS —J— + (2ty + Ugp—y) COS -‘77—T 1 }
(5= any) = -1— {ul co! + Uy COS §) — 4 ...+ Upp_; COS (J——_—l)lr}
n n n
1 ’
o {( + tsn—1) COS]_ + (s + Usn—g) COS ?_g]?%r + }
$ (b +bpy) = 71—1 {ul sinL”.+ u, sin 3{;” + oo+ Uppy SIN o l)ﬁr}
1 3
43 {(ul Upn—1) sin?” + (us — ugn_s) sin —E +.. }
1 447 ‘ . 2 (n-1
3= buy) =~ {ue sin 27 4 u, sin —Jh—+ . + Uy sin ¥ (_"_T)_W}
1 . % . 49
< {(u2 — Upp_p) SID _fl_'r_r + (U — Uzp—y) SIN % + }
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(j=1,2,...,n=1); and

1
Ao+ ty, = 3 (Ug+UsF U+ ... + Uspy)

1
ao—an=;-l(u,1 + U+ Us + oo+ Uspy)-

By this arrangement a,,_;, b,—; are calculated together with a;, b; with scarcely
more trouble than a;, b; alone. As a practical check on the convergence of
the series these higher harmonics should be found.

298. The arrangement can be greatly simplified in special cases. For
example, in the case s =12, n =6, 1et the data be arranged thus:

A PR AT A iy g P, | UG

Un U Uy U Uy

Sums : G R AR e e
Differences : Wy Wy, Wy W, W
e S 08 e A T SRS
vl 5l ‘w, W,
Sums : Do P P2 P T T2 7
Differences: ¢ ¢ ¢. Sup 1lsy

The equations for the coefficients are
3 (a;+ ae—j) = 4 (v + v cO8 §jm + v, cos Zjm + v, cos jr)
% (aj— as—j) =1 (v; cos &jm + v; cos 7 + v cos jmr)
1(b; + bs—y) =} (wy sin §jm + w, sin §jm + w; sin Zjmr)
1 (b; — be—j) =} (w,sin §jm + w, §in 3j).

Hence two cases, according as j is even or odd :

j even : : jodd
} (a; + as—) = & (Po + pa cos }jm) & (9o + g cos §jm)
} (@) — au) = § (s cos §jm+-pscos 3jm) | ucos g
3 (b + be—j) = } sy sin §ym ¥ (v, sin §jar + 7y sin §j7r)
3 (b — bey) = § sysin §jmr L rysin Ljm

and these forms can easily be made more general.

P. D. A.
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Then, for j=2,
$(aa+a)=1§ (po—3p.) % (b + b,) = }s,c0s 30°
(a—a)=1% (3P —ps), (b, — b)) =1 s, cos 30°

ata)=%(gp+1g),  FGBi+b)=4Gr+7y)
3 (@, — a5) = } ¢, cos 30°, 3 (b, — b;) =} rycos 30°

a3 = 16 (‘]o = qg): b; = % ("'1 ) 7':4)
and finally, for j=0,

for j=1,

for j=3,

o+ ag=% (po + Po), Ay — a5 =} (Pr + o).

The calculation of the required terms is therefore extremely simple. The

case when s = 24, n= 12, is almost equally so, but would require more space
to exhibit in detail.

299. The mode of solution for the harmonic coefficients can be con-
sidered from another point of view. Let the sequidistant values u,, u,, ..., %,
be given. as before, and let the first p harmonics—including a,, b,—be
required. If 2p =s—1, the number of unknowns is equal to the number of
values and the solution is unique. If 2p <s—1, the number of equations is
in excess of the number of coefficients to be determined. The latter can
then be found by the rule of least squares, that is, so as to make the sum of
the squared residuals a minimum. The equations being of the form

2irm . 2irm
Uy = g+ 2 (a,-cosT-i- b; sin
i=1

the quantity which is to be made a minimum is

U= 2 {ao+ p (a 0052——— + b;s 21:”) - u,}z.

»=0 i=1

The conditions are

oU U ol .
By T Bg, VAl v ) § e i)

which, being 2p 41 in number, determine a, and the 2p coefficients. They

give in fact
. 20
; SIN %r)—ur}=0

s-1 P,
E {ao"' Z ( T
r=0 i=1

-,

s=1 9 » : >
S cos A7 {ao + 3 (ai cos sy + b; sin 21,7’") - u,} =0
r=0 $ i=1 8 S
el 3 ) L4
S sin 27 {a S, (ai cos g + b; sin 2zﬂ) = u,} =0.
r=0 S i=1 s L)
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But since 2p<s—1,0<j<p+1 and O0<¢<p+1, neither ¢ nor 7+j is
a multiple of s (including 0). Hence the only terms which do not vanish in
the sum with respect to » arise when ¢ — j=0, and therefore the equations
become 2

s=1

Sttg— 2 u, =0
r=0
3sa; — 821 Uy COS i 0, 1sb; —3_21 u, sin S 0
' r=0 $§ r=0 s

(j=1,..., p). But these are identical with the earlier equations of the group
(35) when the distant harmonics are omitted. Hence the harmonics to any
order p derived by the general rule (36) from 2n equidistant values (p <n)
are the same as would result from a’least-square solution. Thus if the
function is represented by a curve and the coefficients are calculated by the
rule, a, gives the best horizontal straight line, a,+ a,cos 8+ b,sin 6 the
closest simple sine curve, and so on, in the sense defined. This important
property emphasises the independence with which the several coefficients
are determined. Each apart from the rest is found with the greatest possible
accuracy from the data according to the principle of least squares.

300. The method can be extended to the development of a periodic
function in two variables,

F=73aysin (16 + 360’ + a).
For this may be written .

=Tt 2 (a; cos 16 + b; sin 10)

where a,, a;, b; are each of the same form as F with €' in the place of 6.
With any particular value of 6" and 2n equidistant values of F in respect
to 6, a,, a;, b; can be determined according to the rule expressed by (36). Each
of these is a function of the chosen value of &, and if the process is repeated
with 2n equidistant values of &', each coefficient can be expressed in the
form
=0+ = (a; cos 16’ + B; sin 16)
P .

by the same rule. When these expressions are inserted in the second form
of F, the first form is readily deduced. This method was employed by
Le Verrier in his theory of Saturn.
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